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GENERAL PROVISIONS

The methodological guidelines are intended to assist students in completing the
calculation and graphic work for the course “Strength of Materials” in the section:
“Construction of Internal Force Diagrams.” The calculation and graphic work must be
completed by the student according to an individual assignment, the conditions of
which are determined by the lecturer. The initial data (calculation schemes and
numerical values) are selected by the student from the appendices (see Appendices 1,
2, 3) according to their personal code in the form of a three-digit number. Explanations
and calculations must be performed on a computer using MS Word. For each

assignment, a plan and recommendations for step-by-step calculations are provided.

The calculation and graphic work is prepared on A4 sheets, bound on the left

side.

The title page of the work is formatted according to the provided sample.
The calculation and graphic work is prepared on A4 sheets, bound on the left
side. The title page of the work is formatted according to the following sample:
Ministry of Education and Science of Ukraine
Kyiv National University of Construction and Architecture
Department of Strength of Materials

Calculation and Graphic Work No.___

[13 29

[Topic/

Prepared by:
Student
/Specialty, Year, Group/

/Surname, Initials/
Supervisor:
/Surname, Initials/
Kyiv—20__



Explanations and calculations must be performed on one side of the sheet using
a pen, while drawings must be completed in pencil. Computer-aided drafting is
permitted.

For each assignment, a plan and recommendations for step-by-step calculations
are provided. An example of completing the calculation and graphic work (CGW) is
given for illustration. When performing each stage of the calculation, the student must
first write down the calculation formulas, substitute the numerical values, and record
the result of the computation in the appropriate units of measurement (SI system).

The calculation and graphic work is considered completed only after its defense.
PURPOSE OF THE WORK:

To familiarize students with the basic concepts and the classical method of
constructing internal force diagrams; with the main approaches and principles of
analysis for normal and shear stresses; to provide practical skills in performing
engineering calculations for determining internal forces required for strength, stiffness,
and stability analysis; to teach methods for processing and verifying the obtained

calculation results.



Construction of Internal Force Diagrams

1.1 General Provisions.

When a body is subjected to arbitrary external loads, a change occurs in the
internal forces of interaction between its particles (molecules, atoms, etc.). In Strength
of Materials, this change in interaction forces is referred to as internal forces. To
determine internal forces, the method of sections is used. To do this, the body is cut
at a certain point by a plane (usually perpendicular to the body's axis) into two parts—
left and right. The equilibrium of one of the cut-off parts is then examined under the
action of external loads and the internal forces arising in the cross-sectional plane.
Internal forces per unit area of the cross-section are called stresses. They can be
reduced to the centroid of the cross-section. The projections of the resultant force
vector and the resultant moment vector of internal forces onto the longitudinal axis X
(or, for a curvilinear axis, onto the tangent to this axis) and onto the principal central

axes of the cross-section Y and Z are called internal forces and moments in the given

section (Fig. 2.1). In the general case of bar loading, there are six of them.

N

Fig. 2.1

N — normal (axial) force; Qy, Q.— shear forces; My (Myp) — torque (torsional moment);
My, M, — bending moments.

Hereinafter, external forces are understood as distributed loads, concentrated
forces, and concentrated moments applied to the longitudinal axis of the bar, including
support reactions.



The normal force N in a cross-section is equal to the algebraic sum of the
projections onto the longitudinal axis X of the bar (or onto the tangent to it) of all
external forces applied to one of the cut-off parts.

The shear force Qy (or Q) in a cross-section is equal to the algebraic sum of the
projections onto the axis Y (or Z), which is perpendicular (normal) to the bar's axis, of
all external forces applied to one of the cut-off parts.

The bending moment My (or M,) in a cross-section is equal to the algebraic sum
of the moments about the principal axis of the cross-section Y (or Z) of all external
forces applied to one of the cut-off parts.

The torque Myr in a cross-section is equal to the algebraic sum of the moments
about the longitudinal axis X of the bar of all external forces applied to one of the cut-
off parts.

If the bar's axis and the external loads lie in the same plane, only three of the six
internal forces can be non-zero: the normal force N, the shear force Q. = Q, and the

bending moment My = M. In this case, it is advisable to use the sign convention.

Sign Convention for Internal Forces in a Bar.

1. The normal force in a cross-section is positive if it causes tension in the cut-

off part of the bar, and negative if it causes compression.
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2. The shear force in a cross-section is positive if it tends to rotate the cut-off
part of the bar clockwise relative to the section point, and negative if counter-
clockwise.
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3. The bending moment in a cross-section is positive if it causes tension in the
lower fibers of the cut-off part of the bar, and negative if it causes tension in the upper

fibers. The bending moment diagram is always plotted on the tension side.

M
o aM

4. The torque in a cross-section is positive if it rotates the cut-off part of the
bar about the longitudinal axis X clockwise when viewed from the cross-section (i.e.,

from the end of the cut-off part), and negative if it rotates counter-clockwise

1.2 Task Execution Plan:

1. Drawing the calculation scheme;

2. Determination of support reactions;

3. Dividing the scheme into segments and determining characteristic
Cross-sections;

4. Calculation of internal forces at characteristic sections;

5. Construction of internal force diagrams;

6. Verification of the constructed diagrams.

2.3. Recommendations for Task Execution

1. In the schemes presented in Appendix 2, the bar is replaced by its axis (straight,
broken, or curved line), on which lengths and loads are marked. The calculation
scheme must be drawn strictly to scale, with all numerical data applied to it; the values

of these data are indicated in Appendix 2 according to the student's cipher (variant).
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Loads are applied to the longitudinal axis of the bar and are denoted by numerical
values from Table D-2.

2. In calculation schemes of plane bar systems, three types of supports are
encountered: Hinged-movable support (roller support) — has one constraint, in which
one support reaction arises, acting along the supporting link (Fig. 2.2.a); Hinged-
immovable support (pinned support) — has two linear constraints, in which two
components of the support reaction arise (Fig. 2.2.b); Fixed support (clamped support)
— imposes three constraints on the bar (two linear and one rotational), in which three

reactions arise (two concentrated forces and a moment) (Fig. 2.2.c):

i A "
T - 3,
a b C
Fig. 2.2

All support reactions are assumed to be applied at the centroid of the support
cross-section. The values of support reactions in statically determinate systems are
determined from the equilibrium conditions of the entire system. Equilibrium
equations for plane bar systems can be written in three forms:

— In the form of sums of projections onto two axes perpendicular to each
other and the sum of moments of all forces about an arbitrary point lying in the plane
of the scheme: > x=0; >'z=0; > M,=0.

— In the form of the sum of projections onto an axis and two sums of
moments about points in the plane that do not lie on the same perpendicular to this
axis of projections: Y x=0; > Ms=0; > M,=0.

— In the form of three sums of moments about three arbitrary points in the
plane that do not lie on the same straight line: Y M, =0; >M; =0; > M=0.

One or another variant of writing equilibrium equations (with the appropriate

choice of points and axis directions) is used in each specific case in such a way as to
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avoid, if possible, solving a system of equations. To verify the correctness of
determining support reactions, it is recommended to substitute their values into any
equilibrium equation that was not used previously.

The direction of support reactions when writing equilibrium equations can be
chosen arbitrarily. If during the calculation any reaction has a negative sign, one must
change its direction in the drawing to the opposite and subsequently consider this
reaction positive.

If a distributed load acts on the bar, then when determining reactions, it is
replaced by a concentrated force equal to the area of the distributed load diagram and
applied at the centroid of this diagram.

For hinged-cantilever beams, in addition to the ordinary equilibrium equations,
it is necessary to additionally write an equation setting the sum of moments of all

forces located to the left or right of each hinge to zero:

Z M,lleft =0 abo z M;i‘ght =0

Support reactions for beams with hinges can be determined by dividing them
into simple beams.

A rational sequence for determining support reactions for some systems is
presented in Table 2.1.



Table 2.1

Equations for

Determined

Ne Structural diagram determining . Verification
: reactions
reactions
1 L
Vi XMy =0 Vs
X = H
’ﬁi "T‘% Y 0 A
2 | M 4 8 Fusind YM,=0 Re
p YX>Mg =0 Va ZZ =0
I Racosafe "8 YX=0 Ha
3 ﬂltn._ } S M, = 0 Re
] ~ 8 < YMgp =0 Ra zz =
% = nX =0 Ro
ZMB == O VC ZZ ==
‘%& E B Tvc YM;=0 Ve
5 ZMA = 0 VA
b4 AT T!fix YZ =0 Ve ZMB=O
¥ YX=0 Ha
6 ZMA = 0 VA
4 , NZ=0 Ve > My =0
_,ﬁat_q_ﬂL_,_ $% =0 e

In calculations of straight, curved, and broken bars that are rigidly fixed at one

end, the determination of support reactions is not mandatory.

3. Asegment (characteristic interval) of the system is defined as each part

of it, within which the variations of internal forces remain constant. The boundaries

of segments are cross-sections where concentrated forces (including support

reactions) are applied, or where a distributed load begins and ends (or the load

intensity changes according to a new law). In frames, the boundaries of segments are

also nodal cross-sections.

Characteristic sections are those in which the values of forces are determined.

Characteristic sections are the boundary points of all segments, and on segments with

a uniformly distributed load — additionally 1-2 cross-sections.
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4. Forces in characteristic sections can be calculated using written
equations or without writing them. When writing equations, an arbitrary section is
made in each segment of the bar, the origin of the coordinate X and the limits of its
variation are indicated, and expressions (equations) of forces are written as functions
of the coordinate X in accordance with the provided recommendations and sign

conventions. The written expressions can be verified using differential relationships:

dN dqQ, dM,, M, M,
TS g ST gy ST gy~ % gy = &

where gx; qy; qz; m— are the intensities of external distributed loads, the positive

directions of which are indicated in Fig. 2.3.

%

7 ﬁ?/___jﬁr }j
A
Fig. 2.3

It is more rational to calculate forces in characteristic sections directly, without
writing equations.

In plane curved bars outlined by a circular arc of radius R, it is advisable to
determine the position of an arbitrary section using polar coordinates. Then the
internal forces N, Q, M will be functions of the angle o.

The differential relationships between the forces have the form:

dN dQ _ L dM
- qT' ,dqo_Q .

where qr and g:— are the projections of the distributed load onto the radius and
the tangent to the axis of the curved bar at the point of the section.

5. The values of N, Qy, Qz, Mk, My, M, calculated in characteristic sections
are the ordinates of the diagrams of the corresponding forces.

The diagram of any force is a graph that reflects the law of variation of the

11



magnitude of this force along the length of the bar. Force diagrams for individual
straight bars are constructed, each to its own scale, on axial lines that are parallel to the
bar's axis, and for curved bars and frames — directly on the axes of the bar calculation
scheme.

Ordinates are plotted perpendicular to the diagram axis: for My and M; — on the
side of the tension fiber, for other forces the choice of the ordinate direction is not
critical. For individual horizontal bars loaded by a plane system of forces, it is advisable
to use the following rule: positive ordinates of N, Q are plotted upwards, M —
downwards, negative ones — conversely.

6. To verify force diagrams, primarily the rules derived from the differential
relationships presented in Item 4 are used. In particular, for a plane system loaded in
its plane, based on the relationships:

dQZ_ . dMy_
dx z; dx <%

one can determine: based on the character of the load — the outlines of the Q; and

My diagram lines; based on the value of the shear force — the steepness of the slope of
the line bounding the bending moment diagram; based on the sign of the shear force
Q. — the increase or decrease of the ordinates of the My diagram; based on the zero
points of the Q. diagram — the presence of extrema in the My diagram.

Points of application of concentrated forces correspond to kinks in the My
diagram in the direction of the force action, and jumps in the Q. diagram by the
magnitude of these forces; points of application of concentrated moments correspond
to jumps in the My diagram by the magnitude of the moments; the character of the Q.
diagram in this case does not change.

To verify the construction of force diagrams, one can also use the equilibrium
conditions of the cut-off part of the system, by applying external loads to it, and in the
made sections — the forces taken from the corresponding diagrams. In frames, it is

advisable to check the equilibrium of cut-out nodes.
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Examples

Example 1. A horizontal beam on two supports subjected to an external load

applied in the plane of the beam (Fig. 2.4).

I i i 14
/ 24 RS N N
X
X
X — -
q=8 kH/m M 12 kH iF=18;cH
S IETIEY TR I PRI Y AR RREE! o
/ Ha=0 < ’ ’ ’ 777%778 x
Y oyz rRA54,21{H T  Ro—19,8 xH
L 2m | Sm L 2m | 3m |
P A A A A
38,2
W%Wﬂm\ En. O (xl)
0 w 1,8 ﬁ
16
x0=6,78 M 19,8 19,8
16
4 1SN En. My (xH)
0 0
54,5
: lliyz 59,4
752 75

Determination of support reactions:
X =0; Hi =0;.

2My=0;
Rp*10—-8*7*15+12—-18*7 =0; Rg = 19,8 kH;
Y. Mp=0;

—R4*10+8*7*85+ 12+ 18*3 = 0; R4 = 54,2 kH;

Verification: Y, Z =0; 8*7 —54,2+18-19,8 = 0.
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We take the origin of the coordinate X at the left end of the beam. We divide

the beam into segments |, 11, 111, IV and determine the characteristic cross-sections:

0,1,2,...6(=0:1;2:4:5:7:9: 12 ™m).

Segment 1 (0 <x <2M)

We write expressions for Q and M,

X
Q =-8"x; M=—8'x§=—4-x2.

Segment 1(2M < x <7 M)

Q=-8-x+542;
X
M=-8-x7+542 (x—2)=—4-x*+542x ~ 1084

Segment I (7M < x <9M)

Q=-8-7+542=18kH.

7
M=—8-7<x—§>+54,2-(x—2)=—56-(x—3,5)+54,2(x—2)—12.

Segment IV(9M < x <12 M)
Q=-8-7+542—-18=-19,8 kH.
M=-8-7(x—35)+542-(x—2)—12—-18-(x —9) = 0.

We determine the values of shear forces and bending moments at characteristic
points on the beam by substituting into the obtained equations the values of the
coordinate X of the beginning and end of characteristic segments; we summarize the

results in a table.

14



X[m] 0 1 2 2 45 | max | 7 7 9 9 | 12

QxH] | 0 | - |-16 /32| - | 0 |-18|-18]-18 198

M[kHm]| O | -4 | -16 | -16 | 545 752 | 75 | 63 | 59,4 |594| 0

Based on the calculation results, we construct the Q and M diagrams.
In segment II, it is necessary to determine the extremal point of the

bending moment. When Q = 0, M = max.
Q=-8-xy+542=0-xy=6,78m.
Mo = =4+ 6,782+ 54,2 (6,78 — 2) = 75,2 kH - m.

Example 2. A beam on two supports with a cantilever, loaded by an inclined uniformly
distributed load. (Fig. 2.5)

0> q2= 8 kH/m M2 = 30 kH*u
! i I LFH T TLL N n; Hy
Fir=20 KH/< a=30° -—-&-— Q/ Z)’({ 4
=z / l Vu Vh
3 4 3
17.71 17.71
En. N (kH
g G‘)‘ n. N (kH)
UG
10 10
17,32 1732
@ I 0 En. Q (kH)
e ””HKDH]I”[_HI
X .
@ 30
51.96 L T S50
0039 | N\ e = 60,54 %
Fig. 2.5



We replace the uniformly distributed load with a resultant force and resolve the

inclined forces into two components — vertical and horizontal:

Q=gq,-4=8-4=32xkH
o \/'§
Q% = Q - sin60 =32-7=27,111<H
\ 1
Q8 = Q- cos60 =32'§=16KH
o \/§
FEZ =F,-cos30 =20'7=17,32KH

. 1
Ff = F; - sin 30 =205 =10«H

We determine the support reactions

YX=0;
F,— Q24+ H,=0;
10 —-27,71 = —Hp; H, = 17,71 kH;
YMa = 0;
Fo*34Q0%2—M;—Vy*7 =0
—-17,32-3+16-2 —30
Vb= =7,71KH
7
>M, = 0;

Fe*10+Ve*7 —Qr*5—M, =0

~17,32-10+ 16 -5 + 30
v, = - = —9.03 kH.

Verification: Y)Y = 0; Fe+V, —Q* + V, = 17,32+ (-9,03) —16 + 7,71 =0
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We take the origin of the coordinate X, mark the characteristic points on the
beam, and determine the ordinates of the M, Q, N force diagrams (Fig. 2.5) at
characteristic and additional points using the method of sections, considering the part

of the beam to the left of the section.

Axial force:

Ny = 0.

N; = —Ff = —10 kH.

N, = —F% = —10 kH.

N, =—F?+4+ Q% =-10+27,71 = 17,71 kH.

N} = —Ff+ Q% = -10+ 27,71 = 17,71 kH.

NIl =—-F2+Q%?-H,=-10+27,71-17,71 = 0.
Shear force:

Q1 = 0.

Q! = Ff =17,32kH.

Q! = F2 = 17,32 xH.

Q' =F2+V,=17,32+(-9,03) = 8,29 kH.
Q,=Ff+V,—Q®=17,32+(—9,03) — 16 = —7,71 kH.
Qf=F+V,—Q®=17,32+(-9,03) — 16 = —7,71 kH.

QM =F2+V,—Q®*+V, =17,32+ (-9,03) — 16 + 7,71 = 0.

17



Bending moment: M,
M1 == O
M, =F’-3=+417,32-3=51,96 kH - m.

M, =FF-5+V,-2—q,-cos60 -2-1=1732-5+(-9,03)-2—
1

—85-2-1=60,54KH-m;

M,=FF-74V,-4—qy cos60"-4:-2=17,32-7+(—9,03)-4 —

1
—85-4-2 = 53,12 kH - m;

MI=FF-10+V,-7 —q,-cos60°-4-5=17,32-10 + (=9,03) - 7 —

1
—85'4'5=30KH'D’1;

M = M} — M, =30 —30 = 0 kH" m;

Determination of the position of M,,,, on the Moment Diagram. Let us isolate the

segment where Q = 0.

8§29
8,29+7,71 - 4

. 8,29 — x
x . 8,29 - 4

X =
4 16

=2,07m

We determine , by considering a section at a distance x = 2,07 m from support

o 2,07
Mpax = F7 507 +V,-2,07 — g, - cos60 - 2,07 - > =

18



)

1
=17,32-5,07+ (—9,03) - 2,07 — 85 - 2,07 - = 60,55 kH.

Example 3. Cantilever loaded by inclined forces.

q=axH/m_M=18kHm  F,=5kH
L] FEE
AR, "
F,=10kH
4 P 1 3 |

4.57

IIIIIIII|||||||||||||||||| EHN{KH}
2.5

13.26

33
M En. Qu(kH)
TH

B

En. M, (kHmMm)

Fig. 2.6
We resolve each inclined force into two components: vertical and horizontal:

FP =F,cos45 =10-0,707 = 7,07 kH;
Ff = F,sin45" =10-0,707 = 7,07 xH
FF = F, sin45 = 10-0,707 = 7,07 kH
Fr' = F,sin45° = 10-0,707 = 7,07 kH
F} = F,c0s30° = 5-0,866 = 4,33 kH;

Ff =F,cos30°=5-0,866 = 4,33 kH;

F¢' =F,sin30°=5-0,5=2,5«kH

FI" =F,sin30°=5-0,5 = 2,5 kH

19



In this case, we do not calculate the support reactions at the fixed support. We
determine the forces by considering the conditionally cut-off right part of the beam,

without writing equations, at characteristic sections.
Axial force N,:

Ny = —2,5 kH;

Nog = —2,5 kH;

N,y =—2,5+ 7,07 = 4,57 kH;

N, = 4,57 kH.
Shear force Qy:

Qo = 4,33 kH;

Q,q = 4,33 kH;

Qun =4,33—7,07 =-2,74 kH;

Q,=433—-707+4-4=13,26 xkH.

Bending moment M, ,:

Myg = —4,33-3 = —13 kH - m;
My;=—433-3+18 = 5kH - m;
M, =—-433-4+ 18 = —0,68 kH - m;

M;=-433-6+18+7,07-2—-4-2-1=-1,84kH - m;

20



My,=-433-8+18+707-4—-4-2-2=-2036KkH" - m;

2

)

Mgy = —4,33-4,69 + 18 + 7,07 - 0,69 — 4

= 1,62 kH - m;

We construct the internal force diagrams: N, Q,, M,, Fig. 2.6

Example 4. The beam is attached to the base at three points by means of
supporting rods (Fig. 2.7).

-~ -
\ ~.
~
‘ ..
T x 4-x
‘ .
‘ L G _ _]
F=8 KHl = =6 #tl/y dx
4] PP BIHHHHHH\?{ He—10,59 xH
,”I,, B 794 V5=18,35 kH >9”§\
Ra4=3,06 xH Ro=2118xr | C 1O KH Re=1498 kH
3m /5M 4 m
e
e
e
D
¥ En Ne (xH)
10,59 é) 10,59
13,41
306 2 %6 & En. Q- (xH)
4’94\\\\\|\|\|\|4)94 =
163 105
) | 5,64 |
En My (xH-m)
018 9,29
Fig. 2.7

The support reactions act along the rods, whose lines of action do not intersect
at a single point. Therefore, this system is geometrically invariant.

The intersection points D and E of the support reactions R, with R, and R, with
R, lie on a vertical line passing through point A and are located at distances from it,
respectively:

21



AD =6-ctg30°=6-1,733=10,39M;iAE =10-ctg45°=10-1=10m
We determine the position of the intersection point G the support reactions R, and R.

X
ctg 30°

=4—-—x;x=(4—x)-0577;x =1,46m

ZMD —0; R,-c0s45 - 10 + R, sin45°- 10,39 —8-3 — 64 -8 = 0;
R, =14,98xH:V. = R, cos45" = 14,980,707 = 10,59 kH.
H. = R,sin45" = 14,98-0,707 = 10,59 kH.
ZME —0; R, -c0s30° 6+ R,sin30"-10 —8-3 — 6-4-8 = 0;
R, =21,18«xH; V, = R, -sin30° = 21,18 0,5 = 10,59 kH.
ZMG =0; Ry 7,46+ 8-446—6-4-0,54 = 0; R, = 3,06 kH.

Verification:

> F.=0; 10,59-10,59=0;
> F,=0; 3,06+18,35+10,59-8-6-4=0.

We calculate and construct the internal force diagrams: N, Q,, M,, Fig. 2.6
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Example 5. Hinged-cantilever beam (Fig.2.8).

q=100 kH/m e M=400 xH -m
A ytrbetesibtortpitiriftieegB ~E C R
rrirs =D s d \
TRA:”O o« TRB=546,7KH —
2,4m 1,6 m 1,2 m 1,2 m 1,6 m
266,7 266,7
120
e En. Q: (xH)

4 280

320

&80
/rﬂfg NS En. My (xH )
I S W
Z G W
320 346,7

Fig.2.8

ZM;) =0; —R,-2,4+100-24-1,2=0; R, =120 kH.
ZMé =0; —Rz-1,2+100-4-3,2—120-5,2 = 0; Rz = 546,7 kH.
ZMC=0; M.+ 400—120-8+100-4-6 — 546,74 = 0; M, = 346,7 kHm.

ZFy =0; R, — 120 —546,7+ 100 = 0; R, = 266,7 kHm.

We determine the ordinates of the force diagrams, considering the external
loads located to the left of the calculation sections, and construct the diagrams Q,, M,
Fig. 2.8.

We calculate this system by dividing it into separate beams. The sequence for
determining reactions and constructing force diagrams using this method is shown in
Fig. 2.9.
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q=100 xH/m e M=400 xH m
A yiterivittrvebviteririvtiegB ~LE CR
7rtr72 D N
Rs=120 xH Rs=546,7 xH -
24 m 1,6 m 1,2m 1,2m 1,6
100
100
W;QQHHHHH#H T - J00KH 3|
1 100 K E
priveivivibvetes . R
R4=120 lRD:IZO
120
En. Q- (xH) mﬁ\
120
En My (xH-n) LTI 100
72 HHHHH&
Ro=120Y RB:5467[,77 FRE:266,7
266,7 266,7
+
En Q- (xH) #)
~1 280
1320
A
En My (kH3) m’fﬁg 400
266,7 — 266,7
éP En Q:(xH)
80
N\ En My (xH-m)
T W
320 346,7
Fig. 2.9



Example 6. A plane frame subjected to a load acting in the plane of the frame

(Fig. 2.10). First, we determine the angle a and calculate its trigonometric functions.

3 o
tana = 7 =0,75; a = 36,87 ; sina = 0,6; cosa = 0,8.

g 3 En, @] (KH! /10,64
[} Ny
8
M=50 K% % A )
A
6 | - ~
Ho=161
1 . 3
=0 R X 2,88 d
fmﬂ,c il ¢ Ve—3,6 i1
3u 2m Dy
A
) 74
@Lgﬁﬁi{ﬁ%m“
16 ?
70,64
SO0= 24
2,16 T

S0

Fig. 2.10
We determine the support reactions:
M, =0; —Ra*5—-—4*4*2+50=0; R, = 3,6 kH;
YMa=0; -Vp,*5—-4*4*24+50=0;V, =3,6kH;
Y»X=0; —-Hh+4*4=0; H, = 16 kH;

Verification:

Y Z=0; -3,6+3,6 =0.

We determine the characteristic cross-sections and calculate the values of
internal forces in them.
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Axial force:

No=—R;,*cosa =-3,6*%0,8 =-2,88 kH;

NH = —R;*cosa—q *4 *sina=-3,6*08—-4*4*0,6 =-12,48 kH,;
N 3=—q*4=—-4*4=—-16kH,

N3-s=V,=3,6 kH;

Ni6=0

Shear force:

Qo = Ry *sina = 3,6 *0,6 = 2,16 kH;

Qf =R, *sina—q*4*cosa =36*06—-4%4*08=-10,64 kH;
Qn = Qi = Rq = 3,6 kH;

Qi = Q5 = Hg = 16 kH;

QE =06 = 0.
Bending moment:
Mg = 0.

3 2
My=R, 5=q-25=36"15-4:2-1=26kH m;

4
M =R, 3-q-45=36-3-4-4-2=-212kH m;

4
M§=M§'=Ra-5—q-4-§=3,6-5—4-4-2=—14kH-m;

My = M{ = —50 kH - m;

M2 =Hg-15-50=16-15—50=—26 kH - m;
MY =Hg-15=16-1,5= 24 kH - m;

ME = 0.

We calculate and construct the internal force diagrams: N, Q,, M,, Fig. 2.10

We perform an equilibrium check of the isolated nodes 2, 3, and 4 by applying the

acting internal forces to them.
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Node 2
»X=0; 10,64-08+12,48-0,6 —16 = 0;

»Z=0; 10,64-0,6 —12,48-0,8+ 3,6 = 0;
YM=212-21,2=0.
Node 3

Q::=3,6

Ni:—=16 X
—-—\_’( —
YA€)
02,16
P

YX=16—16=0;
YZ=36-36=0;
YM=14—14 = 0.

Node 4

Nyi3=306 i

Mes=26
al
Ori=16

YX=16—-16=0;
YZ=36-36=0;

YM =50—26—24=0.
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Example 7. A plane curved bar, the axis of which is a circular arc (Fig. 2.11).

M=1375xHm

52 6 52

En. Q (xt) En M (<H ) 45

We do not determine the reactions at the fixed support. We divide the bar axis
into two segments and write equations to determine the internal forces. Considering
the left conditionally cut-off part of the bar, we project the forces onto the tangent and
the normal to the bar axis and determine the sum of moments relative to the center of

the cross-section.

Segment I (0 <@ < g)

N(¢)=6-cose;
Q(9) =-6-sing;
M (¢)=-6-15-(1-cosp)=-9-(1-cosp).

Segment 11 (g <¢p< n)

N () =6-cose;
Q) =-6-sing;

M (¢)=-9-(1-cosp)+135.
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The calculations of N, Q, M in sections with an interval of 30° are presented

in the table

Segment degq;ées sing CoSQ N ’E;PI) Q zSLPI ), M KISL ),
0 0 1 6 0 0
30° 0,5 0,866 5,2 3 1,21

' 60° 0,866 05 3 5,2 45
90° 1 0 0 6 9
90° 1 0 0 6 4.5
120° 0,866 0,5 3 5,2 0

I 150° 0,5 -0,866 5.2 3 -3,29

180" 0 -1 6 0 45

We construct the diagrams of N, Q, M, by plotting the ordinates along the normal

to the curved axis (Fig. 2.11)

Example 8. A space frame fixed at one end, consisting of three mutually

perpendicular bars (Fig. 2.12)

Fig. 2.12

The construction of internal force diagrams can be carried out using two

methods:
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Method 1: Project the space structure onto the horizontal, frontal, and profile

coordinate planes together with the applied load. Construct the diagrams of bending

moments M, shear forces Q, and axial forces N for each plane

4

b 3=4

3 4 2=3 3
4 : oy 2
on) 4 ~ :q—6T N
o | @ = armerm12kH =1 AR
[ O F=5ki
. F=5kH .
Horizontal Frontal Profile
36 Mi2 =0
‘ol
4 3
7 36 MH =Q*3=12*3 =36kH *m
Mhar
M"=Q*3=12*3=36kH*m
1=2
4 My=0*3—-F*4=12*3—-5*4=16kH *
T — 2 +=0 m
5 O 5
o r Qi-2=0Q" =Q =12kH
1=2 12 Q"= Qs =—F = —5kH
12 12

TS

Nhar @

5

5

N = NH =—-F =-5kH

(LT
Z
1
=
1|
|
S
1
I
[IEN
N
<
T

Fig. 2.13 Diagrams of bending moments (a), shear forces (b), and axial forces (c)

in the horizontal projection.
Mi1=0
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12 12 M, =M} ;=q-2-2=6-2-1=12kHm.

4’; = 12 My1=q*1*05=6*1*05=3kH*m
M ; My = q*2¥1=6*2*1=12 kH * m
1
Q=0
4 2=3
j 12 Qi =q*2=6*2=12kH*m
in‘onr ?/ Q§_3 =0
1 Q=0
N1=0
12
4 @ 2=3 Nis =0
1
NSront Nél—B =—q* 2=-6+2=—12KkH.
1

Ny=—q*2=-6*2=-12kH*m

Fig. 2.14 Diagrams of bending moments (a), shear forces (b), and axial forces (c) in

the frontal projection.

10 10
102  3=4 =0
M, =—-F*2=-5*2=—10kH*m
Mo
1 M3_4=—F*2=—5*2=—10kH*m
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@ o Qf=—-F=-5=—-5kH*m
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Q3-2=0
[TTTTITIITE o
: ;3=4 NJ = N3_y = —F = —5 kH

el

Fig. 2.15 Diagrams of bending moments (a), shear forces (b), and axial forces (c) in

the profile projection.
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Fig. 2.16 Spatial diagrams of bending moments (a), shear forces (b), axial forces (c),
and torsional moments (d)
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The torsional moment diagram M (Fig. 2.16.d) is constructed on the bars
whose numbers coincide with those on the projections of the bending moment
diagrams. In this case, the magnitude of the torsional moment is equal to the magnitude
of the bending moment at that point and extends along the entire length of the bar.

Horizontal projection 1-2: Bending moment M1.2 = 0 — Myor12 = 0;

Frontal projection 2-3: Bending moment M2z = 12 KN — Myor2-3 = 12 KN*m;

Profile projection 3-4: Bending moment Mz.4s = 10 KN — Myorz-4 = -10 KN*m.

Method 2. When moving from one bar to another, we align the X-axis along the
axis of that bar and specify the positive directions of the Y and Z axes accordingly.
Then, we adopt the sign convention for forces according to Fig. 2.12. The signs of
bending moments can be disregarded; instead, the ordinates are plotted in two planes
on the side of the tension fibers on the M diagram.

The diagrams of shear forces, axial forces, and torsional moments are also
constructed in two corresponding planes. These diagrams can be oriented arbitrarily,
but the ordinates are always plotted normal to the bar axis.

In this system, there is no need to determine the support reactions. We start the
construction of the diagrams from bar 3. We determine the result of the action of force
F and the uniformly distributed load q on it. These loads induce shear forces and
bending moments in the bar, which have the following values:

Qy3=—5KH; Qz3(max) = 6 * 2 = 12 kH;
M 3(maxy = 5*2 = 10 KHM; My3(may = 6 *2* 1 = 12 kHm.

We proceed to bar 2. The bar is compressed and bent in the vertical plane by
force F, while the load g induces transverse bending in the horizontal plane and torsion
of this bar.

N2 =—-5kH; Qy2=6*2=12kH; Q.2 =0;

M amay = 12*3 = 36 kHM; My2 = 5* 2 = 10 kHm;

Mip2 =12*1 = 12 xkHm.
In bar 1, force F induces transverse bending and torsion, while load q compresses

and bends it in two planes.
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N1

—6*2 =-12«kH; Q.1 = 0;

1 = —5kH;

lega]_u=36_5*4‘=16KHm; My1=6*2=12KHm;

Mip1 = —5*%2 = —10 xkHm.

We construct the internal force diagrams (Fig. 2.16).
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Table D2

Cipher First Cipher Digit Second Cipher Digit Third Cipher Digit

Digit | a: a2 hy h2 R | M| M| Fr | Fo | 11 Q2 | o
1 2 3 4 3 6 | 12 | 5 | 10 | 9 4 3 |30°
2 3 4 3 2 5 | 10 | 7 8 | 13 | 6 5 |45°
3 4 2 5 4 4 8 9 | 14 | 17 | 8 7 |60°
4 3 3 2 5 5 20|11 |20 |19 10 | 9 |75°
5 2 4 3 5 6 | 18 | 13 | 24 | 21 | 8 7 |60°
6 4 3 4 4 3 |16 |15 |16 | 11 | 6 5 |45°
7 2 2 5 3 4 | 12 | 17 | 18 | 13 | 4 3 |30°
8 3 2 3 2 5 22|19 10| 15| 2 7 |75°
9 4 3 4 3 6 | 20 | 21 | 18 | 17 | 8 9 |60°
0 2 4 5 4 4 | 14 | 11 | 22 | 21 | 6 5 |30°
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