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Approach to the solution of a problem of stability of cylindrical anisotropic shells under the in-
fluence of the axial compression, based on use of procedure of Bubnova-Galerkin taking into ac-
count boundary conditions on surfaces and end faces of a cylindrical shells and a numerical method
of discrete orthogonalization is offered. The problem of stability of a cylindrical shells made of the
material which characteristics are described by one plane of elastic symmetry is solved. Depend-
ence of sizes of critical loadings on an angle of rotation of the main directions of elasticity of an
initial material relatively curvature designs is investigated. Results are presented in the form of
schedules and provided in the table, besides, the analysis is carried out them.

Introduction

Approach to the solution of a problem of stability of cylindrical anisotropic
shells based on two dimensional theory is presented in detail in works [1,2].
Research on the stability of shell rotation from isotropic and orthotropic mate-
rials under axial compression in three-dimensional setting is described in works
[3-9]. Solutions for three-dimensional stability of cylindrical orthotropic mate-
rials are presented in [5].

Absence of the research on the stability of anisotropic shells based on three-
dimensional setting, made from the material that has elastic properties which
are described by one plane of elastic symmetry, explains the complexity of the
solution for such problems. As previously discovered, this is caused by the
connectivity of the strains of tension and shift, bend and tension. Accounting
for these in the calculation models results in more complex, comparing to
orthotropic materials, equations of stability. Moreover, taking them into ac-
count in the models allows to develop and design shell systems from such ma-
terials that are capable of operation loading while remaining optimal, for ex-
ample, based on weight, rigidity. In addition, the resulting three-dimensional
solutions can serve as standards of measurement in calculating stability using
numerical method of shell constructions that have more complicated geometry.
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Problem Description

Under consideration are elastic cylindrical shells on a cylindrical coordinate
system r, z, . Axis z and @ of
which are matching with the lines
of the main curves of the construc-
tion, »— normal coordinate or the
radius of the cylinder that is not
dependent on coordinates z and
6. Anisotropy of the material is
described by the angle of rotation
of the main directions of elasticity
of the material relatively to z axis,
of the adopted coordinate system, Fig. 1. Cylindrical thick-walled anisotropic shell
Fig. 1.

Equilibrium Equation written based on work [8]:
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Where F,,F,,F, - force projection of the vector volume in directions tan-

gent to the coordinate linesr», z, 6; &, ¥ — projection of stress on axis of the
adopted system of coordinates of shell elasticity:
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Ty =T,g+7T ai+‘r au’_}_o- l%_o- lu .
O ro ro z0 oz 00 r 00 00 . 0>
1 Ouy 1 Ouy Ouy
fz@ ST tT,y— (Tl U.*TO,——+T,.——,
r 00 r oz or
ou Ou 1 Ou
To =T g+T,g——4T,g——+0gg——=. 2
6 =0 TT0 o 05, 0,50 ()
Connection between the components of the elasticity and movements [8]:
ou, 10u, 1 ou,
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€0 :%_'_lauz 5 €, :aur +8”z 5 €9 = d: — Uy +*aur (3)
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Here u,, uy, u,— shift of the cylinder points in direction of axisz, 8, r
respectively.

Relationship of the generalized Hooke Law, that connects components of
elasticity and tension in changing the angle of the axis of orthotropy relatively
to axis z written below [7]:

€ =10, Ta;3099 + 130, T Q6T

€pg = 4120z T dp0qg T Ax30,, +axTg 5

€ =130, Tax009 + U330, +d36T9;

€9 = AaTrp +AysTz 5

€ = AysTrg + AssTyz s

€9 =160z T A200p T 360, T Ag6T20 - 4)

In (4) a; (i,j =1, 6)—mechanical constants of the material that has one plane
of elastic symmetry, connection of which with constants of the material axis of

orthotropy matches with the coordinates a/,

;7 » written in accordance with [7]:

a,, = al/1 COS4l// + (Zal/z + aéﬁ)coszl//sinzl// + az/z sin4l// ;

Ayy = az/z cos* v+ (Zal/z + a6/6 )cos2 t//sin2 v+ al/l sin* v,

a, = al/z + al/l +a2/2 —2a1/2 —a6/6 sin® v cos® v ;

Qg = a6/6 + 4(611/1 + az/z - 2a1/2 - aé6 )cos2 wsin®y ;

g = l2a2/2 sin®y — 2a1/1 cos*y + (Zal/z + aé6 Xcos2 y — sin’ U/)Jcost// siny ;
Ay = lZaz/z cos*y — 2a1/1 sin®y — (Zal/z + aé6 Xcos2 w — sin’ U/)Jcost// siny ;
api = al/3 cos” v+ a2/3 sin’ v,

2 .2
ay =a2/3cos t//+a1/3 sin“y
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Qs = 2(a2/3 - al/3 )cost// siny ;
/.
d33 =433
Ay = a£4 cos® v+ a5/5 sin’ v,
_ 2 /o2

Ass = A55COS™ W + au, Sin"y ;

Qs = (a£4 - a5/5 )cost// siny (5)
here v — angle of rotation of the main direction of elasticity of fibrous
orthotropic material relative to z axis of the adopted system of coordinates.

Methodology for solving the problem

Relationship of the generalized Hooke Law for materials with one plane of
elastic symmetry (4), transformed to the following view and used in the system
of equations (1)

O =bpe, +bpey +hgey +ci0,;
Ogp = bpye.. +byegy +byse g +¢20,,;
0 = Dige. +Dysegy +Dgse.g + 30, ;

€, = C1€, —Cr€gg —C3€,9 TC40,,

€ = AysTrg + AssTyz s

€ro = AaaTrp + 45Tz (©)
where b;; (i,j=1,2,6), ¢;(i=1,4) - characteristics, that are calculated using

mechanical constants a;; (i, =1,3;5;6) of the shell material [4].

Equations of stablllty based on static criteria of Euler, derived by using sys-
tem (1), while taking into account the dependencies (2), (3):
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where ¢’ and 139 are known subcritical tension values. Since the problem of

axial compression is considered here, prevailing tensions are o, Ta 139,

which are proved by the results of the research on the stress state of the
cylindrical shells made from the orthotropic materials and materials with one
plane of elastic symmetry [4, 7], that are represented in the system (7). This
points to the heterogeneity of the critical loadings state of the cylindrical shell.

Deriving for such construction the connection between these loadings.
Since until the moment when stability is lost the shell preserves non-deformed
state, then in subcritical state of deformation e,, equals to zero and is de-
scribed (4):

C.p = a0 +agtly =0,

Where only prevailing subcritical tension in axial compression are ac-
counted for.

Based on this a connection between the axial and tangential subcritical ten-
sions can be identified:

thy=-ql. ®)
Q66

By substituting in (6) elasticities e,., ey, €,49,€,.,€,9,€, With their ex-

pressions from (3) and substituting resulting dependencies o .., 0y, 7,9 in
(7), system of equations of stability is obtained:
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oy = 55T, + 45T o,
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or 455z 44 10 r 00 p 0 ()

To solve (9) free setting the value of O'SZ and in accordance with (8) deter-

mining the value 7’ .
Solution of the system (9) derived by applying boundary conditions:
On inner » =7, and outer r =ry surfaces of the shell

0, =T, =T,9=0; (10)
On end faces
c.=-0, u, =u, =0, (11)

That can point to the existence on them of the diaphragms of absolute rigid-
ity in their planes and flexible among them.

In the subsequent transformation of the three-dimensional problem into
one-dimensional, that will be solved wusing method of discrete
orthogonalization, using the Bubnova-Galerkin procedure. In accordance with
it, separate all functions into trigonometric rows based on coordinates along
forming z so that all satisfy boundary conditions (11), and also take into ac-
count their frequency based on circular coordinate @ :

o, (r,z,@) = ii[yl’pk (r)cosk@ +y] sk (r)sink@]sin 1,2

m=1k=0

T, (r,z,@) = ii[h’pk (r)cos kO + yz/,mk (r)sin k@]cos l,2;
m=0k=0

() (r,z,@) = ii[}@wk (r)sink@ + y3/,mk (r)cosk@]sin l,2;
m=1k=0

ur(r,zﬂ)z 3 [y4,pk (r)cosk@ + yé{,mk (r)sink@]sin [,z

m=1k=0

u, (r,z,@) = ii[yS’pk (r)cosk@ + ys/,mk (r)sink@]cos 1,2
m=0k=0

Ug (r,z,@) = ii[y@pk (r)sin kO + yé,mk (r)cosk@]sin [,z (12)
m=1k=0

After performing mathematical transformations and separation of the vari-
ables in the equations (9) with the help of the relations (12), derived an infinite
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system of ordinary differential equations of stability in the normal form
Cauchy:

D1y, 16)=1,0). (13)
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— solving vector function. Non-zero elements of the matrix 7'(r) shown below:
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Here/,, WZZ . 1, :% , L— length of the cylinder forming, p, m —
wave numbers in Fourier series (12).
Functions ¢(p,m) and ¢@(m,p) dependent on the whole numerical pa-

rameters p and m are determined by the formulas:
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0, if p+m — even number,
epm)=92(_ 1 . 1
T\ p-m p+m if p+m —odd.
(15)
0, if p+m — even number,
p(mp)=92( 1 1
Z\m=p m+p if p+m — odd.

Implementation of the resulting system of equations (13) given boundary condi-
tions (11) is conducted by using numerical method of discrete orthogonalization [11].
Problem solution algorithm of stability of shell of rotation that is under axial com-
pression was developed as software package.

Results of the numerical calculations and their analysis

Testing of the solution results based on the recommended approach of stability of
cylindrical orthotropic shells under the influence of axial compression were con-
ducted with the values of the boundary voltages derived in [5]. Evaluated shells: ra-
dius R=0.6m, length L=2.15m, physical and mechanical properties of the mate-
rial E] 1:10,0E0, E22:2.8E0, E33:E(), G12:1.075E0, G13:G23:2E0, v 21:0.3,

v 1,=0.084, v 3,=0.22, v 3,=0.35, E,=1,0-10° MH/m>. Comparison results of
the boundary voltage values are presented in Table 1.

Table 1
Calculation Results Based on Calculation Results Based on
Wall Methodology [5] Recommended Methodology
Thickness Number Critical Tension | Nyumber of | Critical Tension
h, m of Waves O, s MH/m® Waves G s MH/m®
0.012 6 4.0-10* 6 4.0-10*
0.02 5 6.5-10* 5 6.5-10*
0.025 4 8.0-10* 4 8.0-10*

Analysis of the results from test calculations on stability shown in Table 1
points to full conformity of the solutions derived based on the recommended
approach, in comparison with the results in work [5]. Unfortunately, the au-
thors of the article were not able to find in the literature reliable data calcula-
tions on the stability of anisotropic cylindrical shells in a three-dimensional
setting.

In evaluating the recommended methodology, consider cylindrical shells of
stable thickness that are created by the cross-laying layers of previously
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orthotropic material under angles +y; to the axis z. Parameters of the shell
match with the one used in the previous problem, thickness h equal to 0.03m.
Investigated three types of shells that are under axial pressure. First — single
layer, second — double layer. Calculations of the third construction is con-
ducted without accounting for anisotropic material constants a;,, i=1+3,
a,s , meaning — shell was orthotropic.

Since the accepted geometric characteristics of the shell match those of thin
shell, the recommended approach to solving three-dimensional problem of stability
can be compared to the solutions obtained using two-dimensional theory. Values
of the critical loadings calculated using recommended in this work approach are
compared with the results using the classical theory, obtained in the work [1].

Calculations of stability is shown in graphs in the Fig. 1 and detailed in Ta-
ble 1, where number of waves in circular direction denote the moment of loss
of stability.

On the graph all critical values F,. are reduced to values, derived using

. - 0
Kirchhoff-Lyav hypothesis £,
« F

£,
CFy

At the angle of laying of the compositeyy =0, based on the working for-
mula [10]

0 VENEy {hz} VEnEy +ViEy +2G(1-vipvy) (17)

F c =

\/(3(1—‘/12‘/21)) r |E||E,, _vle”_,_%

G,
Markings of the curves on the Fig. 2 are as following. Numbers 1, 2 and 3
denote the types of the shells. Letters (a) and (b) on the Fig. 1 mark the type of
the used calculation approach — recommended and the methodology of work
[1] respectively. Location of the curves on the Fig. 1 suggest that the value of
the critical loadings of axial compression significantly depends on the angle v

F

of the home laying of orthotropic material.
Values of the critical axial compression loadings that are shown in Table 2,

need to be multiplied by 10* MH/m.

As shown, the minimal values of the axial critical loadings are applicable to
single layer anisotropic shell (curvature 1). As the number of layers increases
to two critical axial loadings significantly increases (curvature 2) and gains the
largest values in calculations without accounting for anisotropic constants of
the material (curvature 3).
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Table 2
An- . Double Layer Shell (cross- Calculation without ac-
gle Single Layer Shell wound shell) counting for anisotropic
of material constants
Win Recom- Recom- Recommended |Methodolo
- mended |Methodology [1]] mended |Methodology [1] methodol [ gy
ding methodology methodology cthodology
v, 5 8 Fcr 5 0 Fcr 5 8 Fcr 5 0 Fcr 5 8 Fcr 5 8 Fcr
we |25 | 22| B3| |fE2|  |E: £
5= 5= 5= 5= 5= 5=
Z 5 Z%5 Z 5 Z%5 Z 5 Z 5
0 4 28.2 4 31.2 4 28.2 4 31.2 4 28.2 4 31.2
10 3 | 20.0 4 244 | 4 | 274 4 297 | 4 31.0 4 | 345
20 3 16.3 3 209 | 3 | 282 3 303 | 3 32.8 0 | 420
30 3 159 3 202 | 2 | 285 2 306 | 3 33.5 0 | 383
40 3 18.6 3 22.9 1 28.8 1 308 | O 32.7 0 | 350
50 2 | 248 3 304 | 0 | 307 0 323 | 0 32.6 0 | 352
60 2 | 276 1 316 | 3 | 30.0 1 36.1 2 31.6 0 | 379
70 4 | 274 4 316 | 4 | 275 4 314 | 2 29.9 4 | 41.1
80 4 | 266 4 299 | 4 | 263 4 294 | 2 28.2 4 | 34.0
90 4 | 28.0 4 309 | 4 | 28.0 4 309 | 4 28.0 4 | 309
. 1.5
Fooyg , :
13 ' 130
1.2 = B —= ~ b
U] A L RIS >
B T ) St S Gkt ST N
0.9 \\ el I "
MANN /[ /
\ w | S
0.7 /
0.6 a
0.5 0
0 15 30 45 60 75 QY

Fig.. 2. Dependencies of critical loadings on the angle of rotation of orthotropic axis

Moreover, in cases of single and double layer shells the results of the criti-
cal loadings received based on the recommended approach practically match
values of the classical theory [1] (differences do not exceed 9%). Stability cal-
culations without accounting for anisotropic constants of the material show
significant differences between the results of critical loadings based on the rec-
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ommended methodology and the classical theory [1], which, however, does not
exceed 27%. It’s important to point out that for all three types of cylinders
critical values of the axial compression, calculated by using the recommended
methodology, are smaller than the calculated values based on the classical ap-
proach.

Conclusion

As shown, the application of the recommended approach that is based on
the usage of Bubnova-Galerkin procedure, that takes into account boundary
conditions on surfaces and end faces of a cylindrical shells and a numerical
method of discrete orthogonalization, allows to solve in three-dimensional set-
tings the problems of stability of cylindrical shells that are under axial load,
made from one plane of elastic symmetry materials in a wide range of geomet-
ric and mechanical characteristics.
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Cementox M.I1., Tpau B.M., Iloosopnuii A.B.
CTIAKICTh OUJITHAPUUYHUX AHI3OTPOITHUX OBOJOHOK MIJI OCbOBUM
THCKOM Y TPUBUMIPHII MMOCTAHOBIII

3anporoHOBaHO MiXiJ] CTOCOBHO peatizarii 3ajaui CTIKOCT] IMIHAPHYHAX aHI30TPOITHUX 00010~
HOK HiJ Ji€l0 0CBOBOTO CTHCKY, IO 0a3yeThcsl Ha 3aCTOCYBaHHI Iponenypu byoHoBa-I'ampopkina mpu
ypaxyBaHHI IPaHUYHHX YMOB Ha MOBEPXHSX 1 TOPLSX IMIHIPAYHOI OOOJIOHKH Ta YHCEIEHOrO METOIY
JIMCKPETHOI OpToroHai3anii. Po3s’s3aHo 3aaqy CTiKOCTI UIIHAPUYHOT OOOJIOHKH, IO BUTOTOBIICHA 3
MaTepiay, XapaKTepUCTHKH SIKOFO OMUCYIOTBCSl OJHIEIO ILIOMMHOIO NPYKHOI cuMerpil. JlociiukeHo
3QJIeKHICTh BEIIMUMH KPHTHYHUX HABAHTAKECHb Bil KyTa IIOBOPOTY TOJIOBHHX HANpSMIB IPYXHOCTI
BUXITHOTO MaTepially BiTHOCHO KPHBUH KOHCTpYKUil. Pe3ynbTaTi mpeicTaBiieHi y BUITLIAI rpadikiB i
HaBeJieHl y TaOJMIli, OKpIM TOro, IPOBEIEHO iX aHai3.

Cementox H.I1., Tpau B.M., Iloosopnuiii A.B.
YCTOMYUBOCTh IUJIMHJIPUUECKHUX AHA3OTPOIIHBLIX OBOJOYEK O/
OCEBBIM JJABJEHUEM B TPEXMEPHOM IOCTAHOBKE

ITpensorkeH MOAXON K PEIICHUIO 3a1a4l YCTONUMBOCTH LITHHAPHIECKUX aHU30TPOHMHBIX 000JI09eK
OJ JIefiCTBHEM OCEBOTO CXKATHsl, OCHOBAHHBIN Ha HCIIONB30BAaHUU Hporenypsl byOoHoBa-Ianepkuna ¢
Y4eTOM KpaeBbIX yCIIOBUH Ha MOBEPXHOCTSIX M TOPIAX [MIMHAPHIECKON 00O0IOUKY 1 YHCIIEHHOIO METO-
Jia TMCKPETHON OPTOroHaJM3aliy. Peliena 3aia4ya yCToNYMBOCTH [IMITHHIPHYECKOM 000IOUKH H3r0TOB-
JICHHO! M3 MaTepHalia, XapaKTePUCTHKH KOTOPOrO OIMHCHIBAIOTCS ONHOI IIIOCKOCTBIO YIIPYrod CHMMET-
pun. MccnenoBana 3aBHCHMOCTb BEJIMYHH KPUTHYECKUX HATPY30K OT YIJla IOBOPOTA IVIABHBIX HAIIpaB-
JIHHI yIPYrOCTU UCXOIHOTO MaTepraa OTHOCHTEIBHO KPUBH3H KOHCTPYKIHH. Pe3ynbTaThl MpeicTas-
JIeHBI B BUJIEe Tpa()MKOB U IIPHBEICHBI B TAONIHIIE, KPOME TOr0, IPOBEIEH HX aHAI3.



