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largest Lyapunov exponent by Benettin’s algorithm and compare obtained results.

Keywords: nonsmooth dynamic system, Lyapunov exponent, nearby orbits, Benettin’s
algorithm.

1. Introduction

There is famous book “Chaotic vibrations” by F. Moon [1]. In preface the
author writes:

“Had anyone predicted that new discoveries would be made in dynamics
three hundred years after publication of Newton’s Principia, they would have
been thought naive or foolish. Yet in the last decade new phenomena have been
observed in all areas of nonlinear dynamics, principal among these being
chaotic vibrations. Chaotic oscillations are the emergence of random like
motions from completely deterministic systems”.

This discovery essence is that completely determined (deterministic)
dynamic system begins to behave by unforeseen chaotic manner when any
accidental influence is absent. However, in this unpredictability (chaoticity) it
is possible to identify a number of regularities in the system behavior which
distinguishes this phenomenon from the classical random processes. Moreover,
in contrast to the classical random processes, the phenomena of deterministic
chaos can be reproduced in natural, laboratory and numerical experiments. Just
deterministic chaos is not an exceptional mode of dynamical systems behavior;
on the contrary, such regimes are observed in many dynamical systems in
mathematics, physics, chemistry, biology and medicine. Such deterministic
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chaotic modes are more typical modes than fully predictable (regular) modes.
Recently such phenomena are more often described in studies on economics,
sociology, philosophy, history. Therefore, the studying of chaotic dynamics is
one of the main ways of modern natural science development.

The phenomena of deterministic chaos are possible one only in nonlinear
systems.

Therefore the earlier illusions about the possibility of real processes
adequate description were dispersed when deterministic chaos was discovered.
So the nonlinear dynamics methods are gaining extraordinary weight in
modern scientific researches.

Vibroimpact systems (VIS) are strongly nonlinear ones. The right-hand
sides of the differential equations describing their movement are discontinuous
due the repeated impacts between their elements. Periodic regular regimes can
lose stability when system parameters or external influence parameters are
changing. Then other modes are arising: quasi-periodic, chaotic, and regimes
with great period and with a large number of impacts per cycle — so-called
chatter or rattle.

The technique of regular modes studying is well designed; there are a large
number of articles and monographs about it (for example, [2-6]). The
methodology and the theory of irregular regimes occurrence in nonlinear
smooth systems also exist (for example, [7-12]). Also there are some
investigations about nonlinear nonsmooth systems (for example, [13-20]. But
today there are many unexplored and unknown in such systems.

Vibroimpact systems are exactly such systems - strongly nonlinear, non-
smooth, with a discontinuous right-hand side. The investigation of their
behavior when both the system parameters and the external influence
parameters are changing is of great interest and importance. Vibroimpact
systems are just such systems where strong nonlinearity caused by the repeated
impacts. Their dynamic behavior studying contains many difficulties because
chaotic movements are being implemented in them except regular behavior. It
requires an analysis in the field of bifurcation and chaos theory. Bifurcation
analysis of smooth systems is sufficiently studied. But the bifurcation analysis
of nonsmooth systems with a discontinuous right-hand side in particular
mechanical systems with impacts is studied insufficiently. This fact is
emphasized by the analysis of world scientific literature.

In addition to the general significance of studying the dynamic behavior of
a strongly nonlinear non-smooth vibroimpact system, it is also important to
study the dynamic behavior of specific vibroimpact systems. For example, a
vibroimpact platform that is widely used in the building industry for concrete
mix compaction and concrete products forming [21]. Second example is
vibroimpact system depicted at Fig. 1 where the attached body can play the
role of percussive or non-percussive dynamic damper.
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Thus the chaotic vibrations are the phenomena that are peculiar for
nonlinear systems. More than that chaotic vibrations occur when some strong
nonlinearity exists. Examples of nonlinearity in mechanical systems include the
following:

- nonlinear elastic or spring elements;

- nonlinear damping such as friction;

- backlash, play, or limiters or bilinear springs;
- fluid-related forces;

- nonlinear boundary conditions.

In mechanical continua, nonlinear effects arise from a number of different
sources which include the following:

- kinematics; for example, convective acceleration, Coriolis and
centripetal accelerations;

- constitutive relations, for example, stress versus strain;

- boundary conditions, for example, free surfaces in fluids, deformation-
dependent constraints;

- geometric nonlinearities associated with large deformation in structural
solids such as beams, plates and shells.

For nonlinear problems with chaotic dynamics, the time history is sensitive
to initial conditions, and precise knowledge of the future may not be possible
even when the motion is periodic.

Now system routes to chaos are studying very attentively. But first of all we
must know how discern the chaotic vibrations. Sometimes this task is not
simple; it is difficult to distinguish such attractor from quasi-periodic or
periodic with large period and with great number of impacts per cycle (chatter
or rattle). There are some system characteristics that allow distinguishing the
chaotic attractor — strange attractor. Ones of such characteristics are Lyapunov
exponents in particular the largest Lyapunov exponent.

2. Lyapunov exponents

The tests for chaotic vibrations are qualitative and quantitative and “involve
some judgment and experience on the part of the investigator” [1]. Quantitative
tests for chaos are available and have been used with some success. One of the
most widely used criteria is the Lyapunov exponent.

Chaos in deterministic systems implies a sensitive dependence on initial
conditions. The Lyapunov exponent test measures exactly the sensitivity of the
system to changes in initial conditions. Conceptually, one imagines a small ball
of initial conditions in phase space and looks at its deformation into ellipsoid
under the dynamics of the system. If ¢ is the maximum length of the ellipsoid
and d,, the initial size of the initial condition sphere, the Lyapunov exponent

A is interpreted by the equation

d(t)=dye™" ™

1)
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Here we can consider d,, as a measure of the initial distance between the

two starting points, at a small but later time the distance is d .

In other words Lyapunov exponents for dynamic system with continuous
time define the degree of distance or rapprochement for different but nearby
trajectories at infinity that is the exponentially fast divergence or convergence
of nearby orbits in phase space. This means that if two trajectories start close to
one another in phase space, they will move exponentially away from each other
for small times on the average.

If largest Lyapunov exponent is positive then the distance between initially
nearby trajectories is increasing in the course of time. If it is negative then near
trajectories is approaching each other some more, if it is zero then near
trajectories are staying at the same distance approximately. Let us note that
Lyapunov exponents may be different ones for different initial values. So one
measurement is not sufficient and the calculation must be averaged over
different regions of phase space. This average can be represented by

v 1 4
=m0, ———In—. 2
* }flil}oN i=1 i =y, do; ( )
Lyapunov exponents may be obtained analytically extremely rarely. There are
numerical methods which allow their obtaining with acceptable accuracy.

The calculation of largest Lyapunov exponent is especially important for
diagnostic of complicated dynamics regimes. More than that it is enough very
often to know the sign of largest Lyapunov exponent — the presence of positive
largest exponent is one of the chaos criterion. There are three possibility for
such calculation:

- we numerically integrate two copies of dynamic system with nearby
initial conditions and follow the distance evolution between them,;

- we jointly numerically integrate the main equations and equations in
the variations;

- we determine Lyapunov exponents from time series.

The first method may be used when we have got some difficulties with
obtaining or numerical solving the equation in variations [22-24]. The second
method is the most used. There is famous algorithm by Benettin and all
[25, 1, 24] and the special software for its realization. The third method is used
when we have not the dynamical equations and must estimate Lyapunov
exponents from an experimental time series

126 .

We have got some difficulties under £ )
obtaining and numerical solving the equations m m,
in variations because our mechanical system 3 k>

(Fig. 1) is nonsmooth vibroimpact system with
discontinuous right hand side. Therefore we
attempted to use the first method. Fig. 1
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It is necessary to note that now there are several propositions for Lyaounov
exponents calculation for nonsmooth system. The authors of these propositions
describe own methods for such estimation [27-38].

3. Lyapunov exponents estimation by following the evolution of two
nearby orbits in phase space

We had investigated the dynamic behavior of mechanical vibroimpact
system depicted at Fig. 1 in previous studying and had published many results
[39]. Now we are studying the system behavior in narrow range of external
frequency. We are observing the system route to chaos via destruction of
invariant tour that is quasiperiodic regime with two incommensurate
frequencies. Therefore we must determine whether oscillatory regime is
chaotic one or not. We must estimate the largest Lyapunov exponent for this.

As we said above we’ll try to estimate the largest Lyapunov exponent by
the first method because we have got some difficulties with obtaining and
numerical solving the equation in variations. These difficulties are caused by
the nonsmoothness and discontinuity of differential equations right hand sides.
We consider the vibroimpact system depicted at Fig. 1. The differential
equations of its movement are:

.. . P . .
i = =28,0% — 0y x = 28,0, (%; —X;) -

—@(% =X, + D)+ =L [F(0)= Fyy, (5 = 3,)],
1

. . . 1
K%y = 28,0, (%, — %)) —®F (x, —x; — D)+ EFW (X, —X,), (3)

k k c c m

_ | " _ |2 e G _ & o m
where ®, =, [—, 0, = —,il—z ,&2—2 PN =—=.
m, m, mo, My, m

External loading is periodic one: F(f) = Pcos(wt+,), T =2n/® is its

period.
The term F, , is determined by formula (4):

con

F(2) = KIH()=(0] 2,

49
K_3(81+82)«/A+B’ @

S, = 1- Mlz S, = 1- M%
""" Em’ P Em’
where z(¢) is the relative closing in of bodies, z(¢) =x, —x,, 4, B, and q are

constants characterizing the local geometry of the contact zone; p; and E; are

respectively Poisson’s ratios and Young’s modulus for both bodies,
The step Heviside function is discontinuous function:
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1, z=20
H(Z):{o z<0.

)
Therefore its differentiation has got some difficulties. When we use the first
method for the largest Lyapunov exponent calculation we integrate the motion
equations (3) with two nearby initial conditions. Let us note by the way that we
integrate these equations by the program ode23s ( MATLAB® ODE solvers).
This program integrates the systems stiff differential equations. So we obtain
two nearby trajectories. We must follow their distance evolution. It may be
fulfilled by the different three formulas. We introduce the following notations.
The coordinates of representing point in phase space for the first and the

second trajectories are setting by the vectors X (0, Y (¢) accordingly:

X (o (2), x5 (), %, (£), X%, (), %5 (1)) - (6)
The five coordinate is connected with transition from no autonomous
problem to autonomous one and introducing the new variable x; = ot .

Then the initial conditions for two trajectories are X (0), Y (0).

Three formulas for largest Lyapunov exponent A are as follows:
a) We consider one trajectory piece and observe the changing of distance
from d,, to d between two trajectories. Then

e Lin-L where d = [x@)-¥@|.dy = |70 -F(0).
T d,
T — the trajectory piece length in time.

b) We consider M trajectory pieces of the same time length 7 and compare
the distance between two trajectories at beginning and at the end of each piece.
Then

1 & d; - =
Ax— 1n— where d; =|X(T)-Y(T)) - 8
i | -van)| (8)

¢) We consider M tra]ectory pieces of the same time length 7 and compare
the distance between two trajectories at the end of each piece with initial
distance. Then

1 ¥ g S N
A~ W;lnz , where d, = HX(:T) - Y(zT)H , dy = “X(O) —Y(())H :
In spite of difficulties under obtaining and numerical solving the equations
in variations we have succeeded to use the algorithm of Benettin and all
[1, 24, 25] for comparing the obtained results. This algorithm is described in all
textbooks, so we will not repeat its description. Note only the following.
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When we calculate the largest Lyapunov exponent by Benettin’s algorithm
we follow the evolution of variations vector

The largest Lyapunov exponent is given as

| i
xzmgln"xi". (10)

If system of motion differential equations (1) is described in vector form as
i=X(x), (11)

then evolution of small excitement Xx(¢) in linear approach is described by the
equation:
= A0)%. (12)
The matrix of equations in variations A(¢) for our vibroimpact system
(Fig. 1 and formulas (3), (4)) have got the form:
o o0 1 o0 0
o o0 0 1 0
A =|ay ay ay ay| as |- (13)

g1 Qg dg3 Ay 0
0 0o 0 o0 0

Here
2 2 1 aFao,, 2 1 aFcon
a3 = =0 —Wy ————0, Az =) —— sy =260, = 28,0,
m; 0Ox, m; Ox,
P . 2 1 aFcon
3y =28,0;, 35 = ——sin(x; + @) , Ag) = Oy +————
m my 0x
2 1 aFcon
Ay = —0)2 +— , a43 = 2&2(’)2 5 a44 = _2a2(02 .

my X,
3
According to formula (2) F,,,(x;—x,) =K -(x; —x,)? - H(x; —x,) . Then
1
F —
aﬂ:K'H(xl —x2)~3(x1 -x)7,
ox, 2
1 (14)
OF, 5
—=-K-H(x —x2)~g(xl -x)7%.
aX2 2
Since this really is a periodically driven oscillator, changes of distances in
the phase space direction x; = -t are zero, as manifested by the row of

zeroes in the matrix A (13).Thus to find the largest Lyapunov exponent in this
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problem one can work in the projection of the phase space (x;,x,,X;,%,,X3)
onto the phase plane (x;,x,,%,X,), using the inner bracketed matrix in (13).
We see (5) that step Heviside function H(x; —x,) is discontinuous one.

Therefore under integration both initial equations (3) and equations in
variations (12,13) we must take into attention zero and nonzero for this
function.

4. Numerical results

We have obtained the amplitude frequency response for vibroimpact system
(Fig.1 and formulas (3), (4)) before [39,40]. Now we investigate the narrow
frequency range and estimate the largest Lyapunov exponent for three
oscillatory regimes — periodic, quasiperiodic and chaotic. Underline once more
that it depends on initial conditions and may be found only after averaging of
several results. We make conclusion about regime kind after the sign of
Lyapunov exponent.

a) Periodic regime with 7-period and one impact per cycle
(0=740rad-s7").

The phase trajectories are attracted to closed curve, Poincare map — to one
point. This regime is depicted at Fig.2. The initial points are shown at this
Figure.

. 1 5 -
X, M-8 XOI xz,m-sl on

0,1

0 0,005 0,01 0,015 X, M

Fig.2

We represent obtained results in Table 1.

Table 1
ilrilé?lvl;?;,(;\f[ Formula (7) | Formula (8) | Formula (9) al;?il;t;n( ls 0)
100 -0,058 -0,058 -2,35 -0,038
500 -0,031 -0,043 -13,0 -0,061
1000 -0,017 -0,023 -17,4 -0,064
5000 -0,0034 -0,0038 -19,7 -0,066
10000 -0,015 -0,0017 -19,0 -0,067
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The number of intervals M given in first column is used for Formulas
(8),(9) and Benettin’s algorithm. The interval length is the same in this
formulas, it is 7' =21t/ . In Formula (7) there is only one interval, its length is

T =M -2nt/®. This definition is the same one for quasiperiodic and chaotic

regimes.
For periodic regime we can estimate the largest Lyapunov exponent by

Floquet multiplier value as A = %ln|p| . This value is A =—0,056 .

What does speak this Table about?

Firstly we see rather big difference in Lyapunov exponent values in
different Table cells. The strong dependence on initial conditions and
calculating formulas explains this fact.

Secondly we see much unexpected result under calculation by Formula (9).
This fact has got such explanation. The phase trajectories for periodic regime
are attracted to closed curve therefore they become intimate to this curve
shorter and shorter with time. So the distance d; between two neighboring

trajectories becomes smaller and smaller. Then lni becomes smaller and
0
smaller too.

Thirdly all obtained Lyapunov exponents are negative ones. Exactly the
sign of the largest Lyapunov exponent is important one because we make
conclusion about the kind of oscillatory regime via this sign.

We can conclude that Lyapunov exponents estimation by following the
evolution of two nearby orbits in phase space gives good result for periodic
regime. Let us see how this method works for quasiperiodic regime.

b) Quasiperiodic regime (= 7,46 rad -s ™).

This regime is depicted at Fig. 3. It is shown the phase trajectories and
Poincare sections at this Figure.

. -1
X, m-s

. -1
Q Xp,m-s <

0,05

0 0
-0,05

_0’5 T T

01 -0,02 0,03 0,08 X,,m

-0,013 -0,003 0,007 xl’ m

Fig.3
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We represent obtained results in Table 2. The calculations by Benettin’s
algorithm were made twice for two different initial conditions (I and II).

Table 2
Number of Formula Formula Formula lBer'lgtltln’ls 0
il I ®) ©) gon m( 1)1
100 0,000243 0,024 0,022 0,019
500 3,81E-05 -0,015 -0,0050 -0,0037
1000 0,000243 -0,026 -0,0069 -0,0067
5000 3,46E-05 -0,035 -0,0089 -0,0089
10000 0,000243 2,76E-05 -0,036 -0,0091 -0,0091

The largest Lyapunov exponent for quasiperiodic regime must be equal to
zero. Formula (9) gives the most bad result.

¢) Chaotic regime (©=7,92rad -s~").
This regime is depicted at Fig.4. It is shown the phase trajectories and
Poincare sections at this Figure.

. -1 . -1
X, m-s Xp,m-s"

-0,02 0 -

-0,24 -0,9 :
-0.03 0 X, m -0,01 0,09

X5,M

Fig. 4

We represent obtained results in Table 3. The calculations by Benettin’s
algorithm were made twice for two different initial conditions.

Table 3
Number of Formula Formula Formula lBer'lgtltln’ls 0

il I ®) ©) — ity il
100 0,0106 -1,16 0,012 0,069
500 -0,0007 -0,73 0,0094 0,027
1000 8,6E-05 -0,70 0,014 0,018
5000 0,00016 -0,84 0,0060 0,014
10000 0,00018 0,00019 -1,64 0,0030 0,014
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We see again the difference in results and bad values after Formula 9. It is
importantly that the sign of the largest Lyapunov exponent is positive. Exactly
positive sign characterizes the chaotic regime. The largest Lyapunov exponents
estimated by Benettin’s algorithm for two different initial conditions (two right
columns in Table 3) are depicted at Fig. 5,a,b for clearness.

A

1

0,05

0 1000 2000 3000 4000 5000 6000 7000 t,s

0,1

0,05

[0] 1000 2000 3000 4000 5000 6000 7000 1,8

Fig.5

The comparison of the largest Lyapunov exponents by Benettin’s algorithm
for different oscillatory regimes is shown at Fig. 6.

7\‘|
0,1 ]
®=792 rad-s’ ©=746r1ad -s"
0 . v,
1000 2000 3000 4000 5000 6000 7000 t,s
0,1 - /
w=74 rad-s”
Fig. 6

3. Conclusions

- Lyapunov exponents estimation by following the evolution of two
nearby orbits in phase space allows to obtain their values roughly and to
determine their signs.
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- The calculations after Formula 7 and 8 are preferable. Formula 9 is
recommended in several textbooks. None the less it gives worse result and we
don’t recommend its using.

- We have succeeded to estimate the largest Lyapunov exponent for
strongly nonlinear nonsmooth discontinuous vibroimpact system after
Benettin’s algorithm and have obtained well sufficiently reliable results.
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baowcenos B.A., [locopenosa O.C., [locmuixoea T.I.
OLIHKA JIINYHOBCBKUX XAPAKTEPUCTUYHUX INOKA3HHUKIB /U151 CWJIBHO
HEJITHIMHOI HEIJIAJIKOi PO3PUBHOI BIEPOYJAPHOI CHCTEMHU

JIAIyHOBCBKI NOKa3HUKH € OJHUMHU 3 HalBaXKIMBHUX XapaKTEPHCTUK , [0 HEOOXimHI s
BU3HAYEHHS CTAHY JJMHAMIYHOI CHCTeMH. [XHs OILliHKa [/Isl HerJa Kol PO3PUBHOI CHCTEMH, SKOIO i €
BiOpoyJapHa cHCTeMa, BUKIMKA€ IEBHI CKIATHOCTI. B crarTi BHBYaeThCs IXHE OOUMCIECHHS
HUISIXOM CJIIIKYBAaHHS 32 XapaKTepOM €BOJIOLIT BIICTaHi MiXk 300paXyl0ud MU TOYKAMH Y daci JUIs
JIBOX KOMiff JWHAMIYHOI CHCTEMH 3 ONM3bKHMH IOYaTKOBHMH yMoBamu. Jlms oOumclieHHs
BUKOPHCTOBYIOTECS TPU Pi3HUX (hopMysH. OLiHKa IPOBIPSETHCS ISl TPHOX PI3HUX KOJIMBAIBHUX
PEKHMIB: HEpiOANYHOro, KBa3ilMepioJUIHOr0 Ta XaOTHYHOro. Bmamocs Takox 3HAWTH cTapiumit
JIAmyHOBCHKMII MOKa3HHK 3a JOIOMOTOI0 BIiJOMOro anropuTMy beHerriHa Ta TOpIiBHATH
pe3yJbTaTi 00YHCIICHD yCiMa IIUMH CIIOCo0aMHu.

Karwo4oBi cjioBa: Herjiaaka JWHAaMiuHAa cHCTeMa, MOKa3HUK JIAmyHOBa, ONu3bKi OpOiTH,
anroput™ benerrina.

baowcenos B.A., [locopenosa O.C., [locmnuxosa T.I'.
BbIYUCJIEHUE JANYHOBCKOI'O TOKA3ATEJIS 1151 CUJIbHO HEJITMHEMHOM
HET'JIAJIKOM PA3PBIBHOM BUBPOY JAPHOM CUCTEMBI

HS[HyHOBCKI/Ie IIoKa3aTejn — 3TO OJHH H3 Ba)KHeﬁmHX XapaKTEpUCTUK, HeOﬁXO}:{I/IMLIX JUIA
ONPEeACICHUST COCTOSTHUSA I[HHaMH‘{eCKOﬁ CHUCTECMBI. nx OLICHKa JIs1 I-Iel"J'IaZ[KOﬁ paSpLIBI—IOﬁ
CUCTEMBI, KaKOBOf/'I U ABJIACTCS BI/IGpOyI[apHaSI CucTeMa, NpeaACTaBJIACT ONPEACICHHBIE TPYAHOCTH.
B CTaTb€ H3Y4YAC€TCA HUX BBIYUCIICHHUE IIYTEM OTCICKHUBAHUSA XapaKTEpa DSBOJIIOLUU PACCTOSAHUSL
MEXKIOY I/1306pa)Ka}OIlH/IMI/I TOYKaMHU BO BPEMEHU I ABYX KOHHﬁ Z[I/IHaMI/I‘IeCKOﬁ CUCTEMBI C
6J‘II/13KI/IMI/I HavdaJIbHBIMH YCIIOBUSAMH. HpI/I OTOM IJIs1 BBIYUCIICHUS HCIOJB3YHOTCSA TPU pa3IMUHBIX
CbOpMyJ'ILI. OI_IeHKa TIPOBEPSETCA 1A TpEX Ppa3InIHBIX KOJ‘IeGaTeJ‘ILHLIX PEXKUMOB!
TIEPUOANIECKOr0, KBa3UIIEPUOIUIECKOI0O U XaO0THUIECKOT 0. TaK)Ke yAanocCe OnpeacInuTb crapumﬁ
HS[HyHOBCKPIf/'I TI0Ka3aTeyb ¢ IOMOIIBIO U3BECTHOI'O aJIrOpUTMa BeHeTTI/IHa 1 CPAaBHUTH PE3YJIETATHI
BLI‘{I/ICJ'ICHI/II‘/’I BCEMH 3TUMHU CHOCOGaMI/I.

K.]'llO‘leBLle CJI0BA: HErjaakas JHHAMHYCCKasd CHCTEMaA, II0OKa3aTClib .HS[]'IyHOBa, 6J‘II/I3KI/I€
0[)6I/ITI)I7 AJITOPUTM BeHeTTI/IHa.

YK 539.3

Baosicenos B.A., [loeopenosa O.C., Ilocmuixosa T.I. Ouinka JSANYHOBCBKHX
XapaKTePUCTHYHUX MOKA3HHKIB 1151 CHJIbHO HeTiHiiiHOI Herjiagkoi po3pHMBHOL
BiGpoynapuoi cucremu// Omip marepianis i Teopist cnopyn. — 2017. — Bum. 99. — C. 90
—105.

JIAnyno6ceki nokasHuku € OOHUMU 3 HAUGAICTUGUX XAPAKMEPUCMUK , WO HeO0OXiOHi 0.
susHaAueHHs cmany Ounamiunoi cucmemu. Ixus oyinka 015 neanadkoi po3puenoi cucmemu, aKoio i €
6IOpoydapHa cucmema, SUKIUKAE NeGHI CKIAOHOCMI. B cmammi eueuaemuvcs ixne oOuucienus
WIISIXOM CTIOKYBAHHSL 30 XAPAKMEPOM eBONIOYIl 8IOCMAHI MIdC 300padcylouu Mu moykamu y 4aci
0151 080X KONIll OUHAMIMHOT cucmemu 3 OMUBLKUMU NOYAMKOSUMU YMOBAMU. J[is 0O4UCIeHHs
suKopuCmogylomvcsi mpu pisnux gopmyau. Oyinka nposipacmvcs 05l MPbOX PI3HUX KOTUBATLHUX
PpedcuMi6: nepiooutnozo, Keainepiooutnozo ma xaomuyno2o. Boanocs maxooic snatimu cmapuiuii
JIanynoecokuii nokasHuk 3a 00noMo2010 ioomozo aneopummy benemmina ma nopiensmu
pe3yrbmamu 004ucIenb ycima yumu cnocobamu
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Bazhenov V. A., Pogorelova O.S., Postnikova T.G. Lyapunov exponents estimation for
strongly nonlinear nonsmooth discontinuous vibroimpact system // Strength of
Materials and Theory of Structures. —2017. — Issue. 99. — P. 90 — 105.

Lyapunov exponents are ones of the most important characteristics for the definition of the
dynamical system state. Their estimation for nonsmooth discontinuous system that is vibroimpact
system has got certain difficulties. We study their calculation by following the evolution of two
nearby orbits in phase space and use three formulas for such estimation. We check this
calculation for three different oscillatory regimes: periodic, quasi-periodic and chaotic. We also
define the largest Lyapunov exponent by Benettin’s algorithm and compare obtained results.

Table 3. Fig. 6. Ref. 37

YK 539.3

baocenos B.A., Ilozopenosa O.C., Ilocmnuxoéa T.I. BbIYMCIIEHHE JISIIYHOBCKOIO
noKa3aTesisi Uil CWIHLHO HEeJIUHEHHOH Herjaajgkoi pa3pbIBHOI BUOpPOYyIapHOM
cucrembl // ConmpoTHBIICHHE MaTEPHAIOB M TeOpHsl coopyxernuit. — 2017. — Beim. 99. —
C. 90— 105.

ﬂﬂnynoeckue noxkazamenu — M0 OOHU U3 BANCHEUUUUX xXapakmepucmuk, HE0OX00UMbIX O
onpeodenenust CcoCMosiHUsL OUHAMUYECKOU cucmembl. Hx oyenka O1si He21aoKol paspuleHOl
cucmempl, KAKOBOU U SIGIAeMCs  6UOPOYOAPHAsL CUCMeEMA, NpedCcmasisem OonpedesieHHble
mpy()Hocmu. B cmamve uszyuaemcs ux evlyucjienue nymem omciedcueanust xapakmepa 360J110Yuu
paccmosinusi Mexcoy Uuz00padcaowumMu moykamu 60 epemenu 015 08YX KONUU OUHAMUYECKOU
cucmemvl ¢ OAUBKUMU HAYATLHBIMU ycaosusimu. Hpu 2MOM OISl BLIYUCACHUSL UCNONB3YIOMC mpu
pazauunvlx opmynvt. Oyenka npogepsemcsi 05 Mpex PA3IUdHbIX KOAeOAMENbHbIX PeNCUMOS:
nepuoduwecmzo, Keasunepuobuvecxozo u xaomuuecxoeo. Takoce y()aﬂocz, onpe()wlumb cmapmuzZ
ﬂﬂnynoeckuﬁ nokasamejlb C HOMOWDbIO U36ECMHO2O aleopumma Benemmuna u CpasHumsv
pe3yiomamol BBIMUCTCHULL 6CEMU IMUMU CROCODAMU.
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