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3arajbHi MOJI0KEeHHA

JudepeHniiianbHl pIBHSIHHS ITUPOKO 3aCTOCOBYIOTHCS y MPUPOJIHUYMX Ta
TEeXHIYHUX HAyKaX, OCKUIbKH € MaTeMaTUYHUMHU MOJEISIMU 0araThOX pealbHHUX
IPUPOTHUX MPOIIECIB 1 ABUIL. Y 3B’SA3KY 3 IUM TeMa «/ludepeHirianbHi piBHIHHD»
MOCiJITa€ BAXJIUBE MICIIE B CHUCTEeMI MAaT€MaTH4HO! MiATOTOBKH MalOyTHIX
€KOJIOTIB Ta CIHEIIaICTIB 13 3aXUCTY HABKOJHUITHLOTO CEPEIOBHUIIIA.

MeTtoau4Hi BKa3iBKH O BUBYEHHS TEMHU PO3POOICHO Ha OCHOBI MPUHITUITY
npodeciiHO CIPsIMOBAHOTO MIIXOAy JO HAaBYAaHHSA 3 YpaxXyBaHHSM BIKOBHUX
0COONMBOCTEM Ta PIBHA MIATOTOBKUA CTYAEHTIB mepmoro kypcy. Okpim
YCBIIOMJICHHSI 3/100yBayaMM pOJii MaTeMaTHKH B CHUCTEMI OCBITH 1H)XEHEpa-
€KOJIOTa Ta OTPUMAaHHS SKICHOI MaTeMaTH4HOI MIJrOTOBKM 3a pPaXyHOK
MIJBUIIEHHS 1HTEPECY 10 BHUBYEHHS TNPEIMETy, TaKUW TMIAXiA CIYTye
IPONEAECBTUKOIO I BUBYEHHS CHIEIIAIbHUX JUCIUILIIH, PO3IIUPSIE CBITOTIISA Ta
(dopMye HaAyKOBE MHUCIEHHS 3aBJISKM 3HAOMCTBY 3 ICTOpI€I0 TMOSBU Ta
PO3B’s13aHHS IEBHUX HAYKOBUX MPOOIIEM.

3HallOMCTBO 3 BIJIMOBIIHUM MaTeMaTUYHUM arapaTtoM BiAOyBaeThCs, 3a
MOXJIMBOCTI, B TMpOILECl pO3B’sA3yBaHHS MPAKTHUYHUX 3aJa4d Ha OCHOBI
HanpocTimux (06a3oBux) Mozeneit exosorii. Iling yac po3B’s3yBaHHs 3adad
CTYICHTH 3HAMOMJISTHCS 3 TOYATKOBUMH TIOHATTAMU Teopli 3BUYAWHUX
nudepeHiaIbHuX — pIBHSHb, METOJaMHM  MAaTE€MaTUYHOIrO  MOJIEIIOBAHHS,
OTPUMYIOTh YSIBJIEHHS PO POJib JU(epeHIIaTbHUX PIBHSAHB K IHCTPYMEHTA JUIsl
pO3B’sI3aHHS MPAKTUYHUX 3a7a4. Po3risgaroTbesi TPUMOMH  CKIIaIaHHS
nudepeHIiaIbHUX PIBHIHB.

3MICT MOCIOHUKA BIJIMOBIJIa€ BUMOTAaM HaBUYajibHOI poO0OYOi mporpamu 3
Kypcy «Buiia maremaruka» 1is 3100yBayiB nepiioro (6akanaBpChKOro) piBHS
BUINOI OCBITH 3a crenianbHOCTIMU E3° «Exonoris» ta G2° «Teopis 3axucty
HaBKOJIMIITHLOTO CEPEOBHUIIAY» 1 € METOJUYHO OOTPYHTOBAHHUM.

Y pe3ynbTaTi BUBUEHHS TeMH 3700yBadl MarOTh 3aCBOITH OCHOBHI
TEOPETUYHI MOJIOXKEHHS TEMU, HABUUTUCH PO3B’A3yBaTH TUIOBI AH(EpeHIialIbHI
PIBHSIHHSI, @ TAKOX 3aCTOCOBYBAaTH HAOyTI 3HAHHS MPHU PO3B’SA3aHHI MPAKTUYHUX
3azay.



TEMA 1
3BUYAHNHI JU®EPEHIIAJIBHI PIBHAHHS (3arajibHi NoHATTS)

1.1. IndepenuianbHi piBHAHHA — MaTeMaTHYHI MO/eJIi IPUPOIHUX MPOLECiB

J11st BUBYCHHS peajbHUX MPOIIECIB 3a IOMTOMOTOI0 MAaTEMAaTUIHIX METO/IIB
BUKOPHUCTOBYIOTh MaTeMaTH4He MojeJoBaHHA. [(udepeHiiaapHi piBHIHHS €
MaTEeMaTUYHUMHU MOJIEISIMH  0araThOX MPUPOJHUX TMPOLECIB. KPYrooodiry
BYIJICITIO Ta 1HIIMX XIMIYHUX €JIEMEHTIB, €po3ii IPYHTY, POCTY POCIUHHOCTI Ta
BITHOBJICHHSI EKOCHCTEM, aKyMyJIAIlii Ta pO3Maay TOKCHYHUX PEUYOBHH Y
O0iocucremax Ta 1H. CknamaHHs AuQEpeHIlabHUX PIBHAHb Y 3aJadax 13
IPaKTUYHUM 3MICTOM JOJATKOBO MOTpeOy€e 3HAHb 3aKOHIB (I3UKH, XIMIi,
Oiomorii. KpiM 1bOro, He ICHy€ YHIBEpCAIbHHX METOMIB CKJIaJaHHS
mugepeHuiaabHuX piBHAHb. OJHUM 3 METOIIB CKJIaJaHHA Iu(epeHLIaTbHUX
PIBHSHb TIPU PO3B’sI3aHHI MPAKTUYHUX 3a/lad € 3aCTOCYBaHHA O3HAYCHHS
MOX1JHO1, a caMe ii (pi3uyHOro (MUTTEBA MIBUAKICTH MPOTIKAHHS HEPIBHOMIPHOTO
IPOLECY) 3MICTY. 3aCTOCOBYIOUH LIEH METO/I, PEKOMEHAYETHCSI BAKOPUCTOBYBATH
TAKWAN AJITOPUTM:

1. BcranoBuTH, sKi 3MIHHI BXOASATh y 3amady. BBecTH He3anexkHy
(aprymeHT) Ta 3anexHy ((QPyHKII0) 3MIHHI.

2. BcraHoBuTH XapakTep 3B’A3Ky MK HUMH. 3aKUCaTH 3aKOH 3aJIEKHOCTI
NpUPOCTY PYHKIIT BT IPUPOCTY apryMEHTY.

3. 3HalTH BITHOIICHHS MPUPOCTY (GYHKIT JO0 MPUPOCTY apryMEHTy Ta
3HAWTH TPAHUIIIO IBOTO BITHOIICHHS, SKIIO MPUPICT apTYMEHTY MPSMYE 10 HYJISL.

4. 3anucaTtu nudepeHiiagbHe PIBHIHHS Ta pO3B’A3aTH HOTO.

5. IIpoananizyBaTu OTpUMaHH 3arajibHUI PO3B’A30K.

6. BuninuTi MoYaTKOBI YMOBH, SIKIIO 1€ TIEpeI0aY€HO YMOBOIO 3a71a4i.

7. 3HalTH YaCTUHHMUM PO3B’SI30K, IO BIAMOBIJAE MOYATKOBUM YyMOBaM
3a1ayi.

HudepeHmianbHi piBHAHHA MIMPOKO 3aCTOCOBYIOTHCS SIK MaT€MaTH4HI
MOJIeNII B TOMYJIALIMHIN ekojorii. 3MIHM B Yacl 3a3BU4Yail Oe3mocepeHbo
MIPU3BOJISTH /10 BUBEJEHHS AUdepeHIiabHUX PiBHSIHL. OTHOIO 3 OCHOBHUX 337124
€KOJIOTI1 € JOCIIPKeHHsI 3pOCTaHHS Ta 3MIHH MOMYJIALI] )KUBUX OPraHi3MiB 5K 3
TOYKH 30Dy il BHYTPIIIHIX BIACTUBOCTEMN, TaK 1 BILIUBY OTOUYIOUOT'O CEPEIOBHUILIA.
[Tin nomynsimi€ero, SK MPaBUIO, PO3YMIIOTh CYKYNHICTh MEBHOi KIUIBKOCTI
IHIUBIIYYMIB, SIKI MOXYTb PO3PI3HSATHUCH 3a BIKOM Ta CTaTTiO. KiJIBKICTH

OpraHi3MiB y MOMYJIAILI] € OJTHAM 3 BAXJIMBUX aCTIEKTIB /ISl PO3YMIHHS MTOBEIHKH
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BCi€l TPymu B IIIJIOMY Ta HaJa€ IMUPOKI MOXJIUBOCTI JJIsi JOCIIKEHb 3a
JIOTIOMOTOI0 MAaTEeMAaTUYHUX METO/IiB.

Bci xuBi1 opranizsMu HapoJKYIOTHCA, 3pOCTAI0Th, CTAPIIOTh Ta IOMUPAIOTh,
TOOTO BKIIIOUEH1 Y TIEBHI JUHAMIUHI mpoiiecu y 4aci. [Iponecu, mo BinOyBaroThCs
y HaBKOJIUIIHbOMY CEPEIOBHIILI, XapaKTePU3YIOThCSI B3AEMHUMU 3B’ I3KaMU M1k
BEJIMYMHAMH, SIKI OINUCYIOTh I TMpouecd. MareMaTH4HO Taki 3B'A3KU
BUPAXKAIOTHCS (PYHKIIOHATBHUMU 3aJIEKHOCTSIMU. PeanbH1 mpoliecu MOTEHIIHHO
MOJKYTh 3aJIeKaTH BiJl BEJMKOI KUIBKOCTI MTapaMeTpiB, TOMY 3aHAJITO CKJIAIHI K
JUIST MaTEMaTUYHOTO OIKCaHHS, TaK 1 MOJAJIbIIOr0 BUBYEHHS, TOMY IpHU
CTBOPEHHI MOJIEJI€l BAKOPUCTOBYIOTh MEBHI IPUITYIIEHHS (CIIPOLIECHHS).

[lin yac BUBYEHHS JIHIMHOI alreOpW PO3TJISAATUCA JUCKPETHI MOJACII
JUHAMIKM TONYJIALIN. 3po3yMiio, IO KUIBKICTh OCOOWMH MOIYJISLIT 3aBXKIU
BUPAXKAETHCS IIJIUM YKCIIOM, OJIHAK MPU JOCTATHHO BEJIMKIN KUIBKOCTI OCOOMH
(HanpuKIaa, KUIbKICTh OaKTepiil) TUCKPETHY (DYHKIII0 MOXHA 3 JOCTaTHHOIO
TOYHICTIO HAOJIM3UTH HETIEPEPBHOIO, JIO TOTO K TU(DEPEHIIIHOBHOIO (DYHKIIIETO, Ta
3 TIEBHOIO TOYHICTIO BUBYATH BIANOBIAHY Mojenb. Hanpuknan, 3a cipusiTiIMBUX
YMOB KUIBKICTh KMIIKOBUX HaJM4YOK TOJBOIOEThCs 3a 20 — 30 xBwuH. Llei
IIPOMI’KOK 4acy Ha3WBaIOTh MEPI0JIOM I'eHepallli.

Posrimgnemo 3amady, MaTreMaTUYHOK MOJEIUIO SKOI € 3BUYalHE
nudepeHiaabHe pIBHSHHS.

3apgava 1

Hexaii kononia srcusux opeanizmie 3Haxo0UmvCs 8 CHPUSMAUBUX YMOBAX,
3a605KU YOMY HAPOOIICY8anicms euue 3a cmepmuicmeo. [lpocmip, wo 3aiimae
KOJIOHIsl, Ma HASABHICMb XaAP4UOBUX pecypcie Oy0emo 88axcamu HeoOMedCeHUMU.
Ilpunycmumo maxoowc, wo KoOJNOHIS He MAE NPUPOOHIX B0PO2i6 | € OOCMAMHbLO
genuxkoro, wob il MOdcHa OY10 88axdcamu  HenepepeHol0  BEIUYUHOIO.
Ipunycmumo, wo 6 oounuyto wacy Ha 0oOHY 0COOUHY NONYAAYii npunaoac «
HApoO0#Cy8aHb HOBUX OCOOUH. 3HAI0EMO 3aKOH 3MIHEHHS YUCEeNbHOCE OP2aHi3MiE

8 3anedcHocmi 6i0 yacy, AKWO 6 momenm 1, Kinbkicmb o0cobun nonynayii

oopisniosana N, .
Po3p’sizanns. Posmsnemo ¢ynkuiro N (t) — KUIBKICTb 0COOMH

HOIYJISILIT B 3aJ71€KHOCTI BiJl 4aCy Ta BCTAHOBUMO SIK 3MIHUTHCS KIIBKICTH OCOOMH
nonysii 3a mepiox yacy At. KinbpkicTs 0COOMH MOMyJISAIii B MOMEHT 4acy

t+ At gopisaroe cymi mouarkoBoi kimpkocti N (t) Ta KIUIBKOCTI

HOBOHapOKeHnX ocobun N (t ) At:



N(t+At)=N(t)+aN(t)At,
N(t+At)—N(t)=aN(t)At,

AN = aN (t)At,
: : AN
ne AN — mpupict momyssiii 3a mepiox gacy At: T’[ =aN ('[) Cepenns
AN

IIBUJIKICTh 3POCTaHHS TOIYJISIIi T MPOMOPIIiitHA YUCETBLHOCTI MOMYJISIT
t

(Mogens Manbryca) 3 Koe(illiEHTOM MPOMOPUIHHOCTI ¢, pO3paxOBaHUM B
pe3yabTaTli EeKCIepUMEHTY JJid JIaHO1 TOmyJsili (KOe(IIieHT Ha3UBAETHCS
Koe(DILIEHTOM MPUPOCTY, a00 KoediieHTOM ManbTryca).

5 . AN ] ,
3uaiinemo rpanumo lIm — = lim aN ('[) 1, IpUraaBIIK O3HAYCHHS
At—=0 At At—0
. o oo . . AN _dN :
noxinHoi dyHkuii oxHiel 3minHoi | lIM — =—=N (t) , IPUXOIUMO JI0
At—0 At dt
dN

PiBHSHHS ot =aN (t) (a6o N '(t) =aN (t)), K€ MICTUTh HEBIIOMY

dbyHKIIII0 Ta 11 MOXiAHY.

Taki piBHSHHA Ha3UBAIOTHCS 3BHYANHUMM JAU(epeHUiaIbHUMHU
piBHsHHsIMU. OTtpumaHe udepeHiiagbHe PIBHSHHSA OMKUCY€E 3POCTAHHS
YUCEIBHOCTI NOMYJISALII IPH B1ICYTHOCTI 0OMEXKEHb 1 € MATEMAaTUYHOIO MOJIEILITIO
3anaui 1.

HudepenianbHi  piBHSHHS — B&XJIMBUM 1HCTPYMEHT BUBYEHHS
JUHAMIYHUX  TPOIECIB B TMPHUPOJO3HABCTBI.  3aCHOBHHUKOM  TeOpii
nugepeHiaIbHuX pIBHSAHb BBakaeThes Icaak HeroTon (1642 - 1727). HetoToH
CTBEP/IKYBaB, 110 KOPUCHO PO3B’s3yBaTu AudepeHIliaabHl PIBHAHHS, OCKUIBKA
HUMU BUPAXAIOThCS 3aKOHU Npupoau. CaM TepMiH «audepeHiiaibHi pIBHIHHS
OyB BBeneHuil I'. JleitOHiem.

1.2. lToyaTKoBi MO10KEeHHS TeOPil 3BUYATHUX TU(epeHIliaTbHUX PiBHAHD
O3navenns. /[udepeniiianbHuM pIBHSHHSIM HA3WBAETHCS PIBHAHHS, SKE

MICTUTh MOX1JHI (qudepeHiian) HeBi1oMo1 PyHKIIT, MOKIMBO caMy HEBIJIOMY
GYHKIIIO Ta HE3AJIEKHY 3MIHHY.



CumBoniyHO  audepeHiiaibHe PIBHSHHSA MOXXHA  3amucaTh  Tak
n
F(y( ),...,y',y,x):O.

VY 3BuyaiiHuX nudepeHIliabHUX PIBHAHHAX IIyKaHa (QYHKIS 3aJIeKHUTh
B1JI OJTHOTO JIMCHOTO apryMeHTy, Ha BIAMIHY Bia AudepeHIiaIbHUX PIBHAHb Y
YaCTUHHUX MOX1IHUX.

VY mporeci po3B’sa3aHHs TudepeHIiaIbHUX PIBHSIHDb MPOBOJUTHCS MOIIYK
HeB1oMOi (YHKIIIT Ta MoJajbie JOCTKEHHS 11 BIACTUBOCTEH. Y MPOCTIIIUX
BUITAJIKaX ii MOYKHA 3HAWTH aHATITUYHO, OJTHAK Y PeATbHUX 3a7a9ax 1e pOOUTHCS
HAOJMKEHO, YMCETbHO a00 YHCEIbHO-aHAIITUYHO 3a JIONMOMOTOI CYYacHUX
oOuucioBanbHUX  MeToniB. Ilpomec  BiaumIykaHHs  HEBIIOMOI  (QyHKLIL
HA3UBAETHCS IHTETPYBAHHAM JIU(PEpEHIIaIbHOTO PIBHSIHHS.

Osnavenns. IlopsnakoMm audepeHIianbHOTO pIBHSAHHA HAa3UBAaIOTh
MOPSIJIOK HAaWBUINOT TOX1THOT HEBIIOMOT (PYHKIIiT, IO BXOJAUTH B PIBHSHHS.

PiBHsHHS, sKe€ OTpUMaHO TiJ dYac po3B’si3aHHSA 3amadl 1, €
nudepeHIiaJIbHUM PIBHSHHSM MEPIIOTO MOPSIKY.

BnpaBa. fIki 3 HaBeJeHUX PIBHSIHb € 3BUYAHUMHU TUdEpeHIIaTbHUMU

PIBHAHHAMU? YKaXITh MOPSIIOK TU(epeHIIaTbHUX PIBHIHb.

a)x2+2x+3:0

V1-X dy ydx =0

b)
C)y'=2y-ctgx
d)xy' —4=y*
e)3x—5=0
f)cosx=1
g)y"+4y'=0
h)a@+bg:1

OX oy

dN

Po3B’spkemMo piBHSIHHS, oTpuMaHe y 3agaui 1: d_ =aN (t)



Jlns mporo Bimokpemumo 3minni N i t: — = adt. ITig BizoxpemueHHIM

3MIHHHUX OyJIeMO PO3YMITH Take MEPETBOPEHHS PIBHSHHSA, B PE3yJbTaTi SKOTO
pI3H1 3MIHHI 3HAXOATHCS B PI3HUX YaCTUHAX PIBHOCTI. Y IIbOMY BHUIAJIKY,
noainuMBIIK By Ta npaBy yactuau piBasaasa Ha N # 0, orpumanu sminny Ny
JiBI YacTuHIi, a 3MiHHY t y mpaBiid. 3HaliileMo 1HTerpajiy BiJ JiBOI Ta MpaBoOi

YaCTUH PIBHOCTI dWN = Iadt, INN=at+InC, N (t) =Ce™ _ dyHKis,

IO OINKCY€ YUCETBHICTh OCOOWH KOJIOHIT B JaHMI MOMEHT 4acy € po3B’SI3KOM,
a00 1HTerpanoM nuQepeHIiaibHOrO PIBHIHHS.

VY WKiIBHOMY Kypcli MaTeéMaTHKHM BUBYAIMCh PI3SHOMAHITHI PIBHSHHS:
anreOpaiuHi, TPUTOHOMETPUYHI Ta 1H., PO3B’sA3KaMM AKUX Oynu yucna. Sk

. . 2

TIEPEBIPUTH, 110 YKCIIO 1 € po3B’sa3kom piBHsHas X~ +2X—3=07?
Po3B’s13kamu nudepeHiaibHUX PiBHAHD OyAyTh (DyHKIIII.
O3HauyeHHs. Po3B’s13x0M nudepeHIiaIbHOTO PIBHSIHHS

F ( y(n) - y', Y, X) =0 mna pesaxoMmy iHTepBami [ HasuBalOTh N pasiB
nudepeHIiioBany Ha IIboMY 1HTEpBaTl PyHKILiI0, 3a/1aHy SIBHO, YAaCTIIlIe HESBHO,
sKa TP M1JICTAHOBLI B PIBHAHHS MEPETBOPIOE HOr0 Ha TOTOXKHICTb.

Hpukaaxg 1. Ilokaxite, mo ¢GyHKIsS Y= 502X ¢ PO3B’SI3KOM
nugepennianbHoro pipusans Y =2V .
Po3p’s3aHH4. 3riiHO 3 O3HAYCHHSAM (QyHKUIA Oyne po3B’sA3KOM

nudepeHIiaTbHOTO PIBHSHHS, SKIINO MICHS MIACTAHOBKU ii y PIBHSHHS BOHO

!/
TIEPETBOPHUTHLCA HA TOTOKHICTh. 3HaiaemMo Y = (5€2X ) =10e?* . Tlixcrasupmu

B piBusHEs Y =2Y, oTpuMaeMo 10e%X =2.5e%* | 10e%* =10e** -
TOTOXHICTh. BucHoBok. DyHkiis Y = 5e2X € pO3B’s3KOM JH(EpEeHITIaTbHOTO
piBasHES Y =2V .

I'padixu dyHKIINA, MO € po3B’s3kamMu TU(EpeHIiaTbHOTO PIBHSIHHS,
Ha3MBaIOThCs iHTerpaJbHuMu KpuBuMu. Ha puc. 1 300paxkeno rpadiku

bynkuii Yy = Ce” s pizHux 3HaueHs koncrantu C, axmo X > 0.
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Puc.1 InTerpasibHi KpuB1 pIBHAHHA Y = Ce” , axmo X > 0.
1.3 IudepenniajbHi piBHIHHS NEPUIOTro MOPSAKY Ta iX po3B’si3KH

F(y’, y,x)=0 — 3araJibHUM BUTIAL JUQPEPEHIIATBHOTO PIBHIHHS

NEPIIOTro NOPSAAKY B HEIBHOMY BUIJISL. Taka 3aJeKHICTh MOXKE HE MICTUTH X a00

. r .

y, ane OO0OB’SI3KOBO Mae MICTUTH Y . SIKIO pIBHSHHS MOKHAa PO3B’sA3aTH
. ’ o . r__ f .

BIIHOCHO Y, TO HOro 3amUCYIOTh y BHIIAAl Y = X,¥Y) 1 Ha3uBaroTh

nudepeHlaJbHUM  PIBHSHHSAM TEpPUIOT0 TOPSAIKY, PO3B’S3aHUM BIJHOCHO
MOX1/IHO1, 00 PIBHSHHAM Y HOpMaJbHIN (Hopmi.

PosrasineMo nudepeHiiaibie piBHSIHHS NEPIIOTro MOPSAIKY Y BUTIISII

y'=f(xy). (1.1)

OcHoOBHOIO 3a7adero Teopii audepeHIiaTbHuX PIBHSAHb € 3HAXOKCHHS
BCIX PO3B’S3KIB JU(EepeHLIabHUX DPIBHSAHb Ta BUBYEHHS BJIACTUBOCTEH LUX
PO3B’SI3KIB.

[Ipomec  3HaxO/KEHHS  PO3B’S3KIB  AUQPEPECHINIATBHOTO  PIBHSHHSA
HA3UBAETHCS IHTEIPYBAHHSM IILOTO PIBHSIHHSI.
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VY 3aragpbHOMYy BHUMNAQAKy MpU 1HTErpyBaHHI JIH(EpeHIIaIbHUX PIBHIHb
OTPUMY€EMO HECKIHYEHHY KUIBKICTh PO3B’S3KIB, IO BIAPI3HSAIOTHCSA CTaIUMHU
BeJIMYMHAMU. YacTo 17l yTOYHEHHS PO3B 3Ky BBOJSTH JOJATKOBI YMOBH, SIKi

HA3MBAIOTHCSI MOYATKOBUMHM YMOBAMMU 1 3aMHUCYIOTHCS y BUTIISAL y(xo) =Y

abo y|X:X0 =Yo-
3arajJbHUM po3B’SI3KOM JAU(EepeHIIaTbHOTO PIBHAHHS MEPIIOT0 MOPSAIKY
Ha3UBAEThCS (QYHKIIS Y = (D(X,C), sgKa MICTUTh OJHY AOBUIbHY cTainy C Ta
3aJI0BOJIbHSIE YMOBAM:
1. OynkIis ngD(X,C) € po3B’si3koM piBHAHHA (1.1) mIs KOXHOTO
¢bikcoBaHoro 3naueHHs C.

2. Slkoro 6 He Oyna moyaTKOBa yMOBa y(xo) = Yo 3aBXKIM 3HAUAETHCSA

3HaueHHa kouctautu C = CO Take, o (QyHKIis Y = gD(X,CO) 3aJ0BOJILHAE
3a/1aH1i TOYaTKOBIM YMOBI.
YacTHHHUM PO3B’A3KOM AUEpPEHIATBHOTO PIBHSHHS MIEPIIOTO MOPSIKY

Ha3UBA€ThC Oynab-aka (QyHKOA Y = (D(X,CO), OTpHMaHa 3 3araJbHOTO

pO3B’s3Ky Y = go( X, C) utst KoHKpeTHoro 3HadeHHs koHctantn C = (.

Axumo 3aranbHUl PO3B’S30K JHU(PEPEHLIATBHOTO PIBHAHHS 3HAWIEHO B

HessBHOMY BUrsiai D ( X, Y, C) =0, To #0ro Ha3MBaKOTh 3arallbHUM iHTEIPATIOM

nugepeHIiansHoro pisusHus, a O ( X, Y, CO) =0 — yacTMHHUM iHTErpanoM.

Ha mnouatky po3BUTKY Teopli 3BHYAWHUX JU(EepeHLIaTbHUX PIBHIHb
BBAXKAJIOCh, IO OCHOBHOKO 33Ja4€l0 € MOILIYK 3arajlbHOro po3s’s3Ky. OnHak
mizHime O. Koml mokasas, o He MEHII Ba)KIMBOIO 3aJ1a4Ci0 € 3HAXOKCHHS
PO3B’SI3KiB, 110 3a/I0BOJILHAIOTH MIEBHI YMOBH.

3ajauy BIAIIYKaHHA PO3B’S3KY AUQPEPEHIIaNbHOTO PIBHAHHS, SKHUM
BIJINOBIJIa€ 33aJIaHUM TMOYATKOBUM YMOBaM, Y MaT€MAaTHIll Ha3WBAIOThH 3aJa4el0
Komui. /{ns nudepenuiansuoro pisasiaus (1.1) 3amauy Ko MoxHa 3anucatu y

BUTJIAI
y'=1(xy),
Y(%0)=Yo
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Teopema (Teopema iICHyBaHHS Ta €JUHOCTI Po3B’s3Ky 3aaaui Kori)

Sxmo y pisnsuni Y = f (X, y) ynxmis f (X, y) Ta il YaCTUHHA MOX1Ha
f; (X, y) BM3HAYEHI Ta HemepepBHi y aeskii oomacti D na mrommui OXY, mo
MICTUTD ACSIKY TOUKY (XO, Yo ), TO ICHYE 1 JIO TOTO X €IWHUN PO3B’SA30K IHOTO

PIBHSIHHS yzgo(X), BU3HAYCHUII B OKOJI TOYKHU (XO, yo), TaKA 1110

Y(%)=Yo-

['eoMeTpuyHO JaHa TeopeMa rapaHTye, 10 pi3HI iIHTerpajibHi KpUBI He
MepPeTHHAKTHCA. 3 T€OMETPUYHOI TOYKH 30pYy po3B’s3ath 3anavy Komnn —
BUJIUIMTHU IHTETPAJIbHY KPUBY, 10 IPOXOAUTH YEPE3 3aaHY TOUKY.

Jlnst moOYyI0BH 1HTETpadbHUX KpUBHX jaudepeHiiaabHoro piBHsHHS (1.1)
4acTo MOTPIOHO croYyaTKy NoOyayBaTH IOJie HANPAMKIB (0COOJIMBO, SIKIIO
PIBHSHHS HE MOKHA PO3B’A3aTH aHAIITUYHO). BBaxkaeThCsl, 0 B IEAKIN MIIOCKIM
00J1acT1 3aJJaHO T0JI€ HAMPSMKIB, SKIIO KOXKHIHM TOYII I1i€T 001aCT1 MOCTABICHO Y
BIIMOBIHICTh MEBHUN HANPAMOK. 3a3BUYail HAPSIMOK 3aJa€ThCA OJUHUYHUM
BeKTOpOM. BioMo, 1110 reoMeTpUYHUN 3MICT TTOX1IHOT (PYHKIIIT — TAHTE€HC KyTa
HaxwiIy JIOTHUYHOI, MPOBeAEHOI A0 rpadika JaHOl (PyHKIIT B MEBHINA TOYII:
y'=tg@. Sdxmo g HeBuszHAaUeHH, TO MOJE Mae BepPTUKAIbHMI HAIPAMOK.

Otxe, 1 MOOYAOBHU TOJsT HAMPSIMKIB JJIS BIAMOBIAHOTO JU(EpeHIiaIbHOro
PIBHSHHS TTOTPIOHO y KOXHIN ToUIll 00JacTi moOyayBaTH BEKTOpP IiJ 3aJaHUM
KyTOM J10 oci abcuuc. IHTerpanbHa KpuBa B KOXKHIM CBOTH TOULI JOTUKAETHCS 110
BIJIMOBITHOTO BEKTOpa IOJSA 1, HABIAKW, KPUBA, SKa BCIOJHM JTOTHKAETHCSA O
BeKTOpa Oyne rpadikoM po3B’si3Ky. Y LbOMY MOJSATa€ TeOMeTPUYHHUI 3MicT
nudepeniajbHoro pisusiHas (1.1).

V 3amaui 1 3a7aHO MOYATKOBiI YMOBH N(to): No — umcensnicts
MOMYJISAIIT B TOYaTKOBUH MOMEHT 4acy, 1110 HaJla€ MOXJIMBICTh 3HAUTH KOHCTAHTY
C Ta oTpuMaTH YACTUHHHI PO3B’A30K, 10 33JI0BOJIBHSIE JaHUM MOYATKOBUM

YMOBaM.
o 5 o _— ot

Po3rysHeMO 3aranbHuil po3B 30K, oTpuManuii y 3agaui 1: N (t) =Ce
Ta mo4aTkosi ymosu N (to) = Nj. Hexaii moyarkosuii moment uacy ty =0, a

KUTBKICTb 0coOMH 1poro Bumy Ha mouatky gocrmimpkenns Ng =10. [incraBumo

TOYATKOBI YMOBH B 3arajibHuii po3s’szok: Ny (t) — Ce%b 10 = Ce“'o, C =10.
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OTxe, po3s’sa3koM 3anadi Komri 6yzne ¢pynkuis N (t) =10e*, J11s1 po3B’sA3aHHS

3amaui Kot 3aCTOCOBYIOTh TaKHii aJrOPUTM: 3HAXOASTH 3aralIbHUA PO3B’ 30K
nvidepeHIliaIbHOr0  PIBHAHHS; MIACTaBISAIOTh Y HBOTO IOYATKOBI YMOBH;
PO3B’S3YIOTh PIBHSHHS BIIHOCHO KOHCTaHTH (' 3alMHCYIOTh PO3B’SA30K 3aj1a4i.

AHaii3 po3B’sa3Ky nokasye, mo ¢pyskiis N ('[) =10e* (a > O) npsIMye€

J0 HECKIHYEHHOCTI, Ko [ —>00, ToOTO 4MciIO OCOOMH IaHOro BHIY Oyue
HECKIHYCHHO 3pocTaTd. Hampukian, MOTOMCTBO Tapu MyX, 3a YMOBH
0e3MepenKoIHOro PO3MHOKEHHS, 32 JIBa pOKUA MaJio O Macy, 1110 IepeBUIIyBaIa
macy 3emun. HacnmpaBnai Take HIBHUAKE 3pOCTaHHS HE CIIOCTEPIraeThbes, Xoda
BIJIOM1 BHUIIQJIKU, KOJM HEKOHTPOJIHOBAHE 3POCTAHHS MOMYJISIIT MPU3BOIUIO J0
eKOJIOrTYHUX MpobsemM. HaBeaiTe MpUKIaAu TAKUX CUTyalll B 1ICTOPI JIFOICTBA.

Kpim 3arampHOro Ta 4YacTHHHOTO PO3B’S3KIB y audepeHIiaTbHOMY
PIBHAHHI ~ MOXYTh 3 MBIATHCH  0C00MBI  po3B’si3kH.  Po3B’s130k
nudepeHIiaJbHOTO PIBHSAHHA, Y KOXHIM TOYIll SKOrO MOPYIIYETHCS yMOBa
€IMHOCTI1, HA3UBAIOTh OCOOJIUBUM PO3B’I3KOM.

Oco065uB1 PO3B’SI3KM HE MOXKYTh OyTH OTPUMAaHMMHM 13 3arajbHOTO Hi 3a
SKOTO 3HaYeHHs KoHCcTaHTH C.

1.4. 3apaui Ha 3acTOCYBaHHSA MO/1eJIi eKCIIOHEHiaJIbHOT0 3POCTAHHA

[Ipolecy, MaTeMaTH4yHO MOJEWNIO sKkuX € pipaaaas Y =Ky,

Ha3MBaIOTHCS MPOLECAMH NMOKA3HUKOBOI0 (€KCIMOHEHIIAJIbHOI0) 3POCTAHHS,

) . kx .
OCKUIBKM PO3B’SI3KM 1IbOTO PIBHSHHS MAalOTh BUIJIS]L y:Ce . Y 3agaur 1

3aCTOCOBAHO MOJENIb HPUPOJHOTO (EKCIIOHEHIIAIbHOTO) 3pPOCTAaHHA, SKa €
0a30BOI0 MOJICJUTIO AMHAMIKHU MOMmyJisiiil. Taky Mojens Oysio 3anmporoHOBAHO B
1798 pori anrmiicbkuM yuyeHUM TomacoM ManbTycoM /it BUBYEHHSI 3pOCTaHHS
HapoJOHAceNeHHA 3emuli. 3a3BUYail TOBOPATh MPO TEOMETPUYHE 3POCTAHHS
(reoMeTpUUYHy MPOTPECII0) B JAUCKPETHUX MOJENAX 1 MPO EKCIOHEHINAbHE
3pOCTaHHs B MOJAEIISAX 3 HEMEPEPBHUM YacoM. 3po3yMiJio, 0 MoAels» ManbTyca
€ aJIeKBaTHOIO TUIbKHU HA MMOYATKOBUX CTAiSIX PO3BUTKY MOITYJISALIHN.

Ha mpaktuii mBUAKICTh 3pocTaHHs nomyisimii onucyerbess BDE (Birth,
Death, Emigration) moaemio, TOOTO MBUAKOCTAMU PO3MHOKEHHS, 3aru0Oei Ta
emirpatii.
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3agaya 2 CkiagiTh MaTeMaTWyHy MOJENb TMOMNEepeIHboi  3amadi
(3amaga 1.1) 3a ymoB, mo o — Koe(ilieHT HapOJHKYBaHOCTI, 3 — CMEPTHOCTI.
KoedirieHT emirpariii BBakaeMo piBHUM HYJII0. PO3B’sKITh 11 Ta MpoaHaizynTe
CTaH TOIYJIAIIT B 3aJIEKHOCTI BiJ KOeiIlieHTIB o Ta .

Mogenb E€KCIOHCHIAILHOTO 3pPOCTaHHS 3aCTOCOBYETHCS B 0ararbox
3amayax Oiojorii, pizuku, Ximii, ekosorii. HaBenemo mpukiiaayn OCHOBHHUX THITIB
3a7a4, B SIKMX 3aCTOCOBYETHCS Taka MOJICTIb!

e 3pocranns nomyanii. [IBUAKICTE 3pocTaHHS MOMYJIALIT TpOHopIliiiHa

dN
MOTOYHOMY PO3MIPY MOIYJISII: E =kN (t), N (t) — po3MIp HOMyJALii y

moment vacy 1, K > 0 — koediuient nponopuiiinocri.

e 3ajaya Mpo pajiOaKTUBHUN po3Maj (3aKOH 3MIHEHHS Macu paiilo B
. dm .
3aJIEKHOCT1 BIJ] 4acy): E = —km(t), m(t) Maca paniro B MoMmeHT vacyl,

k >0 — koediuient nponopuiiHOCTI.

e BuBueHHs xapakrepy 3a0pyJHEHb HABKOJMILIHBOTO CEPEJOBHILA.
[Ipormec po3kiagy pedOBUHU B IPYyHTaX 3A1HMCHIOETHCS MPOMOPIIAHO MOTOYHIN
KOHIIGHTpAIli I[i€] peYOBUHU, a BECh KOMIUIEKC (DaKTOpiB, IO i€ HA 3MIHY
KOHLIEHTpaLli NECTUUHUIIB 1 PaJlOHYKIIIB B Yacl, BUPAXKAETHCS 32 JOIOMOTOIO
ycepenneHoro koeodimienta K. KiHeTuky po3maay MecTHIM/IIB MOXKHA OIUCATH

dUd—t(t)z—kU ().

Po3B’s130k mae Burisig U (t) = er_kt ,me U (t) — KIJIBKICTh TECTULIMIY

PIBHSIHHSM

Ha MOMEHT 4acy {; UO — MOYaTKOBa KOHIICHTpAIlisA MeCTUIUAY; K — koedimieHT
IIBUKOCTI PEAKIlli po3naay MeCTUILIUTY.
e 3MmimryBaHHS piauH y pe3epByapax. Ilin vac 3minlyBaHHSI piIUH Y
pe3epByapax MOXKHA 3B’SI3aTH Macy MEBHOI PEUYOBHHU 31 MIBUIKICTIO TIOTOKY Ta
. dm .
koHuenrpamnieto tak. — =—0C, ne m — maca pe4oBuHH, ( — HIBHAKICTH
noToky, C — KOHILIEHTpaIIisl.

e 3ayaya nMpo OXOJIOKECHHS TLJIa 33 CTAJIOK0 30BHINTHBOIO TEMIIEPATYPOIO.

Z_I:_k(T(t)_TS)’ T(t) — TeMmmeparypa Tila B MOMEHT uacy [,

T, — Temmeparypa 30BHIIIHBOTO CEpeNOBHIIIA.
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e 3aKOH 3MIHEHHsI THUCKY TMOBITPS 3aJI€KHO Bl BUCOTH HaJ PIBHEM MOPSI

dp =—k- p(h), p(h) - atmocdepuuit Tuck Ha Bucori h.

dh

e 3ajaya XiMIYHOI KIHETHMKM. XiMIYHA KIHETHKA € pO3JAUIoM (Hi3UYHO1
XiMii, B IKOMY BUBYAIOThCS, 30KpEMa, MBHUAKOCTI XIMIYHUX peakiliii. [IIBuakicTh
MPOTIKaHHS peakIlii MpomnopiiiiiHa Maci ab0 KOHIIEHTpAIlii peYOBUHH, III0 BCTYIIA€E
B peaxiiro, To0To V = —kC . Bignosiane nudepeHItiaabHe PIBHSIHHS Ma€ BUTIIS

dt

SIKUM BU3HAYA€E€THCS JUISL KO>KHOI PCHYOBHUHHU, IO BCTYIIAE€ B peaKui}o, Ha OCHOBI

=—kC, ne C— KOHIICHTpAITisl pSYOBHHH, a K — KoeiIlieHT IpOnopIiiiHOCTI,

CKCIICPUMCHTAJIbHUX OJaHUX.

IMpuxiaam po3B’si3aHHA 32124
3apava 3 (PamioaktuBHuU# po3nan). EkciepuMeHTalIbHO BCTAHOBIICHO, 110

HIBUKICTh PA/IIOAKTUBHOIO PO3MaAy MpONOpILiiHAa KUIBKOCTI pEeYOBUHU X(t),
sKa 1Ie He po3nanacs Ha MOMeHT Jacy L. 3HaiiTu 3anexHicTh X Bix yacy t, Ko

B IIOYATKOBUI MOMEHT 4acy { =ty kinbkicTs peuoBuHu Oyne X = Xg.

Po3p’sa3anns. Ilpunyckaemo, mo koedimient nponopuiitnocti K, K >0
(crana po3nany) Bimomuitl. JludepeHiianbae piBHIHHS MPOIECY MA€ BUTIIS

dx
— =—kx(t).
3Hak “MiHyc* BKa3ye Ha 3MEHUICHHS X(t) 3 yacoM. BimokpemitoeMo
3MiHHi dx = —kdt ra inTerpyemo In|x| =—kt + In|C|, In|x| =Ine ™+ In|C|,
X

X(t) =Ce ™ _ saransuuii PO3B’sI30K piBHSAHHSA. BpaxoByroun, 1o X(to) = Xp,

spaxomumo C = Xoekto. OcTaTouHo X(t) = Xoe_k(t_to).

BusnauumMo m071aTKOBO Tepioa HamiBpo3magay 7, TOOTO dYac, 3a sIKUAN

pO3MaACThCS TOJIOBUHA BIJ] MOYATKOBOI KUIBKOCTI PEYOBUHU EXO. OckiIbKH

_ In2
r=t-1y, 10 EXO = Xp€ kT,3Bi21KI/I TZT.

Binnosiab. X(t) = Xoe_k(t_to)
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3amaya 4 (mpo oxoso/pKeHHs Tina). Hexalt Tijmo Harpite 10 TemmepaTrypu

Ty. Temneparypa 30BHINIHBOIO CEpeNOBHUIIA CTana i KOpiBHIOE I ,, IpUYOMy

T, <T. 3uaiiTu 3aNeKHICTb MiXK TEMIIEPaTyPOIO TiJa, IO 3MIHIOETHCS, 1 YaCOM

0XOJIOJKEeHHA .

Po3B’si3anns. [1ig yac po3B’ss3aHHs 337124, 110 OMUCYIOTH (Pi3UYHI TPOIIECH,
MO>KHa KE€pyBaTHUCS BIAMOBIAHUMH Pi3nuyHUMU 3aKkoHaMu. [Iporiec 0xoomKeHHs
Tija BiMOYBA€EThCS 3TiAHO 3aKOHY HBIOTOHA, 3a SIKUM MIBUIKICTH OXOJIOKCHHS
MIPOTIOpIIiHA PI3HUIII MK TEMIIEPATYPOIO TIJIa 1 TEMIIEPATyPOIO HABKOJIUIITHBOTO
cepenoBuia. BaxximuBo, MO B I[bOMY BHUIIQJKy TEMIIEpaTypa HABKOJIHUIITHHOTO

CepeIOBUIIA 3aJTUIIAETHCS HE3MIHHOIO (TS — const) . [Ipu 3MiHHI# Temmepatypi

HaBKOJIMIITHLOTO CEPEOBUIIA PIBHSIHHS, 110 OMUCYE MPOIIEC, Oy e IHILIHNM.

Hexait B MomeHT uacy t TemmepaTypa Tina T('[). 3riHo 3 (Gi3UYHUM

dT

3MICTOM MOXIJHOI HIBUAKICTh 3MIHM Temmeparypu — —— BpaxoByiouu, 1o
t

MIBUJKICTh 3MIHEHHSI TMPOMNOpPILIMHA PI3HUIl TEeMIIepaTyp (T (t) -T 3),

dr
OTpUMYEMO Au(epeHIiaabHe PiBHIHHS: o =—k (T (t ) -T, ), k>0. 3nak

«MiHyC» Tiepen koeditieHToM K y mpaBiii yacTHHI PiBHSIHHS 0OpaHO TOMY, IO
TIJIO OXOJOJDKYETbCA 1 Horo temmneparypa 3MmeHmyethes. Koedimient K
BCTAHOBITIOETHCS €KCIIEPUMEHTAIBHO Ta 3QJICKUTH Bl PI3UYHUX BIACTHBOCTEH 1
reometpli Tima. OCKUIBKM TeMIlepaTypa HaBKOJUIIHBOTO CEpelOBUIIA HE
3MIHIOBAJIaCh, TO OTPUMaHE pIBHSIHHS € PIBHSHHAM 3 BIJOKPEMIIFOBAHUMHU

d7T

3MiHHEMH. BigokpeMumo 3MiHHi = —kdt Ta npoinrerpyemo niBy
(T (t) —T, )
dr

(T(0)-T,)

In|T(¢)-T,| =kt +InC , In|T(¢)~T,| = Ine™ +inC,

Ta IIPaBy YaCTUHHU PIBHOCTI j — — | kdt . Orpumyemo:

In|7(¢)-T,|=InCe™ , T(t)-T, =Ce™.
3araabHUi PO3B’SA30K PIBHAHHA: 1 (t) =T, +Ce !, JIns 3HAXOMKCHHS

koHcTaHTH C 3aCTOCYEMO IOYATKOBY YMOBY | (0) =Tg. st bOTO MiACTABUMO

B 3arajbHuii BUNiA po3s’sasky t =0:
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To=T(0)=T,+Ce =T, +C.
3sigku C =Ty —T,, i, ocTato4Ho: T(l‘) =T, +(TO —T3)e_kt.

Binnosinb. T(l‘) =T, +(T0 —T3)e_kt.
1.5. Jlorictu4He 3pocTanHs. Moaenab @epxroJibCcTa

Monens Manbryca (MOACHHh EKCIIOHCHIIAJILHOTO  3POCTAHHS) €
aJICKBaTHOIO TUIbKU HA MOYATKOBUX €Tarax po3BUTKY MOIYJIALil, TOOTO 3a yMOB
HEOOMEKEHOCTI pecypciB Ta BIACYTHOCTI KOHKYPEHIIIi 3a 11 pecypcu. OCKIIbKU
B pealbHIN MOMyJsIli KUIBKICTh PEcypciB OOMeXeHa, TO 3 JCSKOI0 MOMEHTY
BCEpEANHI MOMYJIALIT TOYMHAETHCA 00pPOTHOA 3a 1l peCypcH, O TPU3BOAUTH 10
3MEHIIICHHSI IBHJKOCTI 3pocTaHHs momyJsisii. HeoOmexeHe 301blIeHHS
YUCENBHOCTI TOMyJALli HAa OOMEXEHI IUIOLIl apeany OpHU3BEIE 10 YacTUX
31ITKHEHb BCEpEIuHI apeaiy 3a pecypcu. [lepiioro mMozaenio, sika BpaxoByBaja
BHYTPIIIHBOBUIOBY KOHKYpPEHII0, Oyia MOJEib JOTICTUYHOTO 3pPOCTaHHS,
3arporoHoBaHa OenbriicbkuM mMareMatukoM I1’epom ®dpancya DepxroiabCTOM.
VYV 1838 poui PepxroabCT yBIB JOTICTUYHE pPIBHSIHHS, SIKE € CBOEPIAHUM
y3arajlbHeHHSIM PIBHSHHS €KCIIOHEHIIaJIbHOTO 3pOCTAHHS, ajie 3 MaKCUMaJIbHUM
3HAUYEHHAM JUIsl HaceJeHHs. BiH BUKOPUCTOBYBaB JlaHI MpO 3MIHEHHA
HApOJIOHACEJICHHSI PI3HUX KpaiH JJIs OIIHKM HEBIJIOMHUX MmapamMerpiB. Poboty
®epxronbera Oyno BIAKPUTO 3aHOBO Jinmie y 20-X pokax MUHYJIOTO CTOJITTS.
IcTopykn Haykd JI0Cl HE BCTAaHOBWJIM, 4YOMY BIH Ha3BaB CBIA 3aKOH
«JIOTICTUYHUM).

Ax BiOMO, Mg Yac CKIAJaHHA MAaTeMAaTHUYHUX MOJeNieH pealbHUX
MPOLIECIB 3aCTOCOBYIOTHCSl PI3HI MPUMYIUEHHSA. Y HAWOPOCTINIOMY BHIAJKY
pecypcHy 0a3y MOKHA TMOJATH CIIAJHOIO JIHIMHOK (YHKIIEIO Bif po3MIpy
nonyssiii. Toxi 3anmucatu audepeHiiaabHe PIBHSIHHS, IO OMUCYE 3MIHEHHS

MOMYJIAIT, MOKHA TaK:

dx = kx 1—i (1.2)
dt M

ne X(t) — po3mip momymnsamii B MoMmeHT vacy t, M — migTpuMyroda €MHICTh
p p \ y pumy

cepenosuma, K > 0 nmuroma MBHAKICTE PO3MHOKEHHS.
PiBasiuusa (1.2) € nudepeHmialbHUM pPIBHSAHHSIM TEPIIOTO TOPSAKY 3
BIJIOKpEMITIOBaHUMU 3MIHHUMU. [liciisi BIJOKpEeMJICHHS 3MIHHHUX PIBHSHHS
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M

nabyae purnanry ————0X =—kdt. Iurerpyemo niBy Ta npaBy wacTunu
X(x—M)
piBHOCTi J‘ﬁ dX:—I kdt
dex=—j(X_M)_de:—jldx+j L gx=m*=M ‘
X(x—M) X(x—M) X X—M X

~[kdt = —kt+In|C| = Ine™ +In|C| = In|Ce ™|

X—M
X

x—I\/I_
X

In Ce Kt

‘ - In‘Ce‘kt‘,

M
x(t)=——"
O 1-Ce ™™

k110 337aHO MOYATKOBUI pO3MIpP MOMYJISIIT X(O) =M (chopMybOBaHO

M
sagauy Komi) , to C=1——.
m

Jnst naounocti moknagemo M =10, m=2, k = 2. Ha puc. 2 306paxeno

— 3arajJbHUAN pO3B’s130K AudepeHiianbHoro piBHAHH (1.2).

rpadik 3aKOHY POCTY MOMYJISALIL, SKUA Ha3UBAOTh JOTICTUYHUM, a CaMy KpPHUBY
HA3MBAaIOTh JIOTICTUYHOIO KpHUBOIO. Ha pUCYHKY BUIHO, SIK BUKOHYETHCS MEPEX1T
B/l TOKa3HUKOBOTO 3pOCTAHHS 10 IPOLIECY BUPIBHIOBAHHS.
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Y A
Qg = C T e S SR e s s e

Puc. 2 Jlorictuuna xpuBa (posragaaemo, sxmo X(t) > 0).

Jlns GaraTboX NPUPOJHMX MOMYJIALIN pO3B’sI30K J00pe criBOagae 3

EKCIIEPUMEHTAJILHUMU JaHUMHU. SIKIIO TOMYJISIis X(t)MaJIa MOPIBHSHO 3

dx

mapamMeTpoM M, OTpEMy€EMO HaOIMKEHE PIBHAHHSA — ~ KX, PO3B’SI3KOM SKOTO €
t

kt .
X('[) R x(O)e , TOOTO MAaEMO EKCIIOHEHITIaIbHE 3POCTaHHsA. TeMIT 3pOCTaHHS

3MEHIIYEThCS y pa3l HAOJUKEHHS X (t) o M.

Posrnsmaerbest ¥ iHmMMA miaxia. SIKmio 3pocrae mOmysisIis B N pasis,
KIIBKICTh 3iTKHEHB 30iIBHIYEThCA B N? pa3iB, TOMy MOKHA NPHUITYCTHTH, IIO

HECTIPUSTIMBUN  BIUIMB ~ YHUCENBHOCTI  TMOMYJSIiT HAa  HAPOKYBaHICThH
MPOMOPIIAHUYN KBapaTy 1i€i Hapo KyBaHOCTI. Hexail X (t) — pO3Mip MOy
B MOMEHT 4acy t, Toai audepeHitianbHe piBHIHHS eKCTIOHEHIIIAIbHOTO 3POCTaHHS
X(t) = aX(t) JIOTIOBHIOETHCS  JIOIAHKOM —,6’X2 ('[) , a,f>0 — jesxi

koedinienTn. OTPUMAEMO JIOTICTUYHE PiBHSHHSI X(t) = OtX('[) - f G (t) , IKE
20



OMKCY€E 3MIHEHHS MOMYJIALIl 3 ypaxXyBaHHSAM KOHKYpeHIlii. Po3B’S3KOM ILIbOTO
o

,B(l— Ce ™! )

CKOPUCTAaEMOCH  IOYaTKOBOIO  YMOBOIO X (O) =Xp 1  OTpUMAEMO:

X(t)= % —
P +(a—Bx)e

piBHsIHHS Oyzae QyHKIis X(t) = st 3HaxoKeHHs KoHCTaHTH C

3aBaaHHsA IS AyIMTOPHOI Ta CAMOCTIIiHOI po0OTH

Po3B’s13aTu 3a1aui 1-6.
1. (T'igponoriyHa mozenb) PiBeHb BOU y BOJIOMMI 3MIHIOETHCS BIATIOBIAHO

JI0 PiBHSHHS dd—l;l =P-E, ne H (t) — pisens Bogu (M), P =3 (MM/m06a) —

npurms Boau (onaau), E =1 (MM/n06a) — BunapoByBanHs. 3HalTH piBEHb BOIM

uyepe3 10 nmmiB, AKmo modarkoBuil piBens Boxu H (0)25 M. (Bixmosigs:

5,02 m.)

2. Ilinx wac po3mamy sAep paalOaKTUBHUX PEUYOBHUH YTBOPIOIOTHCS
HEHUTPOHHU. 3a JESIKNX YMOB BOHU MOTPAILIAIOTH B IHIII SApa Ta BUKIUKAIOTH 1X
pamioakTuBHUK pos3najd. LIBuAKICT po3naay pajilo B KOXXHUM MOMEHT 4acy
psIMO IPONOpLiNHA WOro HasBHIA Macl. 3’sCyBaTH, SIKHM IPOLIEHT Macu M,
pazito po3mnanerbes yepe3 200 pokiB, SKIIO BIAOMO, IO TEPioJ HAMIBpO3Mamy
pazito (epios yacy, 4yepes sSIKHil po3MaaeThbCs MOJOBUHA HAIBHOT MacH paiio)
nopiBHioe 1590 pokig. (Bigmosias. 8,5%)

3. Birep, mpoxoasum JicOM, BTpadya€ YacTUHY CBO€I IIBHIKOCTI udepe3
CynpoTHB jepeB. Ha HeECKiHUEHHO MalloMy MUISXY BTpaTa MPOMOpIliiHA
IIBUKOCTI HA MOYATKy NMUISIXY Ta HOTO JOBXKWHI. 3HAWTU MIBUAKICTH BITPY, IO
npoiimoB 150 M, 3Har0uH, 110 MPU BXOKEHHI B JIIC MOYATKOBA MIBUJIKICTH BITPY

M
Vo =12 —; micns npoxomkennst uwisixy S =1 M, WBHAKICTS BITPY 3MEHIIMIACH

10 Vg =ll,8ﬂ. (BiamoBige. = 0,93ﬂ)
C C

4. Tino, marpite no temmeparypu 1 =300"C nowmictunmu B pinuny,
temnepatypa saxoi 60" C . BusHaunty uac 3a sxuii Tino oxonoautscs 1o 150" C,
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SKIIO0 BBa)XaTH, IO KUIbKICTh PIIMHU HACTUIBKK BEJMKA, 10 ii TeMmIieparypa
Maike He 3MIHIOEThCSA. BomHodac Bimomo, 1o 3a 10 XB Big modYaTKy MpoIecy

temnepatypa Tina crana 200" C.

(Bigmosines. t = —i |n§ ~18,5 x3.)

5. llIBuakicTe 3MiHM TeMIepaTypd Tila MOPOMOpLIAHA  PI3HUILI

. . . (o) .
TeMIIepaTypu Tina i Hapkonumuboro cepeposuma. Harpire o T =100 C Tino
oxonoaunock g0 60°C 3a temmeparypu naskomummunoro mositps 20°C

3a 20 xB. Uepes CKiIbKM XBUIMH TeMmiepatypa Tina crane 25 C?

(Bigmosins. t = M ~1,3 rox, In0,0625~ —-2,77.)

6. Poskmam  TOKCHMYHOI  pEYOBHMHU  BiIOYBA€ThCS 33  3aKOHOM

dc(t) . , ,
——>=-kC (t) 3HaWTH KOHLIEHTPALII0 4Yepe3 S5 TOAMH MICHA MOYaTKy

dt

_ M2 .
nporecy, skmo nodarkosa konuentparis Cy =100—, a xoediuient posmaxy
7l

k=0,1200"".
Me
(Bignosigs: ~ 60,65—)
7
7. IlepeBipre, um  Oyae  ¢yHKUISI  PO3B’A3KOM  BIAMNOBIAHOTO
T epeHIaTbHOTO PIBHSHHSA:
a)y =C,cosx+C,sinx,y"+y=0

b)e™ —Cx=1xy'+1=¢’
c)y:Ce‘2X+%eX,y’+2y=eX
3 ., 3
d)y=Cx",y'-=y=0
X
e)y:&+C2,y”+gy’:0
X X

f)y:Cx+C—C2,(y')2—y'_xy'+y:0
g)y =C;sin3x+C,c0s3x,y"+9y =0
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KoHTpoJibHI 3an1uTAHHA

1. SIxi piBHSHHS HA3WBAIOThCA 3BUYAMHUMHM  JUdeEpeHIliaTbHUMU
PIBHSHHSAMU?

2. Sk BU3HAYAETHCS MOPSAOK AU(DEPEHIIATBHOTO PIBHIHHS?

3. lllo H©Ha3uBawTh pPO3B’si3KOM  (iHTErpamoMm) AuQEPEeHIIATBHOTO

PIBHSIHHSI?
4. Illo Ha3WBAETHCS IHTETPATHLHOIO KPUBOIO?
5. Illo Take mose HaAPsAMKIB JJaHOTO MU EPEHITIATILHOTO PIBHIHHS?
6. B oMy momsirae reoMeTpUYHMIA 3MICT JU(PEPEHIIATFHOTO PIBHSHHS?
7. 3a sIKUX YMOB PO3B’sI30K PIBHSIHHS OyJie 3arajabHuM?

8. B domy momsarae 3amaya Komri s audepeHiiaabHOTO pPiBHSIHHS
MEPIIOTO MOPSIAKY?

9. fxi  po3B’si3ku  nuEpPEeHIIAbHOTO  PIBHSHHS ~ Ha3WBAIOTHCS
YaCTUHHUMU ?

10. Sk Ha3uBalOThCA AudepeHIianbHi piBHarHs Buay Y = Ky ? Yomy?

11. Tlix yac po3B’sI3aHHS SIKUX 3aJa4 3aCTOCOBYETbCA PIBHSAHHS BUIY

y'=ky?
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JIOMYCKaIOTh aHAIITHYHE PO3B’s3aHHA. Po3B’sa3ytoun nudepeHIiiaabti piBHIHHS,

BKJIMBO BCTAHOBHUTH THI PiBHAHHS. Jl0 KOXHOTO 3 THIIIB pO3pOOJICHO METOIH

TEMA 2

JAAO®EPEHIIAJIBHI PIBHAHHSA ITEPHIOI'O ITIOPAIKY

[To3naitoMumMocs 3 audepeHItiaIbHUMU PIBHSAHHSAME MEPUIOTO MOPAIKY, SIK1

PO3B’s13aHHSA, 00 B IOBIHMKAX MOJAHO 3arajbHUN IHTETpal.

No Hazssa Bun MeTton
PiBHsHHS 3 y'= f(x)g(y) abo Bi
1JIOKPEMIICHHS
1 | Bimoxpemmona- | f,(x)g,(y)dx+ IOKPENE
) 3MIHHHUX
HUMM 3MIHHUMH | f_ (X) g, (y) dy=0
[TincranoBska
y=u-v
T ’
2 y'+p(x)y=f(x) 260
PIBHSIHHS _—
METO]T Bapialrii
IOBUIBHOI CTaI01
, ; 3aminoro z =Yy "
3 PiBHAHHS y + p(x)y= f(X)y , M y
Beprymi %01 31-30tI£I/ITI>C$I 10
JHIAHOTO
ITincranoBKOIO
y =ux,u=u(x)
4 OnHopiaHi y'=f (X’ y)’ 3BOJIUTHCA 110
PIBHSIHHS ne f(tx,ty)="f(x,y),t=0 PIiBHSHHSA 3
BIJIOKpEMJIIOBA-
HUMU 3MIHHUMHA
M (x,y)dx+N(xy)dy=0, | [éu
PiBHsSHHS B —=M (X’ y)
5 | moBHUX IO 9 %
. oM ON ou
audepenmianax | — = —— —=N (X, y)
oy  oX oy
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2.1. ludepenniajbHi piBHAHHS 3 BiIOKpeMJIIOBAHUMH 3MiHHUMH

PiBusuHa Buxy Y = ky(x), K1 PO3TJIAAIUCh paHile, € OKPEeMUMHU
BUITAJIKAMU PIBHSHHS
f1(%)-gu(y)dx+ 2 (x)- g2 (y)dy =0. (21)

PiBassas  (2.1) HasuBaroTh  gudepeHIliaTbHUM  PIBHSHHAM 3

BIJIOKPEMITIOBAaHUMHU 3MIHHUMU. SIKIIO OOW/BI YaCTUHU PIBHSHHS TOIUIUTH Ha
f(x g-(y
( )dx+ 2 )dy=0.

f(x) @y

VY pe3yibTari IHTErPYBaHHS MA€EMO 3arajbHUN PO3B’S30K (3arajbHUN IHTErpa)

Bupas f, (X) -0p ( y) , TO OTPEMAEMO PiBHICTh

nudepeHIiaabHoro piBHsSHHS (2.1):

f(%) g, 1 920Y) 4 _
0" oy @

I1ix yac pieHHs Ha BUpa3 i3 sminanmu fo ( X) 01 ( y) CJI1J1 3BEpHYTH yBary
Ha po3B’s3KM piBHsHE f) (X) =0ra g4 ( y) = 0, saxi MOXKyTb OyTH PO3B’I3KaMu

MOYaTKoBOro piBHAHHA (2.1), 1m0 MOXHAa TEPEeBIPUTH OE3MOCEPETHBOIO

MiJICTaHOBKOI0. LI pO3B’A3KM MOXYTh SIK BXOJUTU 1O 3arajlbHOrO PO3B’SI3KY

PIBHSIHHSI, TaK 1 HE BXOJIUTH. SIKIIO BXOMSTh, TO BTPATH PO3B’A3KiB HEMAE. SKIII0

HE BXOJSITh, TO 1X MOTPIOHO BKJIFOYUTH OKPEMO JI0 OCTATOYHOI BIIMOBIAI.
Ipukaan 1. Po3p’sa3atu audepeHiiiaibie piBHIHHS

y3dx+(2x—3)dy =0.
Po3B’sa3anns. [lepenumiemMo piBHSHHS B TaKOMY BHUIJISAl Ta HMOILTUMO Ha

BHMpa3 (—y3 (ZX — 3)):

(2x—-3)dy = —y3dx‘ ; (—y3 (2x —3)).

Y pesynpTaTi 3MIHHI € BIJOKPEMJICHUMH — dé/ = ax Ta MOXHa
y®  2X-3
IHTErpyBaTu:
dy . dx
Rl y3 = 2x—-3

[Ticnst iHTErpyBaHHS MAa€EMO 3arajlbHUNA PO3B’SI30K Y BUTIISII
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i:lln|2x—3|+const.

2y2
BiI[l'[OBiIlB MOJXHa 3aJIUIIIUTU B TaKOMy BI/IFJIH,ZIi, a4 MOXHa HepeHI/IcaTI/I.

KoncTanty 4acto 3anmucyroTh y OUIBII 3pyYHOMY BHIJISIII, TOJIOBHE, II00 BOHA
npuiiMaia Bl MOKJIMBI JIMCHI 3HaYEHHS. Y 1IbOMY BUIIAAKY KOHCTAHTY 3py4YHO

1
3aIMCaTH Y BUTIIS E In |C| C#0.

Po3B’ 130K PIBHSIHHS 3aMUILIETHCA y BUTJISIIL
1 1 . y
— =7 In |2X — 3| +=1In |C| i TicIos NepeTBOPeHbh OTPUMAEMO 3arajbHUid
2yc 2 2
, . 1
PO3B’S130K PIBHAHH y HEABHOMY BHIILL: — = In ‘C (ZX — 3)‘ :
y

Posrisaemo okpemo piBasaHs 2X—3=0 ta Y =0. Po3p’sa3ku nux
piBasup X=— i Y=0 e posp’sskamm audepeHIiatbHOr0 pPiBHAHHS.

[TepeKOHATUCH B IIbOMY MOXKHA, ITiJICTABMBIIM y PIBHAHHS Ta BPaxyBaBIlH, IO
dx = 0. Ananoriuno nepesipsemo y = 0.

OueBuaHO, IO II PO3B’A3KM HE MICTATHCA Yy 3arajlbHOMY pPO3B’S3KY

PIBHSIHHSI, TOMY X CJIiJ] BKJIFOUUTH Y BIATMOBIIb.

Bianosine. izz In‘C(Zx—S)‘, ng, y=0.

y
Ipuknan 2. Posp’s3aty 3anauy Komi Y -tgx =y +1, y(O) =1.

Po3p’s3anns. [lepenuiemo piBHSIHHS y BUIIIAI1 d_y gx=y+1.
X

BimokpemitoemMo 3MiHHI Ta IHTETPYEMO:

dy  dx Idy _Idx
y+1 tox y+1 “tgx’
In|y +1] =—In|cosx|+In|C]|, In|y +1| = In|—|,
COS X
Y +1=—— — 3aranbHuii po3s’130K AUQEPEHIIATLHOTO PiBHAHHS.

COS X
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3aitnemo koHcTaHTy C. /{75 IbOro 3acTOCY€MO MOYAaTKOBY YMOBY y(O) =1

1+1= L, C=2.
cosO
. 2
Bignosins. y =——1.
COS X

2.2. Jliniitni nudepenniajibHi piBHSIHHA NMEPLIIOTO MOPSIAKY

O3HavenHs. PiBHAHHS BUTY
y'+p(x)y=f(x), (2.2)
ne y(x) — mykaHa QyHKIIis, a p(X), f (X) — 3anaHi QyHKIii Big X (Oyaemo
BBAXATH iX HEMEPEPBHUMM), HAZUBAETHCSA JIHIHHUM JIU(EpeHIIaTbHUM

PIBHSIHHSIM IIEPILIOTO MOPSJIKY.

Hepimoma ¢yHKINA Ta i1 moXiJHa BXOJATH JIHIAHO, TOOTO B MEPIIOMY
CTeneHl. SIKio f(X)EO, To piBHAHHA Y + p(X) y =0 wnasuBaerThcs
OJIHOPIIHUM, B IHIIIOMY BHUTAJKy HEOJHOPIAHUM JIHIMHUM JU(deEpeHIaTbHIM
PIBHSIHHSIM IIEPILIOTO MOPSJIKY.

Posrisitnemo MeToau po3B’si3aHHsl JTIHIWHUX TudepeHIlaTbHUuX PIBHIHD
NEePIIOrO MOPSAKY. ICHYIOTH JIeKiIbKa CrOCOOIB pO3B’SA3aHHS PIBHSHb JTaHOTO

THUITY.
2.2.1. Memoo bepuynni

Ileii MeTox BIepIIe 3ampoIOHYBaB Ta 3acTocyBaB y 1697 pomi Horan
bepnymmi (1667—-1748), Tomy MeTo1 Ha3BaHUI Ha HOTO YECTh.

Posrisitnemo JiHiiiHe qudepeHiiagbHe PiBHSAHHS MEPIIOTO MOPSAKY
!
y'+p(x)y = f(x). (2.2)
Inest Metony bepHyii nosisrae B ToMy, 10 3arajbHUN pO3B’ 130K PIBHSIHHS
(2.2) mykaroTh y BUIAAI JOOYTKY JBOX TOTOXKHO HEPIBHUX HYIIIO (DYHKIIIH

y=u (X) . V( X) , 32 YMOBH, 1110 OJ{HA 3 HUX € PO3B’SI3KOM OJIHOP1THOTO PIBHSHHS
!
y'+p(x)y=0.
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Hexaii Takoro Oyae QyHKIs UZU(X), tomi U'+ p(x)u:O.

[Tam’siTaemMo, 10 PO3B’SI3KOM  AM(EpPEHINIANBHOTO PIBHSIHHS € (QYHKISA, IO

. [ [ ! .
3a710BOJIbHSIE DPIBHSAHHA. BpaxoByrouu, mo Y =UV+UV', miacraBisgsemMo B

. . . . [} .
P1BHAHHA B1AITIOB1AH1 BHUpa3n JJIs1 y Ta y 1 OTpUMYEMO

u'v+uv + p(X)UV= f(X). Jlani rpymyemMo mepmuid 1 TpeTid JOJaHKH,
BUHOCSYM 32  JAYXKku V! (u'+ p(X)U)V—i—UV' =f (X) OCKUIBKH
u'+ p(x)u =0, Tomi uv' = f(X). Otpumaemo cuctemy udepeHiianbHuX

PIBHSIHB 3 B1JIOKPEMJIIOBAHUMH 3MIHHUMH:

u'+ p(x)u=0,
uv' = f(x)
3HaxXoAMMO YACTUHHUN PO3B’SI30K MEpHIOro piBHSHHSA cucteMu. [licis
. : u u .
BIJOKPEMJICHHSI 3MIHHHX d_ =—p(x)u, — = (X)dX Ta 1HTCTPYBAHH!,
X u

(x)dx

orpumaemo In |u| =—| p(X)dX, u=e P — YaCTMHHHMH pO3B’ 30K

OJIHOPIJTHOTO PiBHSHHS.

[lincTaBnsieMo Horo B Apyre piBHSHHS CUCTEMH Ta 3HAXOJUMMO 3arajibHUN

pPO3B’SI30K IIbOTO PIBHSIHHS: e_J p(x)ox V=1 (X)’ % = ej p(x)dxf (X),
X

dv = e P(X)dx ¢ (x)dx, v :jeI P(x)dx ¢ (x)dx+C.

Y pe3ynbratri 3arajJbHUN PO3B’S30K pIiBHAHHA (2.2) MOXKHA 3amucaTh
dhopmyIioro:

y=uv=e] p(X)dX(I f(x)e! ID(X)O"‘dXJFC). (2.3)

3 ocraHHbOi (OPMYIH BUIHO, MO OYIb-SKHI PO3B’SI30K JIHIHHOTO
PIBHSIHHSI € HETIEPEPBHO NH(EepeHIIHOBaHO0 (PYHKITIEIO0 HE3AJIEKHOT 3MIHHOI.

Mpukaan 3. Po3s’ssatu pisrsuns Y + ——Y = 6X.

Po3p’si3anHsi. BcraHoBimoeMo, 10 3aJaHe pIBHSIHHS Ma€ BUIIIS

Y'+|O(X)y=f(X), p(x)=é, f(X)=6X, T00TO € JiHiHHAM

HEOHOPIIHUM Ju(EepeHIIaIbHUM PIBHAHHAM TEpIIOro mopsaky. Po3s’sskemo
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noro merogoM bepnymni. Po3p’s30ox mykarume y Burasal Y =U-V, ne

u=u ( X) V= V(X) ; y’ =u'v+uv'. [TixcTraBistoun B piBHSIHHSI OTPUMYEMO:

1 1
uw+4ﬂﬂ+~———uv::6x,(uw+~———uv +uv' =6Xx,

x-1 x-1
! l !
u'+——u [V+Uuv' =6X.
x-1
OyHKIiI0 U BUOMpaeMO creliadbHUM YHHOM Tak, 1100 BoHa Oyia
PO3B’A3K0M piBHsAHHS U’ + —1 U =0. Orpumyemo cucTemy:
X —_
1
u'+——u=0,
x-1
uv’ = 6x
Po3B’spkeMo miepiie piBHSIHHS CUCTEMHU: u'+ —1u =0,
X —
du 1 du 1 du 1
= — u, = — dX,J._:_J. dX,
dx x=1 u x-1 u x-1
1
In|u|=-In|x-1, Inu|=In|—|, u=—.
x-1 x—1

Ha iipomy etari He BBOZUMO KOHCTaHTY, O0€peMO O/THE 3 MOKIIMBUX 3HAYCHb.
[TincTaBuMo 110 (QYHKIIO y APYre PIBHSHHS CUCTEMH, OTPUMAEMO PIBHSIHHS 3
BIJIOKPEMITIOBAHUMH 3MIHHUMH:

1 , _affy2
7 =6x, V' =6x(x—1), v="6[(x" —x)dx,
X —

X3 2

v=6———£—+C,v:b@—&@+C.
3 2

TakuM  YWHOM, 3arajbHUWA  PO3B’SI30K  PIBHSAHHA  Ma€  BUIJIAL:

y:uvzil(2x3—3x2+c).

Bignosins. Yy = i(ZX?’ _3x% ¢+ C).
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2.2.2. Memoo sapiauii 0osinbrnoi cmanoi (memoo Jlacpansica)

Merton Bapiamii JOBUIBHOI  CTaJOi JUISI  PO3B’S3aHHS  JIHIMHUX
nuepenIiaTbHIX PiBHAHD MEPIIOro HOPSAAKY TaKoX 3ampoBanus M. Bepryoi,
OJIHAK y HaBYAJIbHIN JiTepaTypi el MeToj MoB’sa3ytoTh 3 iM’saM JKozeda Jlyi
Jlarpamxka (1736-1816). IlosicHIOETBCS 1€, MOXJIHMBO, THM, IO CcaMe
KJL Jlarpanx y 1774—1775 pokax po3poOUB MeTOJ Bapiallii JOBUIbHOI CTaol
JUTSL PO3B’SI3aHHS JTIHIMHOTO PIBHSHHS N-TO MOPSIKY.

3araibHUN PO3B 30K HEOJTHOPIAHOTO JHIHHOTO PIBHSIHHS

y' + p(x) y= q(x) CKJIQJAEThCS 3 3arajlbHOr0 PO3B’SI3KYy  BIANOBIAHOTO
OJIHOPIJTHOTO PIBHSHHS y’ + p(X) y= 0O Ta sKoroch OJITHOI'O0 YaCTHUHHOIO

po3B’s3Kky  HeomgHopigHoro: Y., =Y., +VY,,. 3araneHui  poO3B’A30K

oqHOpigHOro piBHAHHA Y + p(X) y=0 mac Burmag Y= Ce‘f p(x)dx. 3a

JIOTIOMOT'OI0  3arajJiIbHOTO PO3B’SI3Ky OJHOPIAHOTO MOKHA 3HANTH 3arajibHHA
PO3B’SI30K HEOTHOPITHOTO, 3aCTOCYBABIIIM METO/] Bapiallii JOBUIHHOI CTaOi.
Inest meTony nossirae B ToMy, 1m0 C po3risgaroTh sIK J€SKy HENEPEPBHO

nudepenuitiopany ¢yukiio C=C (X), a pO3B’S30K Y = C(X)e_j p(x)dx
pPO3B 130K HEOAHOPIAHOrO pIBHSAHHA. OCKUIbKM (YHKIIS € PO3B’SI3KOM

audepenniansuoro pisusuna Y + P(X)Yy =q(X), To Bona Mae 3a10B0BHATH
JlaHOMY PiBHSHHIO. 3HaxouMo ' = C’(x)e_I P(x)dx _ (x) p(x)e_I P(x)e
micna mizctanosku y pismamna orpumyemo C'(x)e I PO = £ (x), spimkn
C(x)=] f (x)e/ P%gx +C.

I[TincraBuBum B Y = C (x)e_J p(x)dx’ orpuMaemMo popmyiy 2.3.

Posrnsmemo 3amauy, MaTeMaTHYHOI MOJEIUTIO AKOi € JliHilHe
Iu(epeHLiaabHe PIBHAHHS MEPILIOTo MOPSIKY.

3amaya 1. Jlronuna B cepeanboMy auxae 18 pasiB 3a 1 XB, BUAUXAIOUU
k0kHOro pasy 2000 cm® nosirps, mwo mictuts 4 % CO,. V ayauropii, po3Mipu
saKk0i cTaHOBIATE DM X 20M X 4.m , 3naxomuthes 50 0ci6. BEeHTHIATOPH TOJAIOTH
40 m%/xB cBixkoro mositps, mo wmictute 0,04 % CO,. 3uaiitu BmicT (y %)
BYIJICKUCIIOTO Ta3y (MIOKCHUIY BYIJICIIO) B ayJAUTOPii Yepe3 MiBrOJAWHH IICIIS
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noyaTky mpoiiecy. [IpoananizyiiTe cTaH MOBITPS 3 TOYKU 30py OyIiBEIbHHUX
HOPM.

Po3p’sizanns. Ilepen cknmamaHHsAM Mojem s pO3B’sA3aHHA  3ajadi
MPUIMEMO TaKi TIPUITYIIEHHS:

e 3HexTyeMo HaaxokeHHsIM CO; 3 IHIIUX JHKEPEIT;

e BBaxxatumemo, o CO; B yCiX YacTUHAX MPUMIIICHHS B JaHUH MOMEHT
yacy OJIHAaKOBa, TOOTO B pe3yJbTaTl MEpPEeMIIIyBaHHA Tra3 PO3MOAUIAETHCS
PIBHOMIPHO.

3actocyeMo airoput™m, skuil po3risiHyto B Temi 1. Hexait B mosiTpi
aymuTopii B MOMeHT 4acy [(XB) micTtuThes X(t)(MS) CO;. Cxianarouu

nugepeHLiaabHe PIBHAHHS, 32 YMOBOIO MPAKTUYHOI 3a7a4l 3a3BU4Yail MOTpiOHO
BU3HAUUTH MaTEMaTHUYHY 3aJIeKHICTh MDK 3MIHHUMHM BEJIMYMHAMU Ta iX

npupocTtamu. 3adikcyemo gac iy (XB) mouaTky BUMIpIOBaHHS i po3paxyemMo 00’ eM
X (t) (M) CO, B aymuropii y JOBUIBHMM  MOMEHT uwacy t:
X(t) = X(tO ) + 1+ 1 =1, ze X(to) —00’em CO; B ayniuTopii B MOMEHT 4acy

to domanokx | — 06’eMCO,, kUil BUIUIAETHCS NPHUiA Yac AWUXAHHA JIOACH B

aynuTopii y M3, momanok Il — 06’em CO,, o moTpamise B ayJIuTOPir0 330BHi
3aBIsIKK po00TI BeHTW IsTOpiB, AojgaHok Il — o6’em CO,, 1mo BUBOAUTHCS
3aBJSIKA POOOTI BEHTUIIATOPIB. PO3paxyeMo KOXKHUI JOJJAHOK OKPEMO.

Honanok |1 V =5mux20mx4m = 400> — 06’em aymuropii. Jlroquna

BHIMXA€ KOKHOTO pasy 2000 TIOBITpA.
VY3roauMo po3MipHICTh:
3 _ 2000 P 2 B
1000000 1000

Onna monuHa B cepenHboMy nuxae 18 pasiB 3a 1 XB 1 BHAMXaE

2
18-—M3, a 50 mogei 3a 1 XB BUIMXAIOTh BiANOBIAHO 50-18- —— u°

1000 1000
noBiTps, o Mictuth 4% CO,. Tomy 3a yac At (At =t-t; > O) B Pe3yJIbTaTi

50-18-2) 4

2000cm

: At =0,072Aty’ Byrmekucioro
1000 100

IAXaHHA JIIoae BuainuTbes | 2[

rasy.
Bentunsaropu nonawots 40 M3 /xB cBixkoro nositps, mo mictuts 0,04 %
CO,, Tomy nonanok /I Oyae Takum:
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~ 40.0,04

I At = 0,016Atn°.

%AIZO,lX(t)ATMB.

BI/IBOI[I/ITBCH BCHTHJIITOpaMU II I =

O, ocximiu X (1) =X(tg )+ 1 + II = 1, orpumaenmo:
x(t)=x(ty)+0,072At + 0,016At — 0,1x(t) At,
x(t)—x(tg)=0,088At - 0,1x(t)At,
Ax(t)=0,088At —0,1x(t) At

[Tepeninemo bi o) rpaHulll, SIKIIIO At—0 1 OTPUMAEMO
. AX
lim m =0,088-0,1x ('[) CKOpHCTABINKCH O3HAYEHHAM MOXigHOI (QyHKII
At—0

B Toulli, MaemMo mgudepeHIianbHe piBHAHHS X (t) =0,088 - 0,1X(t)
[lepenumemo ioro y surmsami X' ('[) +0,1x (t) =0,088. Bcranosite TuI
PIBHSIHHS Ta PO3B’SKITh MOTO CaMOCTIHHO.

3aranbHUM PO3B’SA3KOM PIBHAHHS Oyne QyHKIIisA X('[) =0,88+ Ce‘o’“ :

. 3
Bowna nokasye Bmict CO, y m” B ayaurtopii B MoMenT uacy t. Jlis 3HAXOKEHHS

HEB1JIOMOT KOHCTaHTH CQOPMYJIOEMO TIOYAaTKOBY YMOBY 3anayi. bynemo
BBAXKATH, 10 HA MOYATKY 3aHATh MOBITPs OYJIO CBLKUM, TOMY MOYATKOBA SIKILO
t=0) wmicTkicTs Byriekucioro razy B ayauropii ckmamae 0,04%, ToOTO

X(O) = % =0,16". Po3p’smxeMo BimmoinHy 3agauy Komi. ITincTaBiumo

y PpO3B’A30K X('[) =0,88+ Ce Ol BIJMIOBIMHI 3HAYEHHS Ta 3HAWIEMO
KoHCTaHTy C:
0,16=0,88+C, C=-0,72.

Po3B’sa30k 3amaul Kori Mae BUTIISII: X(t) =0,88-0, 726_0’1t. Otpumana
GyHKIIS JO3BOJISIE XapaKTEepU3yBaTH CTaH CUCTEMH B Oyb-sIKUIl MOMEHT Jacy t.
Tak uepes 30 xB nepeGysanns mozei B ayauropii (t =30x6), x(30)~0,844.x°,
mo cranoButh ~ 0, 21% Bix 3aransnoro 06’emy ayauTopii.

Bignosigs. ~0,21%.
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3ayearcenna 1. Y 1poMy BHUIIQJKy OCHOBHOIO METOIO OyJIO ONaHyBaHHS
IpOIECOM CKIaJaHHs udepeHIialbHOTO piBHSHHA. Po3risHyTa 3amada €
3aj7lauero Ha MaTepialbHUN OallaHC y CUCTEeMI 3 MPHUILTMBOM Ta BUTOKOM. Kpare

B IKOCTI HEBigoMoOi ¢hyHKIIT OyIi0 posrisaaaru C(t) kornenrpauiro CO,y oBiTpi
y YJI0 p Tp y Tp

ayautopii B MOMeHT [ (3po0iTh cCaMOCTIHHO 3a aHAJIOTi€0). Y TOMANBIIOMY, i
4ac po3B’sA3aHHS 3a/1a4 TAKOTO THUITY, MOYKHA BUKOPHCTOBYBATH TOTOBY CXEMY JIJIS
3anucy AUQEpeHIaIbHOTO PIBHSHHS, 110 ONMUCY€E MBUAKICT 3MiHEHHS COj y
MPUMITICHHI:

d(Vc)

——= =(mpurmmB CO,) — (Butok COy).

dt
3aysancenna 2. 1lig yac po3B’s3aHHS TMPAKTHUYHUX 337a4 BAKIUBUM

€TarioM € aHalli3 OTPUMAHOIO pe3yJsibTaTy. PiIBHOBaXKHA KOHIICHTpAIlisl BU3HAYAE

CTaH, KOJIU IMHAMIYHA CUCTEMA NIEPECTAE 3MIHIOBATHUCH Y yaci. J{Ji 3HaxopKeHHs

dc

PIBHOBaXKHOT KOHIIGHTpAIlli 3aCTOCYEMO YMOBY d_ =0. V uiii 3amaui
t

piIBHOBa)XHAa KOHLEHTpauisd ctaHoBUTh 0,22%, ToOTO cucTtema Maiike aocsria
CTaI[IOHAPHOTO CTaHY.

3aysarxcenna 3. Hopmu BMICTY BYIJIEKHCIOTO Ta3y B NPHUMIMICHHIX
3ajmexaTh BiJ TNPHU3HAYEHHS MPUMILIEHb 1 PEryJNIOI0ThCA JAepKABHUMHU
OyIiBeTbHUMHU HOpPMaMu. Y TPUMIMIEHHSIX 3 BEIUKOI KUIBKICTIO JtoJIen
PEKOMEHAYEThCS CTPOTO CIiIKyBaT 3a piBHeM CO; Ta 3a0e3mneuyBaTH I0CTaTHIO
BEHTW A0, UM BINOBIa€ HOpMaAM CUTYaIlisl B IaHIN ayIuTopii?

HudepeniianbHi piBHSIHHS YaCTO BUKOPUCTOBYIOTHCA 1 B T€OMETPUYHMX
3a/1ayax JijIsl 3HaXOKEHHS TPAEKTOPIi pyXy TOUKH.

3apaua 2. Y Tourli 3 opauHaTOIO 2 KpuBa HaxwieHa 10 oci Oy mia KyToM

45", JlotmuHa BinTMHAae Ha oci abCIMC BiAPi30K, IO JOPIBHIOE KBAApaTy
OpIVHATH TOYKH JIOTHKY. 3HAWTH PIBHSHHS KPHUBOI.

Po3p’si3anHsi. B Takmx 3amadax audepeHiianbHe pPIBHSIHHS MOXHA
oTpuMaTH 6€3 PO3TJISAaHHS MTPUPOCTIB, BUKOPUCTOBYHOYM T€OMETPUUHUNA 3MICT

noxinnoi. Hexaii npsima | — moTruHa, npoBeeHa 10 KpuBoi Y =Y ( X) B TOouIll A,
A( X, y) —- TOYKA JAOTHKY JI0 IIyKAHOI KpUBOi. K10 ( XY ) —- TOBLJIbHA TOYKA

JOTUYHOT, TO PIBHSIHHS NpsiMo1 | Mae BUTIISII:

Y -y=k(X-Xx),
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ne kK =tga _Yy_ y'(X).
dx

[Tpuramaemo, M0 TEOMETPUIHUI 3MICT MOXIAHOI — TAHTCHC KyTa HAXUITY
(xyToBuii kKoedimienT K) mormunoi, mposenenoi no rpadika GyHKII B aHiii
TOYIII.

Tomi Y —y= y’(x)( X — X) — PIBHSAHHS JOTUYHOI |,

XapaKkTepuCTUYHA BJIACTUBICTH IIi€i KPUBOI MOJISATAE B TOMY, IO JOTHYHA
BiJITMHAE Ha OCI aOCIMC BIiAPI30K, KU JOPIBHIOE KBAJApaTy OPAWHATA TOYKH

notuky. SIkmo Touka B ( Xg ,YB) — TOYKa MepeTuHy npsimoi | 3 Biccro abcmuc,

0 Yg =0, X5 = y2 , TOOTO TOYKa Mac KOOPJMHATH B(yZ,O).

Ockinpku Touka B Hamexuth npotuuHid |, To 1i KoopauHaATH
3JIOBOJIBHSIIOTH PIBHAHHIO. [1icis miACTaHOBKM KOOPAWMHAT TOYKH B y PIBHSHHS

JTOTMYHOI OTPHMAaEeMO NpaBUibHY piBHicTE 0—Y = y’(x)(y2 — X) , 3BIIKH

'z%a%d—:%
x—=y* dx x-y

10 OMUCYE TPACKTOPIIO PYXY TOUKH 13 3aJJaHUMHU XapaKTEPUCTUKAMHU.

— mudepeHiaabHe PIBHAHHS NEPIIOTO MOPSAKY,

y

JUJ1st BCTAHOBJICHHSI TUITY PIBHSIHHS [IEPETBOPUMO PIBHICTD:

dy
dx 2
— X =— ,
ydy y
1o,
dy v |
dx 1 o . .
d—y—yx =—Y — miHiiiHe audepeHIianbHEe PIBHSIHHS MEPIIOT0 MOPAIKY

BiHOCHO X. TyT X — dynkiis Big Y. Haragaemo, 110 3MinHI B 1udepeHIiiaTbHOMY
PIBHSIHHI pIBHO3HAuHI. PO3B’S’KEMO pIBHSHHS METOAOM Bapialii J10BUIbHOT

CTayioi. 3T1IHO 3 TEOPEMOIO MPO CTPYKTYPY 3arajbHOTO PO3B’SI3KY JIIHIMHOTO

HEOJHOPIAHOTO PiBHAHHA X, , = X, , + X, .
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dx 1

Po3B’spkeMo oxHopiaHe piBHsHHs — — — X = 0. Criouarky BioKpeMuMO
dy 'y
3MiHHI Ta MPOIHTETPYEMO:
dx. 1 dx d
M2 LY In|X| =In|y|+In[C|, x,, =Cy.
dy y x 'y

JIist 3HaXOMKEHHS YaCTUHHOTO PO3B’SA3KY HEOJHOPITHOTO PIBHIHHS

Oynemo posrisnati KoHctauty C sk ¢yHkuiro Bix Yy, To6to C = C(y), TOAI
pO3B’ 30K HEOHOP1THOTO PIBHSIHHS. X=Yy- C ( y) ,

%:y’-C+y-C’:C+y-C’.
dy

OCKUTBKM pO3B’SI30K Ma€ 3aJ0BOJIBHATU PIBHSHHS, TO MICJS I1JCTaHOBKU

OTPHMAEMO: C+y-C’—£Cy:—y, C'=-1, C=-y, Xq_H=Cy=—y2.
y

2 . .
X =Cy — Y° — 3aranbHuil pO3BA30K PiBHIHHS.

I[JI?I 3HaXO/KCHHs KOHCTaHTU C 3aCTOCYEMO JOJATKOBY YMOBY. B TO‘II_[i 3

OpIMHATOIO 2 KpHBa HaxuieHa 1o oci Oy min kyrom 45°.

Otxe
d_y:t 450:1,% 1
dx
3 iH110TO OOKY
ax —(C-2y)|_,=C-4,C-4=1C=5,
dy y=2 y=

OcTaTo4HO, pIBHAHHA IIyKaHOi KpUBOi X + y2 —5y =0, rpadix usoro

piBHsIHHS — apabosna. Kondirypariiro 10 3aaadi mojaHo Ha puc. 3.
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Puc. 3

2.3. PiBusinus bepnyJsuii

PiBHsIHHAM bepnyi Ha3UBAETHCS PIBHSIHHS BHUTY
y' + p(X) y= q(x) yn N=0,n#1. dxmo N =0 pisnuauus niniitee, a AKmO
N =1 3 Binokpemmosanumu 3mMinauMH. [Ipunyckaroun, mo Y # 0, nomHOXHMO
niBy Ta TpaBy dYacTHHM piBHsHHA Ha Y ' Y Y + p(x) yl_” = q(x)i

. 1-n o ™
3aM1HOIO Z =Y 3BOJAMMO HOTO 0 JJIHIMHOTO.
3ayBaxumo, mo Y = 0 (TpuBianbHuii po3B’sA30K) 3aBkKAM Oy 1€ PO3B’A3KOM

piBHsHHS bepHymni. Takox piBHSHHA MOXHa O€3MOCEepeHBO PO3B’A3yBaTH
MeToaoM bepHyii.
X2
Mpuxiaan 4. Po3p’a3atu piBusaus 2XY' + Y =——.

Po3B’s13anHs. BctaHoBUMO TUI piIBHSHHS. SIKIIIO MepenucaTi piBHSHHS Y

3
s Y + 2— y= E Xy ! ta HOPIBHATH 3 €TaJIOHOM Y’ + p(x) y= q(x) y", O
X

KJ1acu(iKyeEMO MOYATKOBE PIBHSHHS SK PIBHAHHSA bepHysmt mpu p(X) ==

2X
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q(x) =—X, N=-1. Jlng 3py4HOCTi NEPENUINEMO PIiBHAHHA y  BHIUISLII

2

1
2yy'+=Yy“ =3X Tta 3pobumo 3amiHy Z = y2, z2'=2y-Yy'. B pesynbrari
X

OTPUMAEMO JIiHiliHE HEOJHOpiNHE PiBHAHHA HepIoro mopsaky Z' +—z =3X,
X

1
pPO3B’SA3KOM sIKOro Oyne (yHKIis Z = —(X3 +C). BpaxyBaBmu, mo Z = y2,
X

OTPUMAEMO  PO3B’SI30K  MOYATKOBOTO PIBHAHHS Y HESIBHOMY  BUIJIAL
2 _ 3
Xy =x"+C.

Binnosinb. Xy2 -x’+C.
2.4. OnHopinni tudepeHiaNbHI PIBHAHHA NEPLIOTo MOPSAKY

O3navenns. OyHKUIA f(X, y) HA3UBAETHCA OJHOPIAHOIO (YHKIIEO

BUMIpY K, SKIIO B pe3ysbTaTi 3aMiHM 3MIHHHX X 1 Y BIANMOBIAHO Ha tX i ty,
ne t — noBuUlbHa ~ BenuuuHA  (MapaMeTp), BHUKOHYEThCSA  yMOBa

f (tx,ty) =thf (X, y), t=0. Hanpuknar, byHKITisn

f (X, y) = 4xy2 + 5y3 — 6x2y € omHOpimHOW BuMipy Tpu. JlilicHo,

f(tx,ty) = 4(t)(ty)* +5(ty)° —6(tx)° (ty) =t3f (x, y).
. X+Yy : : :
OyHKIIA f (X, y) = x—y — oaHOpigHa (YHKIS BHUMIPY HYJIb.
Bukonaemo migcranosky X —>tx, Y —>ty, t #0:
x—-ty t(x-y) X—Yy

O3navenHsi. PiBHSIHHS Bumy y’ = f(X, y) Ha3UBA€THCA OJHOPITHUM

x,y)=T(xy).

BiHOCHO X i Y, axmo ¢ynkuis f (X, y) € OJHOPITHOI (PYHKIIIEHO HYIHOBOTO

BUMIpY.
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OnHopigHe pIBHSHHS 3BOAUTHCA 10 PIBHSAHHA 3 BIJIOKPEMIIFOBAHUMU
) . Y _ . .
3MIHHHUMH 3aMiHOIO U = —, abo Y =UX, ne U= U(X) — (yHKITIA Big X.
X

JlificHO, SIKIIO f(X, y) — OJHOpIHA (PYHKIIISI HYJbOBOIO BUMIPY, TO

1
nokiasm { = —, orpumaemo:
1 1
f(xy)="f(txty)="f (—- x,—yj = f (1,Xj = ¢(lj .
X X X X
X2 + y2
Hpuknan 5. Po3s’s3atu audepenuianpye piBHsauas Y = ———— .
Xy

Po3p’si3anns. [lepen yciM nmepekoHAeEMOCH, 1110 PIBHSHHS € OJTHOPIAHUM
nudepeHIiaJIbHUM PIBHSIHHIM TEPIIOro MOpsaAKy. s 1mporo migcTaBUMO B
piBHsHHA 3amict X — X,y > ty,t #0:

0P+ ) ey
)ty W

OTxe mpaBa yaCTUHA PIBHSIHHS € (DYHKITIEIO HYJIBOBOTO BUMIPY 1 PIBHSIHHS

€ OJTHOPIHUM 32 O3HAYCHHSIM.
3pobuMo  miacTaHOBKY U = % 3BiAkuM  oxepxkyemo: Y =UKX,
y' =uX+ux'=ux+u.
X2 +u%x? x2(1+u2) 1+u?

ux+u=—, ux+u=
X-UX X°-U u

Qu _1
X u

VT 1 _
UX+U==+U,UX==, —-X=
u

u

. . dx _ 15
Binokpemumo 3minni UdU = — Ta npoinTerpyemo: Eu =Inx+InC,
X

u2:2ln(Cx), u2:In(Cx)2, o’ :(Cx)z. BpaxoByrouH, 10 u=2Y
X

OTPUMAEMO 3arajibHUil PO3B’SI30K PIBHAHHS, KM MOXHA 3alUCaTH Yy BUIJIAI

y y

eKX) = (CX)Z. Binnosins: eKX) = (CX)Z.



MoHa 3alponoHyBaTH I1l€ OJAHE PIBHOCHIIbHE O3HAUYEHHS OJIHOPIAHOTO
UG epeHIiaTbHOr0 PIBHSHHS.

O3HaveHHs. HudepeniianpHe PIBHSIHHS BUTY

M (X, y)dx+ N (X, y)dy =0 nasuBacthes omHopimamm, ko M (X, y) Ta

N (X, y) € OAHOPIAHUMHU (QYHKIISIMU OJTHOTO ¥ TOTO 3K BUMIDY.

Mpukaan 6. Po3p’a3atu piBHAHHS y2dx - (X2 — xy)dy =0.

Po3p’sizanns. [lokaxxemMo, 1m0 1€ pIBHAHHA €  OJHOPIAHUM
nudepeHIiaJbHUM PIBHSHHAM Mepiioro mnopsanaky. [lizcraBumo B piBHSHHS

samict X —>1X, Y —ty, t #0: (ty)2 dx+((tx)2 —tx-ty)dy =0,
t2y2dx+t2(x2 —xy)dy =0.

B msomy pazsi M (tx,ty) =t>M (X, y), N (tx,ty) =t%N (X, y) t=0,
omke M (X, y) i N (X, y) — omHOPiAHI (QYHKIIT BUMIpY [Ba, TOOTO MOYATKOBE

piBHSHHS € onHopimHuM. [licnmsi mepeTBOpeHb MOXKHA OTPUMATH TOYATKOBE
PIBHSIHHSL:

t? (yzdx+(x2 - xy)dy) =0, y2dx+(x2 - xy)dy =0.
OpHopinHe audepeHLiaNbHe PIBHAHHA MIACTaHOBKOW Y =UX, n1e

u= U(X) — gaesika (yHKIISl, 3BOJUTHCS JO PIBHSHHS 3 BIJOKPEMIIFOBAHUMU

sMiHHMMU. Bpaxosyroun, mo 0y = U0X + XdU, micns migcTaHOBKU B IOYaTKOBE

PIBHSIHHSI OTPUMAEMO:
(ux)° dx + (x2 - uxz)(udx +xdu)=0.
[Ticns PO3KPUTTS JTyKOK Ta neperpymnyBaHHs
(uzx2 +X%U— uzxz)dx +x° (1-u)du=0, x2udx + x> (1-u)du=0,

udx + X(l— u ) du=0, maemo piBHAHHS 3 BiJOKPEMIIOBAHMMHU 3MiHHUMH

1 u-1 . .
—dx =——du. [Ticns IHTCTPYBaHH: SIKOTO OTPUMYEMO
X u
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In|x| =u—In|u[+In|C|, Injux| =u+In|C]|, In|ux|=Ine" +1n|C|,

ux = Ce". BpaxoByroun, mo U =-—, OTpUMYyeMO 3arajbHHl PO3B’SI30K
X
y
pIBHSIHHA Y = CeX. 3 artakoi ymoBu X =0 — Takox € po3B’sI3KOM.
y

Bignosigs. Yy =Ce*, x=0.

ITinctanoBky Y =UX g 3BEIEHHSA OJHOPILOHMX JAu(epeHIiaIbHIX
pPIBHSHb JO pIBHSHb 3 BIJIOKPEMJIIOBAHUMHU 3MIHHUMHU BIIEpIIE 3aCTOCYBaB

M. Bepuymni (1694 p.), ame BBaxaeThcs, mo BuHaimos ii J.JI JIe#GHiII
(1691 p.).

2.5. 3Buuaiini AudepenniajabHi piBHIHHA B NOBHUX Ju(epeHLiazax

Judepennianeae  piBHsHs  Bugy M (X, y)dx +N (X, y)dy =0
HA3MBAETHCS JAUQPEPCHINIAIBHUM PIBHSHHSAM Yy TMOBHUX au(epeHiianax, sKIio
M (X, y)dx+ N (X, y)dy € MoBHUM Ju(EPEHIIaToM AesKoi (QyHKIIi IBOX
3MiHHMX U (X, y).

[Ipuramaemo sxkui BUTIAN Mae TOBHUN audepeHmian QyHKIT JABOX
3MIHHUX

u(x,y): du :a—udx+a—udy.
OX oy
Bunukae nutaHHs: 4u icHye Taka QyHKIis U (X, y) , VIS SIKO1
(ou
— =M (X,
o (xY)
ou
—=N(X,Yy
L0y ()

CKOpHCTAEMOCH TAKUM TBEPHKEHHAM: Ko GpyHkuii M (X, y) iN (X, y)

BU3HAUCHI Ta HEMEPEpBHI B JEsAKiM 0MHO3B’s3HIA oOnacTi D Ta maroTh B Hiif
HEeTMepepBHI YaCTUHHI TTOXITHI BIAMOBIAHO 3a Y Ta X, TO ISl TOTO, 00 PIBHSHHS
OyJIo pIBHSHHSM Yy MOBHUX audepeHIiiagax HEOOXiTHO 1 JOCTaTHbO, 00
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oM ON , ,
BUKOHYBajlaCb yMOBa —— = —— (B OKOJI TOYKH (yHKIS U = U(X, y) Mae
oy  OX
o°u o°u
Ta
oXoy  oyoX

akmo Gyskiis U =U (X, y) icCHye Ta ABIYl HemepepBHO nudepeHiiiioBana, To

HEenepepBH1 YaCTHHHI MOX1IHI , TO BOHH piBHI M c00010) OTXe,

Ma€e BHKOHYBaTHCh yMOBa 3a SIKOIO PIBHSHHA OyAe pIBHSHHAM Yy TOBHHUX

nudepeniianax. Po3s’s3kom piBusaas du =0 6yzxe dynxuis U (X; y) =C

Ipukaan 7. Po3B’s13aTu piBHAHHS
(y2 +3x2y4 + 2x)dx+(2xy+4x3y3 —3y2)dy =0.
Po3p’si3anns. Ilokakemo, 10 pIBHAHHA € pIBHIHHAM Yy TOBHUX
nudepeniianax. Bukopucraemo Taki mo3HaueHHS:

M (X; y) = y2 +3x2y4 +2x, N (x; y) — 2Xy+4x3y3 _3y2’

oM
A _oy+12x2y®, N ooy 1ox2ys,
oy OX
M 0N , |
Ockinmpkn —— Z&, TO 1€ piBHAHHA OyA€e pIBHAHHAM Y MOBHUX

nudepennianax. Toxi icuye dynkuis U (X, y) TaKa, 110 Z—:I( = y2 + 3x2y4 + 2X.
Po3B’s13y10uu 11€ piBHSHHS, MAEMO
u(x;y)= j(y2 +3x%y4 + 2x)dx: y2x+ x5y + x° +o(y).
OyHKis go( y) BUCTYIa€ B POJIi KOHCTAHTH IHTErpyBaHHsS (OCKIIBKH

IHTEerpyBaHHs BiIOyBa€ThCS 3a 3MIHHOIO X ). [l 3HAXOKCHHS (YHKIIIT (0( y)

CTHOYaTKy Bi3bMEMO MOX1JHY Bia U (X; y) 3a Y

ou 3.3,
— =2YX+4xX°y + @' Y).
5 (v)
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au

BpaxoBytous, IO =N (X; y) = 2Xy + 4x3y3 — 3y2, OTPUMYEMO

BUpa3 It (p'( y) = —3y2. 3BIIKM JIETKO BHU3HAUUTH, LIO gp( y) = —y3.

[TizcraBuMo Bupas ais QyHKIii (p( y) y piBHSAHHS 111 U (X; y) 1 OTPUMAEMO:
u(x;y)= y2x+ 3yt +x% —yB,
Lle i Oyne mrykana ¢pynkuis U (X; y) .

Binnosiab. y2x + x?’y4 +x% — y3 =C.
3aBIaHHA IS Ay IMTOPHOIL Ta CAMOCTIiHOI po0OTH

3aBaanns 1. BcTaHOBITH BIJIMOBIIHICTS MK PIBHSHHSAMHU Ta X THIIAMU

1. Xy —3y =2X A. 3 BIIOKpEMIIIOBAHUMU 3MIHHUMH
2.y +2y =x3y° B. Jliniiine piBHAHHS
3.xdy — ( Y+ X) dx=0 C. Pisusinns bepHymii
4.y'+y=X D. OnHopinHe piBHSAHHS
5 y, _ y |r; y E. PiBHHHIjISI y TTOBHUX
X nudepeHirianax
6. (In X+ y)dx + (In Y+ x)dy =0 | F. PiBusHHS He € qudepeHIiabHIM

3aBaanns 2. Po3B’s3aTu piBHSIHHS 3 BIIOKPEMIIOBAHUMH 3MIHHUMH.

1y =x2

Y-y +x=0

. (2x+3)dy +(3x-5)dx =0
Ly =3
.yIny+xy'=0

L 2XJ1— y2 —(4+x2)y’:0

. y(4+eX)dy —e*dx=0

w DN

[©2 I

(o]

\‘
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8.\/1—x2y’+xy2 +x=0

9. ysinxdx +cos? x-In ydy =0

3aBaannsa 3. Posp’szatm 3amauy Komn g audepeHmiaibHUX PIBHSHD 3

BiJIOKPEMJTIOBAaHIUMH 3MIHHUMH

1
> ¥(0)=1
Cos® X

2.y =5xy?, y(0)=1
3.y =5x3[y,y(0)=1

1. y' =

4. ytgx-dx+(2y2 +1)C032 x-dy=0,y(0)=1

3aBnanns 4. BctaHoBITh THI IH(EPEHIIIAIBHUX PIBHSAHB MEPIIOTO MOPSIAKY Ta

PO3B’SKITh X

2

1. y'=sin“x 6. xdy —(y+x)dx=0
1
2. y,: 7. I+2 :eX
V1-x2 yrey
3. Yy =XC0s2x 8. y+y=X

4. y'=(3y—1)sin2x

9. 2xydx+(x2 — yz)dy =0

5. y'=2y+1 10. YX+2y = X°
11. y'= yIr;y 16. Xy' = 2x+3y
X
dx dy
12 —+—==0 ' ny3
JX \/y 17. 2yx'+ x =2y
13 (y—xCy)dy =(x—xy?)dx |18 y'—2xy = 2%y
X+2
14y = +X 4 19. y’—y:)(y2
y 5 . -
15 y' —eX -1 20. ydx—(x+y sin y)dy_O

21. (sin2 X + 2xy2)dx+(2x2y—cos2 y)dy =0
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3aBaanns 5. Po3s’s3atu 3amayi 1-5.

3anaua 1. (Mozens nomupeHHs 3a0pyIHIOIOYUX PEYOBUH Y HABKOJIUITHEOMY
CEepPEIOBHIIII)

[IpomMucioBe MIANPUEMCTBO CKHJA€ 3a0pyAHIOYY PEUYOBHHY Y pPIUKy 31
mweuakicTio Q = Swmr/xs. Ilpu 1bOMy BigOYBA€THCS HPUPOJHE PO3KIAJAHHS

dC
3a0py/HIOBAYa BiAIOBIAHO 10 pIBHAHHS Ez—kC—FQ, ne C(t) —

KOHIEHTpalis 3abpyaniosada y Bomi, K =0,02xs? — koediuienr poskmany.
3uaiitu konuenrpamnio C (t) , IKII0 nouaTtkosa Konuenrpamis C (O) =0.
Bignosigs. C (t) = 250(1— g 002t )
3anava 2.

Hedpinur xucuro D (t) BU3HAYAETHCS PIZHUIICIO D(t) = CO -C (t),
e CO — pIBHOBa)XHA KOHIIEHTpAIllsl KUCHIO y BOJl 3a BIACYTHICTIO BIJXO/IIB,
C (t) — (bakTMYHA KOHIEHTpAIlisl KUCHIO y BOJI Y MOMEHT dacy t. Benmnuuna

nepiuuTy KUCHIO 3pOCTa€ 3 YaCOM 3a PaxyHOK BUTPAT KUCHIO Ha OKUCITFOBAHHS
BIJIXO/IIB 1 3MEHUIYEThCA 3@ PAaxXyHOK IOTJIMHAHHS KUCHIO MOBEPXHEI BOJM.

dD(t)

:le—kzD,I[e kl

Jlunamika neinuTy KUCHIO OMUCY€ETHCS PIBHSIHHAM

— koediuienT cnoxkusanns kucuw (1/1eup), Ko - koediuient peaepasii (1/nenb),
L(t) — KOHIIEHTpAIlisl BIXO/IB Y JaHUN MOMEHT 4acy (AuB. 3amauy 6 temu 1),
L(O) =Ly Hebiuut kucHio y modatkoBuii MomeHT wacy D (O) =Dy.

Bu3HaunTy gedinut KHCHIO y BOJII B MOMEHT Yacy .
Bianosie. D(t)= kl—l'o(e‘klt —e ket ) + Dge 2.

k2 o I(1
3amaua 3. V kimHari, 06’em sxoi 200m3 , mictutbes 0,15% ByIJIEKHCIIOTO rasy.
3a 1xB y KiMHaTy BeHTHIATOp mopae 20m° noitps, mo mictuts 0,04% CO; . 3a
KU 4ac MICTKICTh BYTJIEKMCIIOTO ra3y y KIMHATI 3MEHIUTHCS BTpUY1?
Bignmosiab. 24 xB.
3apaua 4. Y KOpIBHUKY BCTAHOBJICHO JIBa BEHTUJISITOPU, KOXKHUH 3 SKUX MOAAE
3a xBuimHy 50M° umcToro mosiTps, mo Mictuth 0,01% ByIJIEKHCIOTO Trasy.
BH3HAUMTH MICTKiCTh BYTJIEKMCIIOTO a3y B 1M° MOBITps Micis JBOrOJMHHOTO
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nepeOyBaHHA TBApMH y NPUMIILEHHI, SKIIO y KOPiBHUKY 06’emoM 1000M° i3
MOYaTKOBOIO MICTKICTIO Byriekucioro razy 0,2 % nepedysae 100 kopiB, koxHa
3 akux Bujauxae 3a 1 xs 0,1m° nositps 3 5 % COs,.

Bignosins. ~ 2,6 pasn.

3agaya 5. (mpo BEHTWIALIIO LIEXY)

V npumimenni nexy 06’emom 10800 M3 mositps mictuts 0,12 % ByTJIEKHCIOrO
ra3zy. BeHTHsITopu 10CTaBsI0Th CBIXKE TOBITPS, 110 MicTUTh 0,04 % ByrieIo, B

3 3a xBuInHy. Po3paxyiiTe NOTYXKHICTh BEHTHIIATOPA, SKIIO MHCHIs

KUTBKOCTI @ M
10 XB poOOTH BMICT BYTJIEKHUCIIOTO Ta3y He nepeBuiryBas 0,06%.

Bignosiab. ~1500Mm3 /xs.
KoHTpouibHI 3an1MTaHHA

1. B sskoMmy BuUnaaxky audepeHIiiaabHl piBHIHHS MEPHIOTO MOPSAKY OyIyTh
PIBHSHHSMU 3 BIJOKPEMIIFOBAaHUMHU 3MIHHUMHK? B 4oMy nossirae i1est po3B’ si3aHHS
TaKuX PIBHSHB?

2. SIKi piBHSHHSI HA3UBAIOTHCS JTIHIMHUMH TU(EpEeHIIIATbHUMHU PIBHSIHHIMUI
MIEPIIOTO MOPSIAKY?

3. ki PIBHSIHHSI Ha3UBaIOTHLCA JIHITHUMA OJTHOPITHUMU
nudepeHIiaTbHUMU PIBHAHHSIME MEPIIOTO MOPSAKY, a SIKi HEOAHOPITHUMU ?

4. SlkumMu MeToaMu PO3B’SI3YIOTHCS JIIHIMHI PIBHAHHS MEPUIOTO MOPSIAKY?
B yoMy nossirae cyTh KOKHOTO 3 METOJIIB?

5. SIke piBHSIHHA HA3MBAETHCS PIBHAHHAM bepnyini? B yomy nosnsrae iges
PO3B’sI3aHHS PIBHSHD [IOTO TUITY?

6. [lafiTe oO3HaYeHHS Ta OIMWIIITH METOJ PO3B’SI3aHHS OJHOPITHOTO
nudepeHIiaIbHOTO PIBHSHHS MEPIIOTO MOPSAKY.

7. JlaiiTe 03HAUCHHS Ta OINMWIIITH METOJ PO3B’sI3aHHS TU(EpEeHIIIaTbHOTO
PIBHSIHHSI B IOBHUX JH(epeHIiianax.

8. Ski e Buau AudepeHiiaibHUX PIBHAHD MEPUIOT0 MOPSAIKY BiIOM1?
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TEMA 3

3BUYAMHI JU®EPEHIIAJBHI PIBHSAHHSA BULHIUX ITOPAJIKIB
3.1. 3araabHi TeopeTu4Hi BigzomocTi

JudepeHniiaabHi  piBHSIHHS TOPSAKY BHINE MEPIIOrO  HA3UBAIOThH
nvdepeHItiaTbHIMHE PIBHIHHAMU BUITUX MOPSAKIB. 3BUUaiiHEe AudepeHIiaibHe
PIBHSIHHS N-TO MOPSAKY OOOB’SI3KOBO MICTUTH MOXIAHY N — TO TOPSAKY BiT
HIyKaHo! (pyHKIIi y( ), MOX€ MICTUTHU MOXIJHI HI)KYUX THOPSAKIB, caMy

GyHKIIIIO Ta HE3aJIeXKHY 3MIHHY, OT’KE Ma€ BUTIIS

F(x, Y, y’,y”,...,y(”)):o. (3.1)
Tyr F — menepepsna ¢yHkuis BCiX CBOIX apryMeHTIB, X — HE3alEKHA
JificHa 3MiHHa, Y = y(x) — HeBlioMa QYyHKIIIS.

VY neskux BUIAJIKaxX PIBHSIHHS MOKHA 3aIIMCATH Y BUTJISII, PO3B’ I3aHOMY
BIJTHOCHO BHIIO1 NOXI1IHOI, TOOTO

y" = f (x, A y(”‘l))- (32)

[Topsimok HailBUIIOl MOXIAHOI HEBIAOMOi (YHKLII, [0 BXOJIWUTH B
nudepeHIiagbHe PIBHSHHS, HA3UBAETHCS TTOPSJIKOM PIBHSIHHS.

Po3B’s3kom piBHAHHS (3.1)—(3.2) Ha iHTEpBam (a; b) HA3MBAETHCS N pa3iB

HeTrepepBHO audepeHIiiioBada (QyHKITIS yzgo(X), SKIIO ITIICTAaHOBKA I{l€]
¢GyHkuii Ta 1 BIANOBIIHMUX MOXIJIHUX Yy PIBHSAHHA MEPETBOPIOE HOro Ha
TOTOXKHICTD, AKIIO X € (a;b). 3HAXO/KEHHs BCIX TaKuUX (PYHKIH € OJHUM 13

3aBlaHb TMI1J 4Yac pO3B’s3aHHS pIBHSIHHA. PO3B’SI30K pIBHSHHS 3a3BUYail
OTPUMYIOTh B pe3yJIbTaTi N TOCIIIOBHUX IHTErpPyBaHb, TOMY BiH MICTUThH N

IOBUIBHUX CTAJIUX 1 Ma€ BUIIA yZ(D(X,Cl,CZ,...,Cn), a00 B HESIBHOMY
BUTJISA CD(X, y,Cl,CZ,...,Cn)=O.

Jlnst nudepeHiiianbHUX PIBHSIHB BUIIUX TMOPSAKIB TAaKOXK PO3TISIAETHCS
3amauya Komri, abo 3amaya 3 Mo4yaTKOBUMH yMoBamu. 3anadero Komri ais
nudepeHIiaabHOor0 piBHSHHAS (3.2) HA3WBAETHCS 3a/7ada 3HAXOKEHHS TaKOTO

pO3B’s3Ky Y = (D(X) , 1110 33JI0BOJILHSIE 3a]aH1i CUCTEMI MOYaTKOBUX YMOB:
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n-1
Y(X0)=Yo. ¥'(X0)= V1o s y( )(XO): Yn-1- (3.3)
3aranbHUM PO3B’SI3KOM TU(EPEHIIATBHOTO PIBHSAHHSI N — TO TOPSAIKY
Ha3uBaecThes PyHKIisA Y = gD( X,C,Cy,...,C, ) , IKA 33JI0BOJILHSAE YMOBAM:
3 st Oyap-sIKuX gormyctumux 3Hadens mapamerpis Cp,C,,...,C,

BOHA € PO3B’SI3KOM PIBHIHHS;

o s Oynb-sikoi 3agadi Komri 3 mouatkoBuMu ymoBamu  (3.3)
snaiinytees crami Cqp,C,,...,C,, Taxi, mo ¢yHkuis y=(0(X,C1,C2,...,Cn)

32/I0BOJIBHSIE [TUM YMOBAM.
Akmio  3araJibHUM  PO3B’SI30K  3alKMCaHO  HESBHOW  (DYHKIIIEIO

CD(X,y,Cl,CZ,...,Cn)Zo, TO WOro Ha3MBAIOTh 3arajbHUM IHTETPaJIOM

T epeHI1aTIbHOrO PIBHSHHS.
YactuHHUMN po3B’sA30K a00 YaCTUHHUH 1HTErpajl OTPUMYIOTh 13 3arajIbHOTO

mst 3ajaHmx  gucnoux 3HadeHb koHcrant Cp,C,,...,C.. 3nHaxomkenHs

YaCTUHHUX PO3B’A3KiB, 10 33I0BOJIBHIIOTH 33/JaHUM TIOYaTKOBUM YMOBaM TaKOX
€ BAXJIMBOIO 3ajJauelo Teopli 3BUYAHHUX AUQEpeHIliaIbHUX PIBHSHB 1
Ha3uBacThCs 3aaadero Kori.

Teopema (icHyBaHHs Ta €TUHOCTI PO3B’ 3Ky 3aaa4i Kori).

Axmo audepeHiaibHe PIBHSIHHSI y(n) =f (X, Y, Y',---, y(n_l)) Take, IO
. I} (n—l) o . . . .
dbysxmis f{X,y,Y,...,¥ B Jesikiit 006macti G 3MiHEHHS CBOIX apryMEHTIB

. of of of

HEeTepepBHa Ta Ma€ HETMEPEePBHI YACTUHHI TTOXITHI —
ay(”‘l)
(n-1)

o ,ay’ yee
Oyab-sIKO1 TOYKU (xo,yo,y(’),...,yo )EG ICHye 1 J0 TOTO X €IUHHA

, TO ISt

b

PO3B’SI30K IHOTO TU(DEPEHIIATILHOIO PIBHSHHS, IO 3aJ0BOJIBHIE MOYATKOBUM
yMmoBam (3.3).

3ayBaXMMO, IO aHAJNITUYHE pPO3B’s3aHHS NU(EpPEHIIAIbHUX PIBHIHB
MOXJIMBO B JyXe piakux Bumnagkax. OgHUM 13 cocoOIB PO3B’si3aHHS PIBHSIHB
BUIIIOTO TIOPSIZIKY € 3HWKCHHS TOPSIIKY. SHUKEHHS MOPSIAKY TU(EPEHITIaTbHOTO
PIBHSIHHSI € XOPOIIIOK MOMJIMBICTIO JUISI MOT0 PO3B’SI3aHHS, 1 HABITh SIKIIO HE
BJIACTHCS PO3B’SA3aTH WMOTO 70 KIHIP, TO JOMOMOXE IPOBECTH TOJAJbIIE
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HAOIMKEHE YW YHCENIbHE PO3B’S3aHHSA. 3HU3UTHU TMOPSAIOK PIBHSHHS MOXHA HE
3apxau. Jami po3rasHeMo esKi BUTIAIKU, KOJH 3HIKCHHS MOPSAKY MOXKIIBE Ta
BI/IMOBIHI TPUHOMU 3HMKEHHS MOPSAIKY TU(epeHITiaTbHUX PIBHIHb.

3.2. PiBHSIHHSI BUIIIUX NMOPSAKIB, 110 J0NYCKAIOTH 3HUKEHHS MOPSAKY

l. PiBHsiHHS By y(n) = f(X) € HAUOpOCTINIUM  BUIIOM

nudepeHIiaJbHOTO PIBHSAHHA N-TO MOPAJIKY, IO JOMYyCKAae 3HUKEHHS TOPAJIKY.
Horo 3aranbHMil pO3B’S30K 3HAXOIUTHCS LUIIXOM N-KPaTHOTO IHTETpyBaHHS.

Hpukaan 1. Po3p’s3atu audepeniianbHe piBHIHHSA TPETHOTO MOPSAKY
y" =% —COSX + X.

Po3p’si3anns. lle piBHSAHHA € AudepeHIlalbHUM PIBHSHHSAM TPETHOTO
HOPSAIKY, PO3B’SI3aHUM BIIHOCHO BULIOI OX1AHOI. [licis nepuioro iHTerpyBaHHs
OTPUMAEMO

2
y” :j(e5x —cosx+x)dx:%e5x —sinx+X7+C1.

[HTerpyemo nami

y' =] Ee5x—sinx+x—2+C1 =L 6% s cosx+ 2+ Cyx+ C
5 2 25 6 = °

OcTaToyHO OTPUMYEMO:

y=] ie5x+cosx+x—3+Cx+C X =
25 6 = 7

4

1 sx : X 1 2
=——e” " +SINX+—+ X +Cox+C,.
125 24 < 2nT

2
3ayBakMMO, 10 PO3B’SI30K PIBHSIHHS TPETHOTO MOPSAIKY MICTUTh TPH BIIbHI
KOHCTaHTH.
4
1 : X7 1
Bimnosins. y = Ee&( +SinX+—+ EClx2 +Cox+Cjy.

3agaua 1. Tuto pyxaeTbcs MNOPAMOIIHIKHO 3  MPUCKOPEHHSIM
2 o . o
a(t) = 24t + 6t . 3naiiTn 3aK0H pyXy TiNa, AKIIO B IOYaTKOBHI MOMEHT PyXy
NUISX Ta MIBUAKICTH JOPIBHIOBAIN HYIIIO.
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3ayBakeHHs. [ludepeHiiianbHi piBHIHHS ONMUCYIOTH SBUIIA, MPOLIECH, SIKI
XapaKTEPHU3YIOTHCS 3aJICKHICTIO MK BETMIMHAMU Ta MIBUAKICTIO 3MIHCHHS 1TUX
BeMYMH. BpaxoByroun, 110 MEXaHIYHMIA 3MICT MMOX1THOT — MUTTEBA MIBUIKICTB,
y JesKUX 3aja4ax nqudepeHiriaiibHe piBHAHHA MOYKHA OTPUMATH 0€3 pO3TJIsiIaHHs

MIPUPOCTIB, BUKOPHUCTOBYIOUM (Di3uuHI 3aKoHU. Hampukias, sKio S(t) — 3aKOH

ds

pyXy, TO WBUIKICTh V = —t, Xo4a NnpupocTu (aKTUUYHO BPAaXOBAHO, OCKIIBKU

ds . As
V=—= lim —. IlpuckopeHnss B Oyap-iKuii MOMEHT YaCy BHPAKAEThCS
dt  At—0 At
d%s dv

3aJIeKHICTIO W = —— =
dtc dt
Po3B’s13aHHs1. 3aKOH pyXYy TiJIa OMKUCY€ETHCS AUPEPEHIIAIBHUM PIBHIHHIM
JAPYIroro MOpPSAKY S"(t) = 24t% + 6t, 3Binkn S(t) =2t* +t3 + Cit+C,. us
3HAXOJ/KCHHsSI KOHCTAaHT BUKOPHCTAEMO 3aJ[aHi IMOYATKOBI YMOBH S(O) =0,
S'(O) =0, 10610 po3B’smKEMO 3amauy Komri. Otpumacmo, 1o S(O) =C, =0,
S'(O) = Cl = 0

Bignosigs. S ('[) = 2t* +t3 — 3axom pyXy Tina.

Il.  [dpyruii Tum piBHSHB, MO JOMYCKAIOTh 3HUXKEHHS TMOPSIKY:
pDIBHSAHHS  HE  MICTUTh  IIyKaHoi  (yHKmii, TOOTO  Mae  BHUIJIA

n
F(X, y', y”,..., y( )) =0. Moxnasmm y’ = Z(X), MOJKHA ITOHU3UTHU MNOPSIOK
PIBHSIHHSL. AHAJIOTIYHO, SIKIIO PIBHSHHSA OKpPIM IIyKaHO! (DYyHKLIT HE MICTUTH ii

noxigaux Y, y",..., y(k_l), T0OTO Mae BuryAn F (X, y(k), y(k+1),..,, y(n—k)) =0,

TO 3HU3UTH MOPSAOK PIBHSHHS MOXKHA 3aMIHOIO y(k) =1 ( X).

HNpuknan 2. Po3p’s3atu pisusuns Y tgx = 2y".

Po3p’sizanns. lle piBHSHHS € PIBHAHHAM TPETHOTO TMOPSAIKY, IO HE
MicTUTB (QYHKIIIIO Y Ta i mepIy noXiany, Tomy 3aminoro Y = Z ( X) MOHMKY€EMO
NOPANOK piBHAHHA. Bpaxopyrouu, mo Y" = Z'(X), Ma€eMO pIBHSHHS MEPIIOrO
TNOPSKY 3 BiJOKpeMIoBaHUMU 3MinEuMHU Z'TQX = 2Z.
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dz 2 : :
— =——dx; In|z|=2In[sin x|+ In|C,|; In|z| = In(|C1|s;|n2 x).
Z  tox
Po3B’s13k0M 11b0TO piBHAHHS € QyHKuiA Z = C; sin? x. [ToBepTatouucey 10
3aMiHH, OTPUMY€EMO U epeHIiaIbHE PIBHSIHHS IPYTOro MOPSIKY:
y" =C;sin® x,

1-cos2x

y' = Cljsin2 xdx=C, | 5 dx=Cl(%x—%sin 2xj+C2,

y =%C1(x2 +cost)+C2x+C3.

Bignosiae. Y = %Cl(xz + COS ZX) +Cox+C3.

3agayva 2. SIKIIO T170 NOBUIBHO 3aHYPIOETHCS Y BOJLY, TO MOTO IIBHUJIKICTh

V Ta TpHCKOPEHHA W TIpHONM3HO TIOB’s3aHi piBHsHHAM W= —Kv , ne

g, K — koHCcTanTH. BHpasuTu BiACTaHb, SIKY MPOUICHO TLIOM SIK (PYHKIIIIO Yacy,
skiio B MomenT T =0 Ttino 3Haxommmock y CTaHi MOKO¥O.

Po3p’sizanns. Hexait S (t) — 3aKOH PyXy Tijna, TOxi S'(t) =V — Horo
IIBUJIKICTD, S"(t) =W — npuckopeHHs. OCKUIbKH 1€l MPOIEC OMUCYETHCS
3akoHoM W = (J — KV, oTpumaemo mudepenItiaapHae piBHSIHHS APYTOro HOPSAKY:
S"(t) =0- kS'(t), AKE TEPENUILEMO Y BUIJISI S"(t)+ kS'(t) = (. Take
pIBHSIHHA € AudepeHLIaIbHUM PIBHSIHHSIM APYroro MOPSAKY, L0 JIOMYyCKae
HOHMKEHHS TOPAAKY 3aMiHOIO S'(t) =V, OCKUIBKH HE MICTUTh S (t)
VY pesynbTaTi MaeMo JdiHiMHE audepeHiaTbHe PIBHAHHS NEPIIOTO MOPSAKY
V'('[)—i— kV(t) =g, sike po3B’sbkeMo metonoM beprymri. Hexait V(t) =p-q,
e p= p(t), gq= Q(t) — HeBigoMi QyHKIT. OCKUIBKH V'(t) =p"-g+p-q,
TO piBHAHHS 3amuumethes y Burmm P q+ P-g +kp-g=0, abo
(p'+kp)-q+ p-q'=g. Orpumyemo cucremy:

{ p'+kp =0,
P-a'=g
@ynkuito P (t) 3HANIEMO 3 MEPILOro PIBHAHHS CUCTEMHU:
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dp

dp ?z—kdt,ln|p|:—kp, p=ge"

= —kp, 2 =—kp,
p'=—kp, == =—kp

kt

. . —kt . o
[lixcraBnsiemo y npyre piBHSHHA cUCTEMU P = € 1 pO3B’SI3y€EMO HOTO:

e_kt-q'zg, q’=g-ekt, q:%-ekt+C1.

OCTaTO4YHO OTPUMYEMO V(t) =p-g=e (3 ey Clj = %+ Cle_kt,

TOI:

S(t)= 3t—% *c,.

Tt snaxomkendss koHcrant C; i Cp 3acTocyemMo MOYaTKoOBi YMOBH
(B mouarkoBuii MomeHT dacy ty =0 Tino 3Hax0mMIOCH Y CTaHi MOKOI), TOOTO

JIOPIBHIOIOTh HYJIIO SK II0YaTKOBa BIJICTaHb S(O)zO, TaKk 1 IOYaTKOBa

IBUIKICTB S'(O) = V(O) =0.

v(O):%JrCleot =%+C1:O, Clz—%

g C1 o0t C
S(0)==- +Cr,=—-214C, =0,
(0) kK Kk 27 kT
g 9
k2+C2 O’CZ__k_Z'
[ligcraBnstoun 3HAWICHI KOHCTAHTH Y S(t) :%t__l —kt +C2,

oTprMaemo Bupas s S (t ( ) i t— k%(l oKt ) _

Bignosiagb. S (t) = gt — %(1— e‘kt)
kK k
1. Sxmo piBHsSHHSA audepeHiadbHe PIBHSHHA HE MICTUTH SIBHO X,
TOOTO Ma€e BUIJISA F(y, Yy, y”,...,y(”))zo, TO migcTaHoBkolw Y' = p(y)

MOKHA 3HU3HWTH TOPSAJIOK PIBHSHHS HAa OMUHUINO. TyT Y OyIeMo BBaKaTH 3a
HE3aJIe)KHY 3MIHHY.
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Hpuxnax 3. Po3p’s3atu piBHIHHSA 1+(y')2 = 2y-y”, 3a yMOBH, IO
y(1)=1, y'(1)=1.

Po3p’sizannst. lle piBHAHHSA € audepeHIiaIbHUM PIBHSIHHSAM JIPYroro
TOPSAJIKY, SAKE HE MICTHTh HE3aekKHOI 3MiHHOI X, TOMy 3amiHolo Y' = p(y)
MO>KHA TIOHU3UTH MOPSAOK PIBHSHHS.

[pomudepeHroeMo TiBy Ta NpaBy 4YacTUHM piBHOCTI Y = p(y),

nam’siTarouu, no Yy = y(x) — Y byHKIIIS Bifg X.

3naiinemo " 2@ _d Yy =p'(y)-y=p'-p i nixcrasumo

dx__dy dx

BiMOBI IHI BUpasu B piBHsHHA: 1+ p2 =2y-p'-p.

Take piBHAHHS € AU(EpeHIlaIbHUM PIBHSAHHSAM IMEPIIOrO MOPSAKY 3

. . . .. 2pdp _dy
BiJOKDEMIIIOBAHMMH 3MiHHMMH. Bimokpemumo 3MiHHI > =—
1+p y

IPOIHTErPy€EMO: In(1+ pz):ln|y|+ln|C1|, In(1+ p2)= In|C1y|,

1+p2:Qg,p2:Qy—L[hd:Cg—l,Y:iJQy—Lqmmnm
3pYYHOCTI KOHCTaHTY 3HaXOAsATh Yy IMpoOLEcl pO3B’s3aHHS, BUKOPHUCTOBYIOUU

[IOYaTKOBI yMOBH. BpaxoByrouu, 110 y’(l) =1, orpumaemo piBHiCTH myIs
snaxomkenns Cqp: 1=,/C;-1-1, C; =2. Pisnsmua Y =./2y -1 raxox €

nudepeHIiaTbHIM PIBHAHHAM 3 BiIOKpEMIIOBAHUMY 3MiHHMMH ——— = (X,

J2y -1
J2Yy-1=x+GC,, 2y—1:(x+C2)2. OckinbKH, y(l):l, 0 C, =0.

1
Ocratouno 2y —1= X2, y = E(XZ +l) — YACTUHHMH PO3B’SA30K, LIO
3aI0BOJIBHSIE 3aJaHUM TI0YaTKOBHM yMOBAM.
1
Bignosiae. Y = E(XZ —l—l).

IV. Sxmo niBa yacTrHA pIBHSHHS € TOYHOIO MOX1THOO JEsKOT (QyHKIIIT,
TO TaKO’X MOYKHA 3HU3UTH TIOPSIOK PIBHSIHHS.
. " !/
Mpuxaan 4. Poss’szatn pisasaas Y — Xy — Y =0.
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Po3B’si3anHs. MoxHa no6auuTy, 110 JIiBa YaCTHHA PIBHSHHS € TOYHOIO
. . ! ! ! " 4
noxiaHoo Bif pyukuii Y — XY, To6TO (y — xy) =Yy —Xy —YV.Ilepenumemo

!
PIBHSIHHS y BUTJISAL (y’ — xy) =0, 3Binku otpumyemo Y’ — Xy = C; — niniiine

nudepeHiiaabHe PIBHAHHSA Mepuioro mopsaaky (tema 2). Po3B’s3koM 10ro

X2 X2

piBHsAHHS Oye Y = C1e7 I e 2dx+ C,

3aBIaHHA IS Ay IMTOPHOIL Ta CAMOCTIHOI podoTH

3HalTH 3arajibHUii po3B’ 30K piBHSIHB 1-9.

1y
2. y" =e¥ 4 cosx—2x

"

= 2% 4+sin2X + X

3 X4yﬂ+x3yr:1
4. X2y"+xy' =1

5. tgx-y”—y’+i:0

sin X
6. xy"+y"=1
7.xy"+y" " =x+1
8. y-y" =(Y)’
Y N
9. Y'y”_(y’)z_yz = 0. Bkasiska. yy y_Z(y) :(yV]

B 3aBmannsax 10-12 3HaiiTi po3B’SI3KH, 10 3aJ0BOJIBHSAIOTH 33 JaHIM
MOYaTKOBUM YMOBaM



KoHTpoJibHI 3an1uTAHHA

1o Ha3zuBaeThCs AUQepeHIiaTbHIM PIBHIHHIM N-TO MOPSAKY?
SIK BU3HAYUTH MOPSIOK AUPEPEHIIaTIbHOTO PIBHSHHS?
1o Ha3uBa€THCS PO3B’SI3KOM JU(PEPEHIIaTbHOTO PIBHAHHS N-TO MOPSAKY?

oD

[Ilo Ha3uBa€eThCS 3arajibHUM PO3B’SI3KOM JAU(PEPEHIIaTIbHOTO PIBHAHHS

N-ro MopsaKy?

5. B yomy mnomsrae 3amaya Komri nist nudepeHmianbHOTO piBHSAHHSA N-TO
MOPSAIKY?

6. [lo Ha3MBAETHCSI YACTUHHUM PO3B’SI3KOM PIBHSHHS?

7. CKUIbKH MMOYaTKOBUX YMOB MOTPiOHO, 1100 3HAWTU YACTUHHHUM PO3B’ 30K
T epeH1aTbHOr0 PIBHAHHSA N-r0 NOPSAAKY ?

8. ¥V uomy CyTh METOy MOHMKEHHS MOPAAKY IU(EPEHIIaTbHOTO PIBHAHHS
N-ro NopsAaKy?

9. SIxki pIBHSHHSA BUIIOTO MOPSAAKY JONYCKAlOTh 3HIWKEHHS HOPSAKY?

HageniTe mpukiaau.

TEMA 4

JIHIAHI JUOEPEHIIAJIBHI PIBHAHHSA JPYTOI'O MMOPAJIKY
31 CTAVIUMU KOE®IINIEHTAMU

4.1. 3araabHi TeopeTu4Hi BiomMocTi
Cepen g epeHItiaTbHuX PIBHSIHb BUILIOTO MOPSAKY
HalpPO3MOBCIO/KEHIIIMMU € JiHIAHI JudepeHiiaabHl PIBHAHHS, SKI MOXHA

3aIucaTy y BUTJTISIIL:
y( 4 P () y" Yy Pt (X) Y+ Pn (X)y =q(x),
ne P (X) ,q (X) — HenepepBHi QYHKITII.
YacTo Taki piBHSHHS 3alUCYIOTh CTUCIIO

L[y]=a(x),

ne L[y] — JHIMHAA audepeHIliaIbHuil  onepaTop, SIKUA Ma€ BIIACTUBOCTI

n-1)

OJHOPIAHOCTI L [Cy] =CL [ y] , C —const Ta AU TUBHOCTI

L{yi+Y2]=L[w]+L[y2].
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Po3rnsiHeMo TijIbKU caMUil IPOCTHI BUMA0K PIBHSIHb TAKOTO BUJY, @ CaMe
JiHIIHI qudepeHiianbHi piIBHIHHS APYTOTO MOPSIIKY 31 CTATUMHU KOe(iIli€EHTaMH.

O3naveHHs. PiBHIHHS BUIY
14 !
agy"+ay' +ay=f(x) (4.1)
HA3WBAETHCS JIHIMHUM IU(EpeHIIaTbHUM PIBHAHHIM JIPYTrOTO TOPSIKY 3i

crajumu Koedinientamu. Yncna @y, ay,8, — xKoe(ilicHTH PIBHAHHA, ) # 0,
BinbHMI uneH piBHAHHS f (X) — HETepepBHA Ha JICSIKOMY IHTEpBai (a,b)
byHkuis, Y ( X) — mykaHa QyHkuis. TepMiH «IiH1iTHE PIBHAHHSD 3aCTOCOBYETHCS

TOMY, 110 HeBiJioMa (YHKIIS Ta il MOXIJHI 3HAXOASATHCSA Yy PIBHAHHI JIMIIE B
MepIIOMYy CTEMEHl 1 HE MEePEeMHOXKEHI Mk co0or0. PiBHSHHS HE MICTUTH

HeniHiiHuX Qynkuii Tumy SiNy, In yrain.
Sdxmo  f (X) =0, To pIiBHAHHA HA3WMBAECTbCA OJHOPIMHMM JIHIMHUM

PIBHSIHHSIM, SIKIIIO f (X) # 0 meogHOpimHKUM.

JIiH1liHI pIBHAHHS IIUPOKO 3aCTOCOBYIOTBCSA TIJ 4Yac OIKCAaHHA
KOJMBaJIbHUX TporieciB. OMHOPINHI PIBHSHHA OMHCYIOTh BHYTPIIIHI MPOIECH
CHCTEMH, a HEOJTHOPIAHI MOJIETIOIOTh PEaKIIiF0 CHCTEMH Ha 30BHIIIHE BTPYUYaHHS.
Y HEOMHOPIAHMX PIBHSHHAX BPaxOBYIOTHCS 30BHIIIHI CHUJIM, JKEpeina eHeprii,
IMITYJIbCH, SIKI JIFOTh Ha CHCTeMy. B ekoJsorii, Hanpukiaji, JIiHIMHI PIBHSHHS €
MOJENIIMA POCTY TOMYJALIM 13 CE30HHMMU 3MiHAMH a0o0 TIiJi BIUIUBOM
CepeIOBHINA; OMHUCYIOTh 3a0pyJHEHHS HaBKOJMIIHBROTO CEpPEIOoBHINA 34

HAsSIBHOCTI 30BHIIIHIX JHKEpeT 3a0py THEHHS.

4.2. Jliniiini onHopiaHi AudepeHuiajbHi piBHAHHS APYTroro mopsaKy
3i cTaJaMMu KoeinieHrammn

Posrnsinemo JiHiiHE oOAHOpiAHe nudepeHliaTbHe PIBHAHHS JIPYroro
nopsizKy 31 ctanmmu koedirientamu (JIOP)
agy" +ay'+a,y=0,ay %0 (4.2)
Ta BCTAHOBUMO JESIKI BJIACTUBOCTI MOTro po3B’si3KiB. OYEBUIIHO, MO OJHUM 3
pO3B’A3KiB OyJe HyI50BUi (TpuBianbHuil) po3s’a3ok Y = 0.

JIist 3HAXOMKEHHS HETPUBIATBLHUX PO3B’S3KIB JIHIWHOTO OJHOPITHOTO
PIBHSIHHS PO3TJISTHEMO TaKi TBEPXKESHHSI.
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Teopema 1. fxmo ¢ynkmii Yy (X), Yo (X) — YacTUHHI PO3B’S3KH
OJTHOPITHOTO PiBHSHHSA, TO 1X JiHiiiHa KoMGinaris Y = CYy; + C, Y, Takox Gyne
po3B’s3koM 1oro pisusuus Cqp,Cy — noBiibHI crami.

Teopema 2 (1Ipo CTPYKTypYy 3arajibHOTO PO3B’SI3KY JIHIHHOTO OJTHOPITHOTO
PIBHSHHS APYTroro mopsaky). Skmo ¢yHkmil yl(x), Yo (X) — JIBa JNHIWHO
HE3aJIe)KHI Ha IHTEpBai (a, b) po3B’si3kM piBHAHHA (4.2), TO 3arajabHMii
PO3B’s130K JIiHilHOTO 0xHOpimHOTO piBHsHHS Mae Burmin Y, , =C Y +C,Ys,
ne C;,C, — nosinbHi craui.

3 NHIMHOIO 3aJeXKHICTIO (HE3aJeKHICTIO) BEKTOPIB 3HAHOMUIIUCH TI1]T Yac
BUBYCHHS JHINHOI anreOpu. AHAJIOTIYHO MOXHA TOBOPUTH IMPO JHINHY
3aJIEKHICTh (HE3aJeXKHICTh) PYHKIINA HA TPOMIKKY.

Osnavenns.  Qynkmii  Y; ( X) ' Yo (X) HA3MBAIOTbCS  JIHIAHO
HE3aJIe)KHUMU Ha 1HTepBal (a, b), SKIIO TOTOXKHICTE O Yq ( X) +ar Yy (X) =0
CIIPABJKYETHCS TOJI 1 TIIBKH TOJ1, KOJIM O = Oy = 0 (aq, 0y — niiicHi yucna).

HaiinpocTimmm BUTa KoM JIIHIHHOT 3aJIEKHOCTI € TPOTOPLINHICTS.

J11st mepeBipKu JIIHIMHOT HE3aJIEKHOCTI (PYHKITINA 3aCTOCOBYIOTh BU3HAYHHK
Yi Y2

! !
Yi Y2

JTiHIAHO 3aJI6KHUMU Ha iHTepBai (a, b), i niniiino nesanexuumu npu W # 03a

Bponcekoro (Bponckian) W = . SAxkmo W =0, 10 ¢ynxuii 6yayts

OyIb-SKOTO 3HAYEHHs X € (a, b).

4.3. Metoa Eiijiepa 3HAX0/:KeHHSI YACTUHHHUX PO3B’A3KIB JIiHIHUX
OJHOPiAHUX AudepeHiaIbHUX PiBHAHD

JIist 3HAXOMKEHHS YAaCTMHHHMX PpO3B’A3KIB JIHIKHOTO OJHOPITHOTO
nudepeHIliaJbHOTO PIBHSHHSA JPYroro MOPSAKY 31 cTamuMu KoedimieHTamu
gy +ay'+a,y=0,8y #0 s3acrocoByerncs meron Eiisiepa. Eiinep

o . . kx
3alpONOHYBAB IIYKATH YaCTUHHUI PO3B’ 30K piBHAHHA (4.2) y Burisaal Yy =€,

ne K —crana, sxa mignarae BuzHaueHH!o. JliiCHO, MOYKHA TIOKA3aTH, 10 byHKITIS

_ kx , .
Yy =€ 114 neBHUX 3HAYECHb K Oyae po3B’s3KOM auepeHIianbHOro
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PIBHSIHHS aoy” + aly’ +a)y = 0, dg # 0. (Ilpurapaiite, sK MOKa3aTv, wLIO
byHKIS € pO3B’SI3KOM AU(PEPEHIIaTbHOTO PIBHIHHS).
[Ipomudepenuiroemo aBivi GpyHkLi0 Y = kX
y = ekx’ yl _ kekx’ y" _ k2ekx_

2 kx

[TimcTaBUMO B JaHE PIBHSIHHS: aok e + alkekx + azekx

= 0 ta BuHECEMO

CHUTBHUNA MHOXHHK ekx 3a JYKKH: ha (aok2 +ak + a2) =0. Ockinbku

ekx #0, o a0k2 + alk +8,=0. Take piBHSHHA  HA3MBAETHCA

XapaKTepPUCTHYHUM PIBHSHHSM J1aHOTO AU(EPEHI1aTbHOTO PIBHSIHHS.

OtpumaHe piBHSHHS € anreOpaidyHuM (KBaJpaTHUM) DPIBHSHHAM 1, SIK
BIJIOMO, 3aBXIU Ma€ JBa KOPEHI. 3aJle’)KHO BiJl JTUCKPUMIHAHTA MOKJIMBI Taki
BUIIA]IKU:

I. D>0, xopeni xapaxkrepuctnunoro pisusuus Ki,K, — miiicui pisni
umcna. 3araipHuil po3B’s30k piBHsHHA gy + a1y +a,y=0,8y #0 wmae
Burisg Y, , = Cleklx + CzekZX.

. D=0, ki, Kk, ~— opificni piBai wuucma, K =k, =K,
y,, =Ce +C,xe®

1. D <0, ki, Ko KOMILIEKCHO-CIPSKEHI, k1,2 =atif,
Y, o =€ (Cycos Bx+C,sin fX).

Po3rnsaaeMo KOXHHH 3 MOKJIUBUX BUIAIKIB.

Bunagox |I. D >0, kl, k2 — miiicHl pi3H1 uwucna. Po3B’s3kum
muadepentiansHoro piBustas agY" + 8y + 8,y =0,85 # 0 dynxuii Yy = gkeX,
_ k2X C .o . .o o

y, =€ OyIyThb JIHIMHO HE3aJNEKHUMH (IIEpeBIpTE€ CaMOCTIMHO). 3aragbHui

PO3B’SI30K PIBHSHHS y TAKOMY BHIaaKy Matume Burisix: Y, , = Ce kx4 Czekzx.
Hpuxnan 1. Po3p’s3atu pipasaEs Y +2Y —3y =0,

Po3B’si3anus. lle piBHAHHS € TIHIKHUM OIHOPIAHUM AudEpeHITiaTbHIM
PIBHSIHHSIM Jpyroro mopsaky 31 ctanumu koediuientamu (JIOIAP). Cknagemo
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XapaKTEPUCTHYHE PiBHAHHS k?+2k-3=0,D>0, ki =3, Ky =1 — niiicui
PI13H1 PO3B’A3KH XapaKTEPUCTUIHOTO PIBHIHHSI.

Binnosins. Y, , = Cle‘?’x +C,e".
Bunanok I1. D =0, kl, kz — JIWCHI p1BHI YHCIA, kl = k2 =K . [Tokaxemo, 110

X

NIHIAHO He3anexHl QyHKuii Y; :ek , Yo = XekX OyIlyTb PpO3B’sI3KaMu

auepEHLIaTLHOTO pIBHSAHHS agy' +ay +ay=0, ag =0 i
y3_0 = Clekx + szekx .
Hexait € gudepeHiianbHe pIBHSIHHS BUTIISALY aoy” +ay +a,y=0.

CkrazeMo BIJIIOBIIHE XapaKTePUCTHYHE PIBHSHHS a0k2 + alk +a, = 0. Sxmo

nuckpuminant gopisaroe 0: D = alz —4aya, =0, rtoni xapakrepucThuHe
piBHsIHHS MaThMe ABa KpatHux Kopeni Ky =K, =K = —L 3BIAKH OTPUMYEMO

CIH1BBITHOIIICHHS 2ka0 +ay = 0.

R . . . _ Akx
[lykaemo po3B’A3KM AM(EPEHIIANBHOIO PIBHAHHA y BUIIIAOl Y1 =€,

Yo =U (X) ekX . Burisag Y, =U (X) ekx 00yMOBIICHHI THM, ITI0 PO3B’SI3KU MAOTh

OyTH JIIHIMHO HE3AJICKHUMH, TOOTO BU3HAYHUK BpoHCHhKOTO HE A0piBHIOE ().

Vi Y, ) ekx u(x)ekx
y1 Yo

ke u’(x)ekx +ku(x)ekx

W[ yi, Y2] a

3BIAKA MAaEMO:
g2k (u'(x)+ku(x))- ke?®u(x) =0,

92kx (U'(X)+kU(X)—kU(X))¢O, GZkXU'(X);tO. Ockinpku eZkX #0, 10

#0.

u’(x) # 0, To6T0 PyHKIIA U (X) HE € KOHCTaHTOIO.

Jami 3HaiinemMo 3araJibHUM BUMISA  (QYHKIIL U(X). Hexait npyruii

kx

po3s’szok piBusHHA oY + &Y +ay=0 e Yy, =U (x)e Toni Bin

3aJI0BOJILHSE PIBHAHHIO, TOOTO 8gY5 + 815 +85Y, =0. 3uaiinemo Y, ta Y, i

M1JICTABUMO B PIBHSIHHS.
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Yy = (u(x)ekx)' =u'(x)e™ +ku(x)e = (u'(x)+ku(x))e,
vy =u"(x)e* +ku'(x)e® +ku'(x)e +k%u(x)e=
:(u"(x)+2ku'(x)+ kzu(x))ekx.
TTicns MifICTAHORKYM 3HAlifIGHUX BUPA3iB y PIBHSAHHS T2 MEPErpyNyBAHHS

JIOaHKIB OTPUMAEMO:

u(x)e (a0k2 +a,K +a2)+ekx(a0u”+2ka0u “+au')=0.
. kx 2 _ .
[epmmii noganok U (x)e (aok +agk + a2) =0, ockinbkn

agk” +ak +a, =0.
V apyromy J0AaHKy BpaxOBaHe 3HAYEHHS XapaKTEPUCTUYHOTO YKCIIa Yepes3
KOoe(DILIEHTH PIBHSIHHS
2kagu'+a;u’ =0, u'(2kay +a,)=0.
3Binku 3maxomumo, mo aoU” =0. Tobro U (X) = AX + B. Tloxmanemo
A=1, B=0, toxi u(x) = X,0mKe Yo = xekx.

Mpuxaan 2. Po3p’s3aty pisasans Y +4Yy +4y =0,

Po3B’si3anus. lle piBHAHHS € TIHIHHUM OJHOPIAHUM AudepeHIliaTbHIM
PIBHSHHSM Apyroro nopsiaky 3i cranumu koedimienramu (JIOAP). Ckiagemo

XapaKTEPUCTHYHE PIBHAHHS k?+4k+4=0, D=0, ki =K, =—2, — niiicni
PiBHI PO3B’S3KM XapaKTEPUCTUUHOTO PIBHSHHSI.

Bimnosims. Y, , = Cie™* +Cyxe™>* =& % (C, +C,X).

Bumagok 111 D <0, ki, K, kommnekcno-cnipsikeni, k1,2 =atif.
Po3p’si3kamu  AuQepeHuiagbHoro piBHSIHHA OyayTh (yHKLIT KOMILIEKCHOI
3MiHHOI Y] = gkeX Yo = gkeX OHax B 1iil TeMi pO3MIISIAIOTHCS TLILKA QYHKIIIT
JIHACHOT 3MIHHOI, TOMY MOTPIOHO MiAi0OpaTH 1HII JIHIKHO HE3aJeXH1 pO3B’SI3KU
JUIHACHOT 3MIHHOI.

3a popmyioro Eiinepa e'? = COS@ +iSing, Tomy
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y, = k¥ = gl@HBX _gax gifx _ gax (cos Bx +isin Bx),

y, = ekeX = gl@TAX _gax g-ifix _ gax (cos Bx —isin Bx).
Bbynp sixa niniliHa KOMO1HAIIis] pO3B’S3KiB TAKOX € pO3B’A3KOM. T0OTO

+ - -
N*Ye > Y2 _ gax CoSs BX i % = e%”sin BX — poss’s3Kn.
|

SIk NiHIKHO He3aJIeXKH1 YaCTHUHHI PO3B’SI3KH JU(EPEHIIaTbHOTO PIBHIHHS

agy" +ay'+a,y=0,a0 #0 wmoxkna Bubparm dynkuii Y = e?* cos LX
y, =e**sin Bx.
Tomi Y, =% (Cl cos #x+C,sin ,BX) —  3arajbHU  PO3B’A30K

JIHIAHOTO OJIHOPIAHOTO PIBHSHHS.
Hpuxaan 3. Poss’ssatu pisasaas Y +2Y +5y =0.

Po3p’si3anHs. Lle piBHAHHS € NIHIKHUM OJHOPIAHUM AU(EpEeHIIaTbHIM
PIBHSHHSM Jpyroro nopsaky 31 craaumu koedimienramu (JIOAP). Ckiagemo

XapaKTEPUCTUYHE  PIBHAHHS k? +2k+5=0, D=4-20=-16,
Ky, =-1£2i.

Bimnosins. y,, =€ (C;€0s2x +C,sin2x).

Ipuxnan 4. 3HaiiTi po3B’I3KU PIBHSHHS y” —-y= 0, 110 3a710BONIBHAIOTH
MIOYaTKOBMM YMOBaM y(O) =2, y'(O) =0.

Po3B’si3aHHs. k?-1=0 - XapaKTEpUCTUYHE PIBHSAHHS JJI 33JaHOTO
JIO/IP, k1,2 = 11 iioro kopeni. OCKinbKK KOPEHi XapaKTEPUCTUYHOTO PiBHAHHS
JIACHI pi3HI, TO 3aradbHui po3B’ 130k JIOJIP mae Burisn

y,, =Ce " +C,e".
Jlns snaxomkennst koncraut Cp, C,3acrocyemo moyatkoBi yMOBH:
y(0)=C,+C, =2, y'(x)=—Cie " +Cye”, y'(0)=-C, +C, =0.
C +C, =2,
{—Cl +C,=0

3Biaku orpumyemo C; =C, =1.
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YacTtuHHMU pOSB’}IBOK piBH}IHHH, oo 3aJO0BOJIBHAE 3alaHUM IIOYaTKOBHUM

YMOBaM Ma€ BUIIIST Y = e‘X + ex .

Bignogiae. Y = e X+,

3aBaanus.
BcTanoBiTh BiAMOBIAHOCTI MK JTIHIWHUM OJHOPITHUM JUdEpeHIiaTbHUM
PIBHSIHHSIM Ta BUJOM HOTO 3arajJbHOTO PO3B’SI3KY.

1 y"+2y'-3y=0 a)y =Ce " +C,
2.¥"+y'=0 b) y = C, cos3x + C, sin3x

3.y +2y' +y=0 ¢)y =€ **(C cosx +C,sinx)
4.y"+9y=0 d) y=Ce* +Cre”>

5 y'+4y'+5y=0 e) y=Cie * +Cyoxe”

Jia G6araTbOX MPHUPOJHUX SBHIL € XapaKTEPHUMHU KOJUBAJIbHI MPOLECH.
Tak cknaaHi A00O0BI, MICSIYHI Ta pidHI O10JOTIYHI PUTMHU 0aratbOX POCIUH 1

TBapUH € NMPUKJIAJaMHU IPUPOAHUX KOJIMBAHb.

PiBHSHHS X"(t) + a)ZX(t) =0 ¢ piBHAHHAM NIPOCTOr0 TapMOHIYHOTO

PyXy 1 Ha3UBAETHCS PIBHSHHSIM TapPMOHIYHOTO OcUWJIATOpa. Take piBHAHHS
4acTO 3yCTPIYa€ThCs B 3a7a49aX O10JI0T1i IPH CKJIaJaHHI MAaTEeMaTHYHUX MOJICIICH,
110 OMUCYIOTh MEePIOANYHI 00 KOJMBaJIbHI poniecH. Lle piBHSIHHS Oy /i€ THIMHUM
OJTHOPIIHUM JU(PEPEHINATBbHIUM PIBHSIHHSIM JAPYroro mopsaky. BiamosinHe
XapaKTEPUCTHYHE PIBHSIHHS Ma€ BUTJIIS

k? +w® =0,
ne k% =0, ki, =+io, ®eR, ®>0.
Bupas X(t) =C, cosat + C, Sin wt — ue 3aranbuunii po3B’ 130K PiBHAHHSL.

Ski1o 3aaH0 MOYaTKOBI YMOBH X(O) 1 X'(O), TO MO>KHA 3HAWUTHU KOHCTAHTHU

C,Cy.
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4.4, Po3B’s13aHHs JiHIHHUX HEOTHOPIAHUX AU epeHliabHUX PiBHIHD
APYroro mopsiAKy 3i craJguMu KoedinieHraMmu

Metoau po3B’s3aHHSA PO3MIISTHEMO HA MPHUKIAAI  PIBHSHHS JPYrOTo
nopsaky (4.1):
agy"+ay +a,y=f(x),a,#0, f(x)=0.
3arajJpbHAN  PO3B’SI30K  HEOMHOPIAHOTO  PIBHSHHSA  CKIQJA€ThCS 31

3arajbHOTO PO3B’SI3KY OJTHOPIMHOTO Ta YaCTUHHOTO PO3B 3Ky HEOJTHOPITHOTO,
TOOTO

Yoru =Ys0 T Yuu-

YacTuHHUI PO3B’ 30K HEOJHOPIAHOTO PIBHSAHHS MOKHA 3HAXO/IUTH IBOMA
MeTOJaMM: METOJIOM HeBH3HAYeHHX KoedimieHTiB, a00 MeToq0M Bapiamii
AOBIIBHUX CTAJIMX, 3aJIEKHO Bl BUAY NpaBoi YacTHUHHU pPiBHAHHS. KoxeH 3
METO/IIB Ma€ MO3UTHUBHI PUCH Ta HEAOMIKU. PO3rIsiHEMO KOXKEH 3 METOIB.

4.4.1. Memoo nesuznauenux Koeiuicnmis

Meron HeBU3HaueHUX KOE(QIIl€HTIB MOTpeOye CHeriaibHOi MpaBoi
YaCTUHU:

f (x)=e*(P,(x)cosbx+Q, (x)sinbx), (4.3)
ne a,b —uncna, a Pn (X) , Qm (X) - MHOTOWIEHH BIAIIOBIAHOTO CTEIEHS.

SIkuro mpaBa yacTuHa piBHSIHHSA (4.1) Oyae Binnosinatu eranony (4.3) as

TMEBHMX 3Ha4eHb A i D, a koHTponbHe uncno U =a+ib me Gyme po3s’s3KoM

XapaKTEPUCTUYHOTO PIBHSAHHS OJHOPIAHOTO PIBHSHHS, TO YACTUHHHUM PO3B’ 30K
HEOHOPiIHOTO piBHSIHHSA (4.1) MaTUMe BUTIISI:

.. :eax(pl(x)cosbx+Q,(x)sin bx), (4.4)

ne B (X) iQ (X) — HOBI MHOTOUJIEHH cTyreHns | = max{n; m}.
SIKIIO KOHTPOJIbHE UMCI0 U = & + 1 Gyle KopeHeM XapaKTepUCTHIHOTO

PIBHSIHHSI, TO
Yo = eaX(P, (x)cosbx +Q; (x)sin bx)xr, (4.5)

Jie I — KpaTHICTh IIbOI'0 KOPEHS.
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Hpuxaan 5. Posp’ssatu pipasaas Y + 3y + 2y = 3e2X,

Po3B’si3anHsl. L{e piBHAHHS € JTIHIHHUM HEOIHOPITHUM AU epeHIiaTbHUM
piBusinasM (JIHJIP) npyroro mopsiaky 31 cranumu KoedilieHTamMu 1 HOro
3arajJbHUM pO3B’A30K Y,, MOJKHA 3HAWTH SK CyMy 3arajibHOrO pPO3B’S3KY
OZHOPIHOTO Y, , Ta YaCTUHHOIO PO3B’3Ky HEOJHOPINHOIO piBHAHB Y, , ,
TOOTO

Ysu=Ys0t Yuu-

1. CnouaTky 3HaiiieMo 3arajibHUi pO3B’ 30K OJHOPIAHOTO PIBHSIHHS
y'+3y'+2y=0.
XapakTepucTUYHE PIBHSHHS Ma€ BUTJISIT k?+3k+2=0 , KOpEHSAMHU SKOTO
eki=—2ik,=-1,tomy Yy, , = Cle_zx +Cye ~.
2. BctanoBUMO, 4H Mae MpaBa 4acTHHA BiATIOBIIHUIN BUTJISI, 10 J1A€ 3MOTY
3aCTOCOBYBaTH METOJ HEBHU3HAYCHUX Koe(imieHTiB. [ IIbOTO MOPIBHIEMO
IIPaBy YaCTHHY PIBHSHHSA 3 eTajioHoM (4.3):

e™ (P, (x)cosbx+Q, (x)sinbx) =3e*.
dxkmo a=2, b=0, mpaBa 4YacTHMHA BIJNOBIIATUME €TAJIOHY 1
3aCTOCYBAHHs METOJy HEBH3HA4YCHHX KoedimieHTiB MoxumBe. P, (X) =3 -

MHOT'OYJIEH HYJIbOBOTO CTYIECHS (YUCIIO).

3. Ilepesipsemo, un Gynae KoHTpodbHe umciao 4 =a+ID poss’askom

XapaKTEPMCTUYHOrO DPiBHAHHA. B HamoMmy Bumagky A =2 He € pO3B’A3KOM
XapaKTEPUCTHYHOTO PiBHAHHS (kl =-2,k, = —l).
4. ®opMy€EMO YaCTHHHUIN pO3B’ 130K y BUTsail (4.4):

Y, =~ (Pl (x)cosbx +Q; (x)sin bx).
skmo a=2, b=0 (cos0=1sin0=0) wmaemo Y,, =P, (x)e*.
R (X) — MHOTOYJIEH HYJIbOBOTO CTYII€HS, HEBIIOME YUCIO (HE 000B’S3KOBO 3).

o . N 2X
[lozHauumo Horo A, TOAi YaCTHHHMH pO3B’s30K Mae Burisan Y, , = Ae™".

3BEpHITh yBary, M0 YaCTUHHUN PO3B’SA30K «CXOXKHiI» 3 MPaBOI0 YaCTUHOIO
PIBHSIHHSI.
5. Jlns 3HAXO/KEHHS HEBU3HA4YeHOro koedimieHta A Bpaxyemo, IO

2X . . . .
yq_ = Ae " — PO3B’SI30K PIBHSHHS, TOOTO ITICJIA T ICTAHOBKHU IIEPETBOPIOE KOO
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. 2X 2X . .
Ha TOTOKHICTb. 3HAXOIUMO y;_H =2Ae" " Ta y,’j_H =4 Ae 1 MJACTABIAEMO Y

piBusuna Y + 3y + 2y = 3e2X.
VY migcymMKy Maemo:
4Me™ +3-2Ae% +2. Ae™ = 3%, (4A+6A+2A)e? =36,
12Ae** =3e%* 12A=3, A=%, Yuu :%ezx.

_ v 1
Binnosins: Y =Cie 2% 4 Coe X4 Zezx.

Hpuxaan 6. Posp’sasatu pipasaas Y + 4y +5y = X2 +3,
Po3B’sa3anHs. Becranosmoemo tun piBHsHHSA: JIH/IP npyroro nopsiaky 31

cTajuMHu Koedimienramu, Y, , =Y., +VY, -
1. Po3p’soxkemo oxHopimne piBHsuEs Y +4Yy +5y =0. Ckuagaemo
PO3B’A3YEMO XapaKTEPUCTHYHE PIBHSIHHS:
k*+4k+5=0, D=16-20=-4<0.
44 420
= 5 ==

OCKUIBKM PO3B’A3KH XAPAKTEPUCTUYHOTO PIBHAHHSI € KOMIUIEKCHO-

K —2+1.

CIPSOKEHUMH, TO 3arajJbHUI PO3B’SA30K OJHOPIIHOTO PIBHSIHHS Ma€ BUTIISAI!
_ A—2X :
Y;0. =€ 7 (CicosXx+C,sinx).
2. [IpaBa  yacTMHa  pIBHSHHSA Mae crneniajbHui BUTJIS
2

(a =0,b=0,P, (X) =X+ 3) , TOMY JUIsl 3HAXO/’KEHHS YACTHHHOTO PO3B’ 3Ky
HEOQHOPITHOTO  PpIBHAHHS MOKHA 3aCTOCYBaTH  METOJ  HEBHM3HAYCHHMX
Koe(DIIieHTIB.

3. u=a+ib=0 - «xonTtpombHe uymcio He € pO3B’AKOM

XapaKTePUCTHUYHOTO PIBHSIHHI.
4. YacTHHHHN PO3B’A30K HEOIHOPIAHOTO PIBHAHHS Oyl€ MHOTOUYIECHOM

JPYroro CTEMeHs 3 HEBU3HAYCHMMH KoedirieHTamu, TOOTO MaThMe BUTJIST

Yo = AX* +Bx+C.
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5. Jna s3maxomkenHs koedimientis A, B,C CKOPHUCTAEMOCH

TBEP/UKCHHSM, IO PO3B’SI30K Ma€ 3aJ0BOJBHATH PIBHSAHHIO, TOOTO TMpHU
T1JICTAHOBIIl TIEPETBOPIOBATH PIBHSIHHS HA TOTOXKHICTb.

y"+ 4y +5y =x? +3.
MosxHa migcraButu Y, y’, y” 0e3nocepeIHbO B PIBHAHHSA Ta 3TPYIyBaTH:

2A+8AX+4B +5Ax% +5Bx +5C = x? + 0x + 3,
SAX® +(8A+5B)x+(2A+4B+5C) = x* +0x+3

VY niBiil Ta mpaBiii yacTWHAX PIBHOCTI 3allMCaHO MHOTOYJIEHU JIPYTOro
CTeneHs, KOe(ILIEHTU SIKUX MPU BIANOBIIHUX CTENECHIX MalOTh OyTH PIBHUMU.

SIxmo X2 :5A:1,A:%,;n<mo x:8A+SB:O,B:;—§,a;{Kmo

97 1, 8_ 97
xO:2A+4B+5C=3C=—r.y, ==X ——X+—.
125 5° 25 125
JIJist 3pydHOCTI 4acTO 3aCTOCOBYIOTH CKOPOYEHHM 3amuc, 3a JTOMOMOTOI0
SAKOTIO TaKOX BHIIMCYIOTb CHiBBiI[HOHIeHHSI IJId 3HAXOIXKCHHA HCBU3HAUCHUX

xoedinientis A, B,C npupismiooun koedimieaTr mpu BigmoBigHEX cTemeHAX

MHOT'OYJICHIB:
5y:Ax2+Bx+C
4y =2Ax+B
1ly"=2A
- _2X . 1 2 8 97
Bi i1b. =g C,cosx+CosInx)+—x"——x+—.
VOB Yo G 2SINX)+ 5" —ooxt o

Hpukaan 7. 3HailAITh BUTIIA YACTUHHOTO PO3B’A3KY PIBHSHHS

y"—6Yy+9=4sin2x.

Po3B’s13aHHs.

1. Ile piBHAHHS € TTHIWHUM HEOHOPITHUM TU(EPEHITIATIBHUM PIBHSIHHIM
JIPYroro MOpsAKY 31 cTaauMu KoediieHTamMu. 3arajibHUN PO3B’sI30K PIBHSIHHS €
CyMOIO 3arajbHOr0O PO3B’SA3KY BIJIMOBIHOTO OJHOPIAHOTO pPIBHSHHS Ta
YaCTUHHOTO PO3B’A3Ky HeoaHOopinHoro: Y, , =Y, , +VY,, .

2. Posp’sxemo oguopinne pisnsans Y —6Y + 9 = 0. Xapaxrepuctiune
pIBHAHHS k? -6k +9=0 wmae kpatHi poss’ssku Ky =Ky, =3, Tomy

Yoo = CleBX + szegx.
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3. IlpaBa yacThHa HEOJHOPITHOTO piB}iﬂHH}I Ma€ CreniajbHUi BUIIIAL
mpu a=0 i b=2, Tomy IS 3HAXOMKEHHS YAaCTHHHOIO PpO3B S3KY
HEOJHOPIAHOTO PIBHAHHS MOXHA 3aCTOCOBYBAaTH METOJ HEBH3HAYCHUX
koedinientis. Kourponene umcno g=a+ID=2i uHe € po3B’sa3KOM

XapaKTCPUCTUYIHOI'O piBHHHHH, OTXKC
Vi = eOX(P, (x)cos2x+Q, (x)sin 2x),
Y, ., = AC0S2X + Bsin2x.
Binnosins. Y, , = AC0S2X + Bsin2x.

3ayBakeHHsi. 3BEpHITh yBary, II0 YaCTUHHHUA PO3B’SA30K y TaKUX
PIBHSIHHSIX MICTHUTb 1 CHHYC 1 KOCUHYC, Ha BIIMIHY B1J] IPaBOi YaCTUTH PIBHIHHS.

Hpuxnan 8. [Ins nporo nudepeHItiagbHOr0 PIBHSIHHS y” + 9y = c0s 3X

3HAWTH BUTJISAL YACTUHHOTO PO3B’A3KY.

Po3p’si3anns. CkiazeMo XapakTEPUCTHUYHE PIBHSIHHS k?+9=0
onnopinnoro pismsuas Y +9y=0. k =-3i, Kk, =31 - posp’s3ku
XapakTepUCTHUHOro piBHAHHA. KoutponsHe umcno g =a+ib=31 €

PO3B’SI3KOM  XapaKTEPUCTHUYHOIO pPIBHSIHHS, TOMY YAaCTHHHHA pPO3B’SI30K
HEOHOPITHOTO PIBHSHHS Ma€ BUTJIS

Yo =eaX<Pk(x)cosbx+Qk(x)sin bx)-x
You = (Acos3x + Bsin3x)-
Bianosins. Y, =( Acos3x+ Bsin3x)-x

3aBaaHHA.
BceranoBith BignoBigHocti Mixk JIHJIP Ta BUmoM HOT0 YaCTHHHOTO PO3B’SA3KY.

1. y"—4y=23X a)qu—Ax +Bx+C
2. y"+4y=3%° b)y,, = Ax°e™

3. y'+4y +4y=¢* c)qu—Acosx+Bsmx
4. y' -4y + 4y =e> d)y,,=Ax+B

5. y"+2y' -3y =cosx €)Yy, = Ae”
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4.4.2. Memoo eapiauii 0osinvHux cmanux (Memoo Jlazpanoica)
PosrnsiHeMo Meron, SIKMil Ja€ 3MOry 3HAaXOJUTH YAaCTUHHUNA PO3B’SI30K

JHIMHOTO PIBHSIHHS y" + ay’ + by =f (X), ae f (X) — NOBiIbHA (DYHKITIA, KA
He Mae croeuianpHoro Burimny (4.3). fAx Bigomo, Y., =Y., t Yy,
Y., =Cy +Coyy. Ockinbku dyukuis f (X) HE Ma€ CIEIiaJbHOTO BUTIISILY

(4.3), To 3acTOoCyBaHHS METOJY HEBHM3HAUCHUX KOE(DIIIEHTIB HEMOXKIHUBO. Y
TaKUX BUIAJKaX 3aCTOCOBYIOTH METO]I Bapiarlii JOBIIbHUX CTanmuX. [nes metomay

MOJISITa€ B TOMY, 1110 JOBUIBHI CTaJIl Cl , CZ PO3TIAIAIOTHCS SIK JIesIKl PYHKITIT B

X.
[IlykaTumMeMo YaCTUHHUHN PO3B’SI30K PIBHSIHHS Y BUTJISAI1

y=Ci(x)y+Co(x)y,. (4.5)
Oynkmii Cl(x),Cz (x) HiISraroTh BU3HAYeHHIO. I10TpiOHO HamaTH IBi

3aJIeKHOCTI MK HUMHU. OJHY MOKHa OOpaTH JOBUIBHHUM CIIOCOOOM, a JpYry
Bu3HaunTH. [Ipoaudepeniroemo piBHiCTh (4.5):

’ 4 ' 4 ’

y=CGyn+Cy+Cy, +Coy;.

Moxmagemo C; y; +Cy y, =0, Toxi
y'=Ciy1+Caya.

[Tpoaudepeniroemo 1ie pas:

Y'=Cy + G+ Gy +Coyy.
[TicTaBUMO B ITOYATKOBE PIBHSHHS:

G+ + Gy vy + Coyg +a(Cuyp + Coyh ) +
+b(Con +Coyp) = f (%)
[TeperpyryeMo HACTYITHUM YHHOM:
G +C ¥y + GO +ay +by )+ Co (g +ayh +
+hy,) = f (x)
Bupasu B myxKkax JOpiBHIOIOTH HYIO (Yomy?). [liist 3HaXOMKeHHS (DyHKITIHA
G (x) ,C (x) Ma€eMO CHCTEMY:

C1,y1 + C2,y2 = O,

Gy +Cy vy = f(x)
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' . 4 . .
I3 cucremn 3Haxommmo () (x) i G, (X), a TIcas 1HTErpyBaHHSA

Cl(x),Cz (x) [Ticis migcraHoBkH B (4.5) OTpUMAaEMO YaCTHHHHIN PO3B’ 30K

JIHJP.

3acTOCOBYIOUM METO/] Bapiallii JOBUIbHUX CTAUX, MOXXHA KOPUCTYBAaTHUCh
TaKUM aJITOPUTMOM:

1. Ckiactu OHOpiAHE PIBHSAHHS Ta BU3HAUUTH HOTO 3arajbHHUI po3B’ 30K

Y0 =Ci +Coyy.
2. JIns 3HaxOMKEHHS YaCTMHHOTO PO3B’SI3KY HEOIHOPIAHOTO PIBHSHHS

BBaXKaTH KOHCTaHTH G, C, GyHKLISIMU BiJI X, TOOTO
G =C(x),Cy =Cy(x).
3. Jlns 3HaxokeHHS (QYHKINN Cl’ (x ) : Czl (x ) CKJIacTH cuctemy (4.6):
Cn+Cly, =0,
Cin +Cyy = f(x)
1 pO3B’s13aTH ii.
4. 3ualifieni 3HaYEeHHS Cl’ (x) : Cz’ (x) IPOIHTErPYBaTH, HE BPAXOBYIOUN

KOHCTaHTH 1HTETPYyBaHHSI.

5. 3ammcatu Y, , = Cl(x)yl +C, (x)y2 1Y, =Ys0 T Yuu-

Tpuxaan 9. Po3p’ssatu piBasaas Y +y = ——.
SIN X

Po3B’si3aHHs.

1. [le piBHSIHHS € TIHIKHUM HEOTHOPITHUM ITU(EPEHIIAIbHUM PIBHSIHHAM
JPYToro MOpsAKY 31 CTAIMMU KoedillieHTaMu, TOMY HOTO 3arajibHUi po3B’SI30K €
CYMOIO 3arajbHOrO pO3B’SI3Ky OJHOPITHOTO Ta YAaCTUHHOTO PO3B’S3KY
HEOAHOp1AHOrO piBHAHB: Y., =Y, , +Y,, . IIpaBa uacTuHa piBHAHHA HE Ma€
cnemiagbHoro BuUrAny (4.3), TOMy 3acTOCYBaHHS METOAY HEBU3HAUYEHHX
Koe]illieHTIB HEMOKIUBO.

2. Po3B’spkeMO  OZHOpiAHE  PIBHSHHS y"+y=0. 'Kopensamu

XapaKTePUCTUYHOTO PIBHSHHS k?+1=0 OynyTh k1,2 =i, Tomy: y; = COSX,
Y, =sinX,y,, =C;cosx+C,sinX.
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3. lns 3HAXOMKEHHS YaCTHHHOTO PO3B’SI3Ky HEOIHOPITHOTO PiBHSIHHSA
3aCTOCYEMO METOJ Bapiarii TOBUTbHUX CTAJIHX:

Yo =C1(X)cosx+C,(x)sinx.

Cxkrnanemo cucremy (4.6):

C, cosx+C, sinx =0,

~C{ sinx+C, cosx = —
sin x

: r ' .
Posrmsinatume cucteMy sk anreOpaiuny BizHocHo C) (x),C2 (x) i

PO3B’sKEMO 11 Oy/Ib-IKMM BIJOMUM METOJIOM, Hampukiaa, MerogoM Kpamepa:

COSX SinX 5 "
= =CO0S“ X+SIn“x=1,
—sinX COSX
0 sin X COS X 0
M=l 1 COS X =L A= —sinx |1 |=ctox
sin X sin X
' A:I_
C{(x)=—==-1, Cy(x)=—x,
A
, A, i
Cz(x):X:ctgx, C, (x) = [ctgxdx = In|sin x|,

Yoy =—XCOSX+In|sinx|-sinx,
Y, =(Crcosx +C,sinx)—xcosx +Insinx|-sinx.

Bimmosine. Y, =(C;cosx + C,Sinx)—xcosx +In|sinx|-sinx.

3ayBakeHHsi. 3BEpHITh yBary, 110 IpH IHTErpyBaHHI HE J0JaBaju
KOHCTaHTH, OCKUJIbKH IIYKaJIM YACTUHHHUM PO3B’SI30K. Y 1HIIOMY BUINIAAKY OJIpa3y
0 oTpumanu 3arajqibHui po3B’s30K. [lepeBipTe caMOCTIHHO.

3aBaaHHA 1151 AYAUTOPHOI TA CAMOCTIHHOI po00TH

VY 3aBmannsax 1-8 3HaiAITh 3araibHI PO3B’SI3KU JIIHIMHUX HEOTHOPIAHUX
PIBHSIHb.

1. y"+5y'-6y =3

2. y"—6Yy +9y =5x
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3. y”+4y’+5y=x2+1
4. y"+y —2y=c0sX
5. yrr_yr:eX
6. Y'+4y'+8y=sin2x
7Yty =—7
sin” x
2X
8. y'—4y' +4y =
y Yy 2X+1

VY 3aBnanusax 9-13 poss’s3artu 3amavy Ko fuist THIHHUX HEOTHOPITHUX
PIBHSHb.

9. y"+4y'+5y=0, y(0)=1y'(0)
10.  y"—4y'+3y=x%-3X, y(0)

1
0,y'(0)=1

11. y"+4y=sin2x, y(0)=0,y’(0)=0

12. y'-y=x,y(0)=1y'(0 )=—1

13. ylr+4yr+4y:3e—2x’ y(0)=0; y’(0)=

VY 3apmanHsx 14-15 3HaligiTe HaOMDKEHHWE pPo3B 30K 3amadi Ko,
O0OMEXHMBIIIMCH YOTUPMA HEHYJIHOBUMH WICHAMH PO3BUHECHHSI Y CTCTICHEBUH PSII.

14. y”+2y-y’—5X2 =0, Y(0)=1’ yl(o):
15 y'+2y'+y>=x% y(0)=-1,y'(0)=

KoHnTpoJbHi 3an1uTaHHA

1. Mki PIBHSIHHS Ha3UBaIOTHCA JHIAHUMHU OJTHOPIAHUMU
nudepeHIliaTbHUMA PIBHSHHSIMHU JPYTOro MOPSAIKY 31 CTaIUMH KoedilieHTaMu
JIoap)?

2. CdopmynroiiTe BIaCTUBOCTI PO3B’SI3KIB JTIHIHHUX OAHOPITHUX PIBHSHD
JPYTOro TMOPSAKY.

3. Teopema TIpo CTPYKTYpy 3arajlbHOrO pPO3B’SI3KY JHIAHOTO
OJTHOP1AHOTO JU(epEeHIIaTbHOTO PIBHSHHS.

4. Sky cuctemMu (QYHKIIN Ha3UBalOTh JIHIMHO HE3aJIeKHOK Ha
MPOMIKKY?
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5. Sk mepeBipuTH JiHIMHY HE3aJICKHICTh CUCTEMHU (DYHKITINA?

6. B domy momsrae meron FEiinepa mis 3HaXOMKEHHS YaCTUHHOTO
PO3B’SI3KY JIIHIHHOTO OHOPITHOTO PIBHSIHHS?

7. SIke pIBHSHHS Ha3WBAEThCS XAPAKTEPUCTUYHHM DPIBHSIHHSIM IS
JOAP?

8. JSxuit Burmsag mae 3aranbHui po3B’s3ok JIOJIP B 3amexHOCTI Bif
KOPEHIB XapaKTEPUCTUUYHOTO PIBHAHHS?

9. Sxi PIBHSIHHS Ha3UBaIOTHCS JIMHIAHAMA HEOTHOP1THUMHU
nvdepeHItiaIbHUMHU PIBHIHHSAMHU JAPYTOro MOPSAKY 31 CTaTIMMH KoedillleHTaMu
(JIH/P)?

10. fkoro € cTpykTypa 3aranbHoro po3s’s3ky JIHJ[P?

11. ki MeToau pO3rAsSHYTO Il 3HAXOHKEHHSI YaCTUHHOTO PO3B’A3KY
HEOJHOPIAHOTO PIBHIAHHSA? Y 4OMY MOJSATA€E CYyTh, TO3UTUBHI PUCHU Ta HEIOIIKU
KOKHOTO 3 HUX? OMUIIITh AJITOPUTMHU 3aCTOCYBaHHSI 000X METO/IIB.

TEMA 5

CUCTEMU JNOEPEHIIAJIBHUX PIBHAHB ITEPLIOI'O NOPAAKY
5.1. IlonsaTTs npo cucreMu AudepeHUiaJIbHUX PIBHIHD

Jiist onucanHst 6araTh0X MPUPOAHKUX MPOIIECIB Ta SIBUII MOTPiOHI 3a3BHYai
HE OJIHA, a JEeKIIbKa (YHKIH, MOB’I3aHUX Mk c00010. [[J1s1 3HAXOKEHHSI 11X
byHKII1 TOTPIOHO CKJIACTH ACKUIbKa AUdEpeHIIaTbHIX PIBHSIHB 1 00’ €1HATH 1X
y cucteMmy. Tak, Hanmpukiaz, sl CTBOPEHHS MaTEMaTUYHOI MOJeNi, ska Oyze
OMKCYBATH CIIBICHYBaHHS BUJIB, OAHOTO JU(EPEHINaIbHOTO PIBHSIHHS BXKE
HezocTaTHbO. [ToTpiOHO po3risinatu cucteMu qudepeHiaabHUX PIBHAHbD, KOXKHE
3 pIBHSIHB SKOT Ma€ ONMUCYBATH JUHAMIKY MTEBHOT MOIYJISIII].

VY 1925 poui Aasdpen Jlorka i B 1926 porui Bito BosibTeppa HezanexxHo
3aMpONOHYBAJIM MaTEMaTUYHY MOJEIb CITIBICHYBaHHS JBOX BUIIB, V SIKIM OJHH
BUJ] <CKEPTBA» € JDKEPENIOM XapuyBaHHS ISl APYTOTro BHIY «xwmxkakay. [leprmi
Mozeal OyiM 3HAYHO CHPOIIEHI BIHOCHO pEajbHUX yMOB, TOMY HE MOTJIH
B1IOOpa3UTH BCl CTOPOHU B3aEMOJIIT «XMKaK — KepTBa». OQHAK IIHHICTh IUX
Mojenel Oe3nepeyHa, OCKUTPKA BOHU CTajld OCHOBOIO TOJAJIBIIOTO PO3BHUTKY
MaTeMaTUYHOI €KOJIOTI].
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Mpuxnan 1. Hexait X (t) — PO3MIp MOMYJIALIT XM)KaKiB Y MOMEHT 4acy 1, a

y(t) — po3mip momysmii xepTB. [IpumycTuMo, MO KOXKHA MOMYJSIisA 3a
BIJICYTHICTIO 1HIIIOT TMIJKOPIOETHCS 3aKOHY MPHUPOIHBOTO (€KCIOHEHIIIAJBHOTO)
3pPOCTaHHS: y(t) =yy, y>0, X(t) =—aX, a>0. Ionynsuis xeprs
HEOOMEKEHO 3pOCTa€, a MOMYJIALIS XMKaKIB BUMHUPAE 3a BIJCYTHICTIO JKEPTB.
B3aemonist momynsmid Beme M0 TOTO, IO KUTBKICTH JKEPTB 3MEHIIYETHCA, a
KUIBKICTh XM)KAaKIB HaBMaKU. Y MPOCTIIIOMY BUMAAKY 3MIHEHHS PO3MIPY KOXKHOI
nomyJsiiii Oyae MpOoMmopLUiHHUM YacTOTI 3yCTpiueil ABOX BHUJIB, TOOTO TOOYTKY
XY po3MipiB ix nomyJsiil. B pe3ynbrati orpumaeMo cucreMy TudepeHialbHuX

PIBHSIHB.
X(t)=—ax+ Bxy
y(t)=ry-oxy
ne o, f,7,0>0.
st cucrema HazuBaeThcss Mopaewo JloTku-BonbTeppu, abo Mopjemio
«XWKAK-KepTBay. BioMo, 1110 Taky CUCTEMY HE MOYKHA PO3B’S3aTH aHATITUYHO.
SkicHui aHami3 i€l MOJIeNl TTOKa3aB, 10 HE3aJIEKHO Bij] MOYATKOBUX YMOB OJMH
3 BHIB MOJIeJI1 000B’SI3KOBO BUMHPAE.
PosrasiHeMo cuctemu, siKi MOKHa PO3B’SI3aTH aHAJIITUYHO. Y LI TeMi
O0OMEKMMOCh CUCTEMaMH JBOX JIHIWHUX NU(EepeHIIaTbHUX PIBHSHB MEPIIOTO

MOPSJIKY 31 CTAIMMU Koe(ilieHTaMu, 3allMCaHUMH B HOpMaJIbHIN (HopMi.
Cucremy BUIy

X =a;X(t)+any(t)+ f(t),
Y =ayX(t)+aypy(t)+g(t)

Ha3MBAIOTh CHCTEMOK) Yy HOPMaJbHiA ¢opMi (HOPMAIBLHOIO CHCTEMOIO),

., dx
OCKUIBKM BOHA 3alIMCaHa BIJJHOCHO MOXIIHMX IIyKaHuX QyHKik. Tyt X = a ,
. dy - . "
y = a — TOXiIHI  HEBIAOMHUX  (YHKIIIH X(t), Y(t) 3a  Yacowm,

djj — xoediuieHTH (Unca), f (t), g (t) — nesiki QyHKIII.
Skmo  f (t) =0 (t) =0, TO cHcTeMa Ha3MBAETHCA  OIHOPIIHOIO.

B iH1mmomy Bunajaky HeOHOPITHOIO.
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Hopmanbeha cucrema audepeHiiaibHUX PIBHSIHb HAa3UBAETHCA JIIHIKHOLO,
SKILO TPaBl YaCTHHHU 000X PIBHAHD € JIHIMHUMH BIJHOCHO IIyKaHUX (DYHKIIIH.
[lepenbavyaeTbcs, MO KUIBKICTh PIBHSAHb JIOPIBHIOE KIJIBKOCTI HEBIAOMHX
byHKITIH.

Po3B’513KOM CHCTEMH HAa3WBAETHCS CYKYIHICTh (PYHKITIH X(t), y(t), K1

3a10BOJIBHAKOTH KOXKHOMY 3 piBHHHB CHCTCMU.

3amaua Komri 11g Takol CUCTEMH MOJISITac y BIAIIYKAHHI PO3B’SI3KY, IO
b

3a710BOJILHSAE TOYATKOBUM yMOBAM X(to ) =D, y(to) =D,.

5.2. Meroau Ppo3B’si3aHHAA OJHOPIIHUX CHCTEM [JBOX JiHiliHHX
au(epeHNiaJIbHUX PIiBHAHb MEPIIOT0 MOPSAKY 3i CTaJIuMH
Koe(inieHTaMu

J1st po3B'si3aHHS JIHIMHUX OTHOPIAHUX CUCTEM AU(PEPEHIIIATbHUX PIBHSIHB
3aCTOCOBYIOTHCA J1BA OCHOBHUX METO/U:

1. Merop Eitnepa, npu3zHadyeHuil AJid CUCTEM AU(PEPEHIIaIbHUX PIBHIHb
(y3aranpHenuii Meron Eiinepa)

2. MeToa BUKIIIOYEHHS, OCHOBAaHMH Ha 3BEIECHHI CHUCTEMH [0 OIHOIO
OJTHOP1THOTO AU EpPEHIIIaTbHOTO PIBHSHHS 1-TO TOPSIKY.

Metonu PO3B’sI3aHHS OJTHOPITHUX CUCTEM IBOX  JIHIAHHAX
nudepeHIliaJbHUX PIBHSAHB TMEPIIOTO MOPSAKY 31 CTaauMu KoedimieHTamu
PO3IIIIHEMO 3a JAOMOMOTOI0 MOJENl MIXXBUJIOBOI KOHKYypeHIli. [Januii npukiaz
3aCTOCOBYETHCS TUIBKM SK UTIOCTpalliss 70 BIiAMOBIAHOTO MaTeMaTUYHOTO
amnapary.

5.2.1. YV3azanvnenuit memoo Eitnepa

Hpukaan 2 (Moaens MKBUAOBOI KOHKYpeHIli). Hexail B3aeMHuUi BILJIMB
HOMYJISILIN BOX KOHKYPYIOUMX BHJIIB OMNHCYETHCS JIIHIHHOK OJIHOPITHOIO
CUCTEMOIO

x=2x(t)-y(t),
y=—x(t)+2y(t)

ne X('[), y(t) — YUCEJIbHICTh MOMYJISIIIIA B MOMEHT 4acy t.

(5.1)
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[Ipunyctumo, 1m0  BiJloMa  TOYAaTKOBA  KUIBKICTh  IOIYJISIIINA
x(0) =100, y(0) =200 ocotus.

3HaANTH YKCeIBbHOCTI 000X BUMIB Y OY/Ib-IKHIl MOMEHT 4acy.

Po3p’s3aHHsl. 3acTocyemMo y3aranbHeHH Metop Eiinmepa s cuctem
JHIAHUX OJHOPITHUX NU(epeHIaIbHUX PIBHSHB NEPIIOTO NOPSAIKY. 3aMUIIEMO
cucremy (5.1) y maTpudaHOMY BUTIISII

dy
— =AY, (5.2)
dt
dy [ X(t) 2 -1 o
ne —=| , A= — marpui koedinientis, Y =
dt | y(t) -1 2 y
Baranshuii po3s’s3ok cucremu marume Burisin Y = CiYp +CoY,, ne
X X2 » : .
Y, = , Yo = — JHIMHO HE3aJeXKHi YaCTUHHI PO3B’A3KH CHCTEMH,
Y1 Y2

C,,C, - noBinbHi crai.
3a aHaNoTi€r0 3 OTHOPIAHUMHU AU EpEeHITIaTbHUMU PIBHIHHIMU YaCTUHHUN
) .V _ hekt _ .
PO3B’A30K cucTeMu Oyaemo mykary y Buraaai Y =be™ , b= b |~ YUCJIOBHM
2

BekTop. [lificTaBUBIIM YaCTUHHUN PO3B’SI30K B PIBHAHHS (5.2), OTpUMaeMo

Abe®" = kbeX, Ab=kb, ro6ro BekTOop D = 5 € BIIACHUM BEKTOPOM

2
MaTpuIli A 3a 03HAYCHHSM, a YMCII0 K — 11 BJaCHUM 3HAYCHHSM (BJIACHUM YHCIIOM).
o . 10
3 pisrocti Ab =Kkb crinye, mo (A— kE)b =0, E= 0 1) OTMHHYHA

Matpuiisd. MaTpudHe piBHSIHHS (A — kE)b = 0 Biamosinae oxHOpimHIN cucTeMi
NiHifHUX anrebpaidHux piBHAHB 3 1BoMa HeBimomumu K; i Ko . st Toro, mo6

CHUCTEeMa Majla HEHYJIbOBl PO3B’SI3KU, HEOOXITHO 1 IOCTATHHO, 1100 BU3HAYHHUK
i€l CHUCTEMHU JIOpIBHIOBAaB Hydr0. OTXe CKIaAeMO 1  PO3B’SDKEMO

XapaKTEPUCTUYHE PIBHSIHHS CUCTEMHU:

IA—KE|=0,
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(2-k)*-1=0,
(k—2)" =1,

k—-2=1,
k-2=-1

k=1,
k=3

Yucna Ky =11 K, =3 Bnacui umcna niniitnoro oneparopa A. Koxromy

BJIACHOMY YHUCIY MiJ0EpeMO BIACHUN BEKTOP.

1 - 0
Axmo Ky =1, wmaemo (_1 1](}2}2(0), To6T0 by —b, =0,

— (1
b, =b, . SIkmo noxnactu by =1, To oTpumaemo Bexrop l = 1] BJIACHUM

BEKTOp, W0 Bianosizae BrmacHomy wumeny Kp=1. Skmo K, =3,

S 4

JliniiiHa KOMOIHAIS YaCTMHHUX PO3B’S3KIB Jla€ 3arajlbHUiMl pPO3B’SI30K

CHCTCMU.:

X
( = C1|1ek1t + C2|Zek2t , C1, Cy — noBineHi craii.
y

oo e

y 1 y(t) = Clet - Czegt

3ayBaxkeHHs1. Y 1iil 3a7a4i KOPEHI XapaKTEePUCTUYHOTO PIBHSHHSA A1HCHI

pi3Hi. B iHIIMX BUMagkax ciij MipKyBaTH aHAJIOTIYHO T1. 4.3.

75



5.2.2. Memoo eukirouenns

IIpoBenemMo po3B’sA3aHHsS CUCTEMH MeTOA0M BHKJIYeHHs. CyTb METOLY
MOJIsiTa€ B TOMY, IIOO 3BECTH CHCTEMY JAO JHIHHOTO OJHOPITHOTO PIBHSIHHS

{)‘( =2x(t) - y(t),

JPYTOTO CTEICHIO

y=—x(t)+2y(t)

AaroputM. Ha mepmiomy etami 3a TOMOMOTOIO MiJCTAHOBOK CIPOOY€EMO
oTpuMaTH AudepeHIlianbHe PIBHSIHHS BHUIIOTO MOPSAKY BIZHOCHO OJHOI 3
HeBioMuX QyHKIN. J{Js nporo:

e [IpoaudepeHniroemMo oHE 3 pIBHSIHb CUCTEMH, HAIPUKIIAJ Niepie, 3a t:

X=2%(t)—y(t).

e 3 Ipyroro piBHAHHSA CHCTEMH Ma€MoO, IO y=—x(t)+2y(t).
[TincraBumo 1eil Bupa3 y piBHAHHSA X = ZX(t) — )'I(t), [0 OTPUMAJTK PaHille;
X =2%(t)—(—x(t)+2y(t)) = 2%(t)+x(t) - 2y(t).

e BpaxyeMo 3 mepuioro piBHSAHHS, IO y(t):2x(t)—>'<(t) i
M1JICTABUMO B PIBHSIHHS:

X =2%(t)—(—x(t)+2y(t)) =2x(t)+x(t)-2y(t),
X=2X%(t)+x(t)—2y(t) =2%(t)+x(t)—4x(t)+2%x = 4% - 3x.

X—4X+3x=0 niniline oxgHopigHe aubepeHLiaabHe PIBHAHHSA APYroro
MOPSZIKY 31 cTanuMu KoedirieHTamu. Po3B’s13k0M 11bOT0 pi1BHSIHHS Oyie GyHKITIS

X (t) = Clet + C263t . IMicna 3HaxomxeHHs oxmici 3 (QyHKIiM, B mbOoMy pasi
X (t), 3HaXOJUMO JAPYTy (YHKIIIIO.
OCKiJIbKHT y(t) = 2X('[) — X(t) , TO 3HalIeMo X(t) = Clet + 3C263t i
IiZICTABUMO Y BUPa3 y(t) = 2(C1et + C2e3t ) — (Clet + 3C263t )
ITicist  COpOIUEHHS — OTPUMYEMO y(t) = Clet — C2e3t . 3aranbHui
PO3B’SI30K CUCTEMHU
x(t)=Cie' +Cpe™,
y(t)=Cel —Cpe

76



I[J'ISI 3HAXO/J)K€CHHA KOHCTAaHT Cl’ C2 34CTOCYEMO ITOYaTKOBI YMOBHU

X(O) =100, y(O) =200 i orpumaemo cucremy:

Cl + C2 = 100,
Cl - C2 = 200
I3 wiei cucremu 3naxonumo crani C; =150 ta C, = -50.

x(t) =150e" —50e*,
y(t) =150e" +50e™

PiBHSIHHSI CUCTEMU JIalI0Th MOMJIMBICTh 3HAUTH PO3MIP KOXKHOI MOMYJISIIIT
y Oyb-SKHIl MOMEHT Yacy.

AHani3 cUCTeMU MOKa3ye, 10 MOIMYJISILIs MEPIIOro TUILYy 3MEHIIY€EThCS.
[Tix yac B3aemMoAli JBOX BUAIB MpPAIlO€ MPUHIUI KOHKYPEHTHOTO BUKIIIOUECHHS
["ay3e: a0 ABA BUAM 3aiiMalOTh OJIHY M Ty caMy €KOJIOT1YHY HIIy, TO a00 OJNH
BU/JI BUMHUPAE, a00 BUIU €BOJIIOIIIOHYIOTh 3 PO3AUICHHIM CBOIX €KOJIOTTYHUX HIIl.
TakuM 4YMHOM, SIKIIO JBa BUJU CHIBICHYIOTh, TO MDK HUMU Ma€ OyTH SIKach
€KOJIOT1YHA BIMIHHICTb.

Y HamoMy BHIIaJKy BUMHpPATHMe Nepiiuii Bu. Moro BUMHpaHHs HacTaHe

samo - X(t) =0,  x(t)=150e' —50e™ =0, et(B—eZt)zo, et =3

2t=In3, t= %InB ~ 0,55 oauaump vacy.

Bignosine. t ~ 0,55
3aBIaHHA IS Ay IMTOPHOIL Ta CAMOCTIiHOI podoTH

PosB’si3atn cucremu 1-5:

X(t)ZGX( )—y(t), X(t):C]_eSt +C2€5t,
1. _ Biamosigs. <
y(t)=3x(t)+2y(t) (1) =3Ce™ + Cpe™
(X(t)=—x(t)-2y(t), (X(t) = Cet —2C,e?,
2. 9. Biamosigb. <
y(t)=3x(t)+4y(t) y(t)=—Cie' +3C5e*
(x(t)=2x(t)-y(t), (x(t)=C, +Cot,
3. 9. Biamosins.
ky(t)=4x(t)—2y(t) \y(t)=2C1+C2(2t—l)
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x(t)=4x(t)-y(t), X(t)=Ce™ + Cy (1 +1)e™,
4, . BigmoBigsb.

() = x(t)+ 2y (1) ()= G + Cyte

%(t)=4x(t)-y(t), X(t)= CGe™ +C, (1 +1)e™,
5. _ Biamosins.

3(1) = x(t)+ 25 (1) (1) = G+ Ce®

3agaua
Hexait X(t) — po3Mip momyJsiii XMKakiB y MOMEHT Yacy i, a y(t) —

po3Mip momyJisiii kepTB. [IpurycTumo, 1Mo MBUAKOCTI 3MIHEHHS iX MOITYJISLIMI

x(t)=x(t)+y(t),
y(t)=—x(t)+y(t)

Busznaute po3mip nonyssiii y 0y1b-sIKHii MOMEHT 4acy, SIKIO MTOYaTKOBI

OIIMCYIOTBCS CUCTCMOIO:

YUCENBHOCTI  TOMYJISAIiN X(O) = y(O) =1000. 3a sxuit uyac craHerbes

BUMUPAHHS BULY-CKEPTBI» ?

T
Bignosine. t = Z OJIMHHUIIb Yacy

KoHnTpoJbHi 3an1uTaHHA

1. Sxa cucrema au@epeHLiATIbHUX PIBHAHb MEPLIIOTO  MOPSAIKY
HA3MBAETHCSI HOPMAJIBHOIO?

2. Y sSxoMy BUNAAKYy HOpPMajbHY CHCTEMY Ha3HBAIOTh OIHOPIAHOIO?
HeoxnopigHoro?

3. 1lo Ha3uBarOTh PO3B’SI3KOM CUCTEMH TU(DEpEHITIaTbHUX PIBHSIHB?

4. B uowmy nomsirae 3aaada Ko 115 cucrem qudepeHIiiaabHuX piBHIHB?

5. Sxi meToau po3B’s3aHHS OJHOPITHUX HOPMAJIbHUX CHUCTEM IEPIIOTO
MOPSAKY PO3TIIAHYTO?

6. B wuyomy mnonsrae y3araibHenuit wmeton Eilinmepa po3B’si3aHHS
OJIHOPIJTHUX CUCTEM?

7. B uomy nomsrae iaest METOAY BUKIIFOUEHHS?
8. Ski me MoJienti «XMKak - dKepTBa» Ta MOJACII MiKBHJIOBOIO
KOHKypeHI1ii BimomMi? OdopmiTh 3aBaaHHs Y BUTIISAL pedeparTis.
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InguBinyajabHi 3aBIaHHA
BapianT 1

. INokazatu, mo 3amana ¢ynkuis Y = CX ¢ poss’saskom audepeHmiaabHOro
piBasuag Ydx —xdy =0.

. BcTaHoBUTH THI Ta 3HAWTH 3arajlbHUNA PO3B 30K Iu(epeHIialbHUX PiBHSHb
MIEPIIIOTO TOPSIIKY:

a) (1+x2)dy— 1- y2dx:0;b)(x2—xy)dy+ y2dx =0;
c) y'cosx —ysinx =sin2x; d) (3y+4x)dx+(3x+3y2)dy:0;

e) 2(xy'+ y)=xy2.
. Po3B’si3atu 3amauy Komri st diHIAHOTO JIU(EpEHIIaTbHOTO PIBHSHHS

MepUIOro NOPSIKY. y’ — X = X2, y(l) =0.
X

. 3HAlTH 3arajbHUIl PO3B’A30K IS U(PEPEHLIATBHOTO PIBHAHHS TPETHOTO

2x L %2

HOPAIKY: y”’ =€
. 3HaWTH 3arajibHUM PO3B’ 30K JJIsI JIHIMHOTO OAHOPITHOTO AU(DEpPEeHIIaTbHOTO
PiBHSIHHS APyroro MopsaKy 3i cranumu koediienramu Yy + 2y —3=0.

. Po3B’s3atu 3amauy Komri namst nmiHiMHOTO OAHOPIAHOTO IU(dEpeHIianbHOTO

piBHAHHS Jpyroro mopsaky 3i cramumu koedimienramu Y + Y =0,

y(0)=1,y'(0)=0.
. 3HalTH 3arajbHUN PO3B’SI30K JIIHIHHOTO HEOJHOPIAHOTO AUDEPEHIIaTbHOTO
PIBHSIHHSI IPYTOTO TIOPSIIIKY

1
a) Y'+2y' +y=xe*;b) y'+4y' +5y=X;c) Y +y=——.
SIN X
3HaliTM  3arajJibHUd  PO3B’SI30K  CUCTEMU  JIHIAHUX  OAHOPIIHUX

nudepeHIliaIbHUuX PIBHSIHB

X=-X—-2Y,
y =3x+4y.
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5.

BapianT 2

[Toxazartu, 1o 3agana GyHKIis Y = € PO3B’s3KOM NH(pepeHITiaTbHOTO

COS X
PiBHSHHS y' —tgx-y=0.
BcTanoBuTu THI Ta 3HAWTH 3arajibHUN Po3B’sI30K JAudepeHIIaIbHUX PIBHSHb
MIEPIIOrO MOPSIAKY:
2
X X

d) (2y+4x)dx+(2x+3y2)dy:0; &) 2y +2y = xy?.

Posp’si3atu 3amauy Komn ang smiHiiiHOTO JaudepeHIiaabHOTO  PIBHSIHHS
nepioro nopsaky Y — Yy ctg X =2xsinXx, y(7r / 2) =0.

3HalTH 3araJbHUN PO3B’SI30K I JUdEpEHIIaIbHOTO PIBHSIHHS Y€TBEPTOrO

3

TOPSIKY: y'V = X~ 4+ C0S3X.

3HalTH 3aradbHUN PO3B’SA30K JIHIHHOTO OAHOPIAHOTO AU EpEHIIaTbHOTO

PIBHAHHSAPYTOro NopsaKy 3i cranumu koediniearamu Yy —6Yy +9y =0

6.

Po3B’s3atu 3agauy Ko 1iis THIHHOTO OJHOPIAHOTO TU(EPEHIIaTBHOTO

piBHSHHS Apyroro mopsjaky 3i crammmm koedimientamu Y —2Y +3y =0,

y(0)=0, y'(0)=1.

7.

3HaWTH 3araJIbHUN PO3B’SA30K JIIHIMHOTO HEOAHOPITHOTO JH(EpPEHIIaTbHOTO
PIBHSIHHSI IPYTOTO MOPSIJIKY:

a) Y'—y=1+X;b) y'+5y -6y =c0s2X;c) y'+16y = — .
sin4x

3HalWTH  3araJlbHUM  PO3B’SA30K  CHUCTEMH  JIHIMHUX  OJHOPITHUX

X=X+Y,
y =-2X+4y.

nudepeHiaIbHUuX PIBHSIHB
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BapianT 3

. Ilokazatu, mo ¢yHkmis Y =Cx° ¢ pO3B’s3KOM  AU(EpPEHITIaTbHOTO
: , 3
piBastaEs Y ——Y =0,
X

. BcTaHoBuTH THN Ta 3HAWTH 3aranbHUN pPO3B’SA30K AMQEpeHIiaTbHUX
PIBHSIHB TIEPIIOTO MOPSIIIKY:

y

a) ydx—xdy =0;b) xy’ =xsin=+y;c) (2x+1)y' +y=x;
X

d) (5y+x2)dx+(5x+ y3)dy:0; &) Xy'+y=y2Inx.

. Po3B’s3atu 3amauy Komni ang miHiHHOTO TudepeHIaabHOTO PIBHSAHHS
1 .

nepuioro nopsanky: Y + YCOSX = ESII‘I 2X, y(O) =0.

. 3HANTHU 3arajJbHUN PO3B’SA30K NS TU(EPEeHLIATBHOTO PIBHSIHHS BHUILIOIO
TOPSIKY: yIV = COS2X + X.

. 3HAliTH  3arajJbHUA  PO3B’SI30K  JUIA  JIIHIKHOTO  OJHOPIJTHOTO
nudepeHIliaJbHOr0  PIBHSHHS ~ JPYroro  MOPSIAKY 31 CTAIUMH
xoedinientamu Yy +5y +6y =0.

. Po3B’s3atu 3agauy Ko qyist AiHIHHOTO OMHOPIAHOTO AU(EPEHITIATBHOTO

PiBHAHHS Jpyroro mopsaky 3i cranmmmu koedimientamu Y +2Yy =0,

!/
y(0)=0, y'(0)=2.
. 3HalTH 3arajibHUM PO3B’SI30K JHIAHOTO HEOJIHOP1AHOTO
v epeH1aTbHOr0 PIBHSHHS APYTroro MOpsiaKy:

a) y”—y’=(x2 +2)e2x; b) y'+2y +5y =sin2x;
d)y y' -2y +y=e*v1-X.

. 3HAlTH  3araJibHU  PO3B’SA30K CHUCTEMM  JHHIAHUX  OJHOPITHUX
nudepeHIliaTbHUX PIBHSIHB

X =X =X,

XZ = —4)(1 + 4X2
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BapianT 4

1. Tlokasaru, mo pyukiis Y =0, 2x° +C ¢ PO3B’I3KOM AH(EPEHIIIATBEHOTO

d

piBHsHHA —- = dX.
X4

2. BcTaHOBUTH TUI Ta 3HAWTH 3aralbHUN PO3B’SA30K AMQEpeHIIaTbHUX
PIBHSIHB TIEPIIOTO MOPSIIIKY:

a) V1-x2 -dy —+/1- y2 -dx=0;b) xy'= y(1+ln%j;
c) (l+ xz)y’+xy:1;d) (8y +sinx)dx+(3x+cosy)dy =0;

e) y'—2xy = y°.

3. Po3p’s3atn 3amauy Komrn ans miHifHOTO AudepeHiiaabHOr0 PiBHSIHHS
nepmoro mopsaaxky. Y + ytgX = cos? X, y(72' / 4) =1/2.

4. 3HaiiTu 3arajbHUI PO3B’SA30K Il AU(EPEHIIaTbHOTO PIBHAHHS BHILOTO
nopsaaky: Yy = xS + 2e%.

5. 3HaliTM  3arajJibHUd  PO3B’SI30K  JUIA  JIHIAHOTO  OAHOPITHOTO
nudepeHIliaJbHOT0  PIBHSHHS — JIPYroro  MOPSAKY 31 CTaluMH
koedinientamu Yy —2Yy'+2y =0,

6. Po3p’s3atu 3amauy Komri 1y1st TiHIHHOTO OHOPITHOTO AU(EpPEHIIaTbHOTO

piBHSHHS BHIIOTO MOPAAKY 3i cramumu Koedimientamu Y ' —Yy =0
!
y(0)=0,y'(0)=2.
7. 3Haiitu 3arajibHUAM PO3B’SI30K JHIAHOTO HEOJIHOPIAHOTO
U epeH1aTbHOr0 PIBHSHHS APYTroro MOpsiaKy:

a) y'+2y'=xe”;b) y'+Y -2y =cosX;c) y’ +4y =18ctg2x.

8. 3HaliTh 3araJbHUN PO3B’SA30K CHCTEMH JIHIMHUX  OJHOPITHHUX
nudepeHIialbHUX PIBHSIHb

Xl :4X1—X2,
XZ :4X1+2X2.
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Bapiant 5

. Tokazaru, mo ¢yrkuis Y =INX+C e poss’s3xoM audepermiaabHOro
piBasuug dX — xdy =0.

BceraHoBuTy TN Ta 3HAMTH 3arajbHUN pPO3B’SI30K TU(EpeHIliaIbHUX
PIBHSIHB TIEPIIOTO MOPSIIIKY:

a) (x—yzx)dx+(y—x2y)dy=0; b) xdy:(y+\/x2 + yz)dx;
¢) '+ ytgx =cos? x; d) (2y+5x)dx+(2x+4y5)dy=0;

e) y' +2xy = 2x°y°.
. Po3B’s3atu 3amauy Komni ang niHiHHOTO OudEpeHIiaabHOTO PIBHSIHHS

' y 2 3
LY ——— =X +2x, -1)=-—.
IIEpLIOTO NOPAAKY. Y 1D Y( ) 2

. 3HAWTHU 3arajJbHUN PO3B’SA30K NS TU(EPEHLIATBHOTO PIBHSIHHS BHUIIOIO
nopsaaky: Yy = 3x2 + 2sin5x.

. 3HaWTH  3araJibHUM  PO3B’S30K IS JIHIMHOTO  OJIHOPITHOTO
nudepeHIliaJbHOr0  PIBHSHHS — JAPYTOTO MOpANKY 31  CTaJuMu
koedimientamu Yy — 2y +2y =0.

. Po3p’sa3atu 3anauy Kol 1151 JTiHIMHOTO OAHOPIAHOTO AU(DEpPEHIIiaTbHOTO
PIBHSHHS ~ ApPYroro nopsAnKy 31 cTauMu  Koedilli€eHTaMu

y"=3y'+2y=0, y(0)=-3,y'(0)=0.

. 3HalTH 3arajibHUM PO3B’SI30K JTHIAHOTO HEOHOP1AHOTO
nuepeHiaTbHOro PIBHAHHS JPYroro MopsaKy:

a) Y'+7y +12y =sin2x;b) y"+2y'+y=¢"%;

c) y'+y=3tgx.

. 3HAWTH 3araJibHUM  PO3B’A30K CHUCTEMH JIHIMHUX  OJHOPITHHUX
nudepeHIialbHUX PIBHSIHB

XZ - 2X1 + X2.
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BapianT 6
. X —X
. Hokazatn, wo dyuxuizs Yy=Ce" +C,e €  PO3B’A3KOM
. . "
nudepeHIiaabHOro piBHSHHSA Y — Y = 0.
. BcranoBuTu THMN Ta 3HAWTH 3aradbHUN PO3B’SA30K JUeEpeHIliaTbHUX

PIBHSIHB TIEPIIOTO MOPSIIIKY:

a) (1+y)dx—(1-x)dy=0;b) (3x2 — yz)dx—nydy =0;
c) x(y' - y):(l—xz)ex; d) (3x2 +2y)dx+(2x—5)dy:0;

e) y' — ytgx + y2cosx =0.

. Po3B’s3atu 3amauy Komni ang miHiHHOTO MudEpeHIiaabHOTO PIBHSIHHS
TepIIoro mopsaky Y — Ll =% (X +1), y(O) =1
X+

. 3HANTHU 3arajJbHUN PO3B’SA30K NS TU(PEPEeHLIATBHOTO PIBHSIHHS BHUILOIO
nopsaaky: Yy = X2 42X
. 3HaWTH  3araJibHUM  PO3B’SA30K IS JIHIMHOTO  OJIHOPITHOTO
nudepeHIliagbHOTO  PIBHSHHS — JIPYroro  MOPSAKY 31 CTajJuMu
xoedimienramu Y —4y =0,
. Po3p’sa3atu 3anauy Kol 1jis TiHIHHOTO OJHOPIAHOTO TU(EepeHIiaTbHOTO
PIBHSIHHSI IPYTOTO MOPSJIKY 31 CTAIMMH KOe(IIll€HTaMU:
1) !/
y"+2y'+5y=0, y(0)=-1y'(0)=2.
. 3HalTH 3arajibHUAM PO3B’SI30K JHIAHOTO HEOJIHOPIAHOTO
v epeH1aTbHOrO PIBHSHHS APYTroro NOpsaKy:
X

a) y'+49y=cosx;b) y' -y’ =-9x;c)y"' -3y’ +2y =——.

1+e
3HalTH 3arajJlbHUM  pPO3B’SA30K CHUCTEMM  JINHIHHUX  OJHOPITHUX
nudepeHiaIbHUuX PIBHSIHB

X2 = 2X1 + 3X2 .
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Bapiant 7

. Ilokazatu, mo QyHKIis y=Cezx € PO3B’SI3KOM JTH(EPEHITIATBHOTO
piensaaEs Y —4y=0.

. BctanoButHM THN Ta 3HAWTH 3arajbHU PO3B’A30K AHQEpeHIlaTbHUX
PIBHSIHb NIEPILIOTO MOPSIIKY:

a) \/1—x2dy—(1+ yz)dx:O; b)(x—y)dx+(x+y)dy=0;
C) y’—yctgx:tgzx;d (x2+y)dx+(x—2y)dy:0;

e) Yy + 2xy+4x3y3 =0.

. Po3B’s3atu 3amauy Komni ang miHiHHOTO MudEpeHIiaabHOTO PIBHSIHHS
MNepLIOro NOPSIKY. y’ — X = X3, y(l) =0.
X

. 3HANTHU 3arajJbHUN PO3B’SA30K NS TU(PEPEeHLIATBHOTO PIBHSIHHS BHUILOIO
nopsaaky: Yy = e +6x°.

. 3HaWTH  3araJibHUM  PO3B’SA30K IS JIHIMHOTO  OJIHOPITHOTO
nudepeHIliaJbHOTO  PIBHSHHS — JIPYroro  MOPSAKY 31 CTaluMu
koedinientamu Y —3y' +2y =0.

. Po3p’sa3atu 3anauy Ko 1715 JiHIMHOTO OJHOPIAHOTO AU(DEpEeHIiaTbHOTO

. . . . " !
PIBHSIHHSA BUIIOTO mopsaky 3i cranmumu koediumienramu Y —Y =0

y(0)=2,y'(0)=1.
. 3HalTH 3arajibHUM PO3B’SI30K JHIAHOTO HEOJIHOP1AHOTO
v epeH1aTbHOrO PIBHSHHS APYTroro NopsaKy:

2 e’
a) y' -2y +y=xe%;b) y'+y=3x;0) y' -2y +2y =——.

SIN X

. 3HaWTH 3araJbHUN  PO3B’A30K CHCTEMH JIHIKHMX  OJHOPIJIHHX
nudepeHiaIbHUuX PIBHSIHB

X =-2X+3Y,
y=3X—-2Y.
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BapianTt 8

1. Tlokaszaru, mo QyHkmis Yy =— € PO3B’SI3KOM IH(epeHIianbHOTrO

COS X
. !
piusang Y +tgx-y=0
2. BCTaHOBUTH TUII Ta 3HAWTH 3arajlbHUN PO3B’SA30K aUdepeHmiaTbHuX
PIBHSIHB TIEPIIOTO MOPSIIIKY:

a) (2x—5)dy+3y2dx =0;b) xy' = xsin + y:
X
c) Xy’ +2y = = -d (3x2y2 +1)dx+ 2x3ydy =0:

&) y' -y =xy°.

3. Posp’s3atu 3amauy Komn s miHiMHOrO auepeHIiaabHOro PiBHAHHS
nepuioro nopsaxky. Yy + Y 3X, y(l) =1.
X

4. 3uaiiTi 3aranbHUi po3B’A30K A1 JU(EPEHIIaIBHOIO PiBHAHHSI TPETHOTO

m 2

nopsky: y" = X +sin 3X.

5. 3HaliTH 3arajbHKUi pO3B’ 30K JIHIHHOTO OQHOPiAHOrO AudepeHIiaIbHOro
PIBHSIHHS ~ APYroro NopsiIKy 31 cTanuMu  KoeQilieHTaMH
y'—6y'+9y=0.

6. Poss’s3atu 3amauy Koii muis miHiiHOro oqHOpigHOrO qud)epeHIiaabHOro
PIBHSHHS ~ JApPYyroro  MOpSAKY 31 CcTamquMud  KoeirieHTamu
y"+2y'+3y=0 y(0)=0, y'(0)=1.

(. 3Haiitu 3araJbHUN PO3B’ 30K JIHIAHOTO HEOHOP1THOTO
nudepeHITiaTbHOTO PIBHSHHS JPYToro MOPSIAKY:

a) y'—y=1+x;b) y'+4y=cos2x;
" , 1
) y'+2y +2y=——-.
€ SIn X

8. 3HaliTh 3aranbHUIl  pPO3B’SA30K CHUCTEMM JHHIMHMX  OJHOPIJIHHUX

nudepeHIliaTbHUX PIBHSIHB

{X:—Bx— Y,
y=X-y.
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BapianT 9

X

, _ 1
ITokazatu, mo 3amaHa o¢yukuis Y =Ce 2X +§e € PO3B’SI3KOM

nudepennianbHoro piBHsaHHL Y + 2y = eX.
BcraHoBUTH THN Ta 3HAWTH 3araldbHHUA PO3B’SA30K Ju(epeHIliaTbHIX
PIBHSIHB TIEPIIIOTO MOPSIIKY:
a) (3y—1)dx—xdy =0;b)xy'= xtgl+ Yy
X
c) yﬁ+2y::4x;deydx+(xey——2y)dy:=0;

2
e)y+—y= x4y2.

X
Po3p’sa3atu 3amauy Komi st miHiiHOrO AuGepeHIialbHOr0 piBHSAHHS
nepioro nopaaky: Y — Y C0SX =Sin 2x, y(O) =-1.

3HANTH 3arajJbHUN PO3B’SI30K AJI AUPEPEHIIATBHOTO PIBHSHHS BHUILOTO

HOPSAIKY: y'V = COS3X + X°.

3HaliTH  3aradbHUM  PO3B’SI30K Il JIIHIMHOTO  OJHOPIJIHOTO
nudepeHIliaIbHOr0  PIBHAHHS ~ JPYroro  MOPSIAKY 31  CTAIUMH
xoedimienramu Y’ +5y —6y=0.

Po3B’s3aTu 3agauy Kot a1 1iHIHHOTO OTHOPITHOTO AU(EpEHIIaIbHOTO
piBHSHHS Apyroro mopsaky 3i craimmu koedimienramu Y +9y =0
y(0)=2,y'(0)=3.

3HalTu 3arajibHUAM PO3B’SI30K JHIAHOTO HEOJTHOP1THOTO

nudepeHiaIbHOr0 PIBHSHHS JPYroro MopsaKy:

a) y”—y:x2+2;b)y”+2y'+5y:4sin2x ;

1
C) y"—3y'+ 2y =——X'
9+e
3HalTH 3arajJbHUM  PO3B’SA30K CHUCTEMH JIHIMHMX  OJHOPIJIHHX
nudepeHIialbHUuX PIBHSIHb

X=X-Y,
y =—-4x+4y.
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BapianTt 10

1. Tlokasatu, mo 3agaHa (QYHKIis y:2x5 +C ¢ po3B’sa3kom

dy

IuQEepeHLiaTbHOTO PIBHAHHS = dXx.

10x*

2. BcraHoBUTH THN Ta 3HAWTU 3arajibHU PO3B’SI30K AUQPEpEHIIATBHUX

PIBHSIHB MIEPILIOTO MOPSIIKY:

a) (1+ xz)-dy—xll— y? - xdx =0: b) xy'cos% - ycos%—x;

0) Y +2y =x2+2x:d (5x2—y)dx—xdy:0;

e) y' +2y=eXy?

3. Posp’s3atu 3amauy Ko aas miHiMHOTO audepeHIliaabHOro piBHSIHHS
nepimoro nopsky Y + Xy = —x°, y(0) = 3.

4. 3HalTH 3arajJbHUAN PO3B’ 30K A AUGEPEHIIATBHOTO PIBHSAHHS BUILOTO
nopsaky: Y = x? +5e2X.

5. 3maiftm  3aragbHUN  PO3B’A30K IS JIHIAHOTO  OJHOPITHOTO
nudepeHiadbHOro  PIBHAHHS ~ IPYroro  MOPSIAKY 31  CTAJIUMH
xoedimiearamu Yy + 2y —3y =0.

6. PosB’s3atu 3amagy Komri 11st miHIHHOTO OAHOPIAHOTO UG EPEHIIaTbHOTO
PIBHSHHS ~ JPYroro  MOpSAKY 31  CTalUMU  KoedillieHTaMH

y"—=2y'+2y=0, y(0)=1y'(0)=2.
7. 3Haiitu 3arajibHUAM PO3B’SI30K JHIAHOTO HEOJIHOP1THOTO
nudepeHiaIbHOr0 PIBHSHHS JPYroro MopsaKy:

a) y'+2y' =3x+5;b) y'+y=2c0sX;

c) y'—6y +8y= :
1+

8. 3HailTm 3aradbHUN  PO3B’SI30K CUCTEMHU  JIHIMHUX  OJHOPITHUX
nudepeHIliaTbHUX PIBHIHB
Xl = 2X1 + X2,
Xz = 3)(1 + 4X2 .

88



BapianT 11

1. Tlokasarn, mo ¢ynxuis Y =C;C082X+C,SIN2X e pos3s’saszkom
BifnoBigHOro AudepentiansHoro pisusaaasa Y — 2y +2y =0.

2. BcraHoBUTHM THN Ta 3HAWTH 3arajJbHUN PO3B’A30K TU(EpeHIliabHUX
PIBHSIHB TIEPIIOTO MOPSIIKY:

a) (€% +5)dy + ye?Xdx =0:b) Xy’ = /x> + Y2 +y :
¢) Y + ytgx =cos? x: d) 2(3xy? + 2x3)dx + 3(2x%y + y?)dy =0 ;

e) Xy'+y= xyz.
3. Posw’s3atu 3amauy Komni ans miHiiiHOTO audepeHIiabHOTO PiBHIHHS
neporo nopsaaky Y — Yy C0sX =—sin2x, y(0) = 3.
4. 3HalTH 3arajibHUN PO3B’ 30K I JudEepeHIiadbHOTO PIBHSIHHS BUIIIOTO

"

nopsaky: Yy = 4x3 + 2sin5X.

5. 3mailTm  3aradbHUN  PO3B’A30K I JIHIAHOTO  OJHOPITHOTO
IudepeHiadbHOro  PIBHAHHSA ~ JPYroro  MOPSIAKY 31  CTAJIUMH
xoedimiearamu y' +3y' —4y =0.

6. Po3p’s3atu 3amaqy Komri 1y1st TiHIHHOTO OTHOPITHOTO Ir(epeHITiaTbHOTO
PIBHSIHHS Apyroro mopsiaky 3i crammmu koedimienramu Y —3Yy =0,
y(0)=0, y'(0)=-3.

7. 3nHailtu 3arajJbHAN PO3B’ 30K JIHIAHOTO HEOJIHOPIAHOTO
nudepeHIliaIbHOTO PIBHSHHS JPYTOro MOPSAKY:

a) Y +4y =sin2x;b)y" +2y +y=x*+6X ;

4o 23X

2X
2+e
8. 3maiiTm 3arajdpbHUA PO3B’SA30K CHCTEMH JIHIMHMX  OJHOPITHUX

c) y'+6y +8y=

nudepeHIiaIbHUuX PIBHSIHb
XZ = Xl + 3X2 .
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BapianT 12

1. Ilokasaru, 1o 3agaHa QyHKOig Y = Clex —Cze_x € PO3B’A3KOM
mudepenmiansroro pisasaas Y — Y =0,

2. BctaHOBUTH THI Ta 3HAWTH 3arajlbHUKM PO3B’S30K JHU(EpeHIiaIbHUX
PIBHSIHB TIEPIIIOTO TOPSIKY:

2
2) y(4+e*)dy—e*dx=0;b)2y =L +6L+3;
X X
¢) y' —4xy =—4x3; d) (y> +cosx)dx + (3xy? +e¥)dy =0;
&) y' +y=xy°.

3. Posp’s3atn 3amady Komr i nmiHIHHOTO AM(EpEeHLialIbHOTO PiBHAHHS

nepIoro nopsaky Yy’ — Y y =eX(x+1),y(0) =1.
X+1
4. 3HaiiTy 3aranbHU Po3B’sA30K 118 JU(EPEHLIATBHOIO PiBHAHHS BUILOIO

nopsiaky: y" = X2 +e3%,

5. 3HaliT  3aragbHUi  PO3B’A30K I8 JIHIMHOTO — OZHOPIAHOIO
nudepeHiadbHOr0  PIBHAHHS ~ JAPYroro  MHOPAIKY 31  CTallUMU
.« . " !
xoepimientamu Y +9y —-10y =0.
6. Po3p’s3atu 3agadyy Komni ayis TiHIHHOTO OZHOPIAHOTO AM(EPEHIIaTEHOTO

piBHSIHHS Apyroro mopsaky 3i crammmu koedimientamu: Y —4y =0,
y(0)=3,y'(0)=2.

7. 3naiitn 3arajibHAM PO3B’SI30K JTIHIAHOTO HEOJITHOPIAHOTO
nudepeHIiaTbHOro PiBHAHHS Apyroro nopaaky: a) y' + 2y +5y = 32
b)Y =y =2x;¢) y'+9y=9/sin3X.

8. 3maiitn  3aranpHMI  PO3B’A30K CHCTEMM JIHIHHMX  OJHODPIJHHX
nudepeHiaIbHUuX PIBHSIHB

Xz :3X1+6X2.
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BapianT 13

1. TTokazaTu, mo 3aaaHa GyHKIS Y = X% ¢ PO3B’A3KOM TH(EPEHITIATBHOTO

. ' 3
pisusHEg Y'Y = 2X°.
2. BcraHOBUTH THUI Ta 3HAWUTH 3arajJibHUN PO3B’S30K JU(EepeHIIaTbHUX
PIBHSIHb NIEPILIOTO MOPSIIKY:
2

a) Yl+Iny)+xy'=0;b) 4y’=y—2+1ol+5;
X X

0) y'—ycosx=-sin2x;d)y +2xy = 2x°y’;
e) (3x2y +2y +3)dx + (63 + 2x + 3y?)dy =0,

3. Po3p’s3atu 3amauy Komri anms miHifHOTO MudepeHIianbHOTO PIBHSIHHS

nepioro nopsaky Y —4xy = —4x3, y(0) = —%.
4. 3HailTH 3araJibHUI pO3B’SI30K AJIs TU(PEepEeHLIaTbHOTO PIBHSIHHS BHILOTO
nopsaxy: Y = X +Sin2X.

5. 3HaiiTu 3aragbHUM  PO3B’SA30K  JUIA  JIHIKHOTO  OJHOPIJIHOTO
nudepeHIiaJbHOTO PIBHSHHS JIPYTOTO MOPSIIKY 31 CTATUMHU Koe(illieHTaMu
y'-9y=0.

6. Po3p’s3aTu 3amauy Komri amst AiHIHOTO OAHOPIAHOTO AUGEPEHIIaTbHOTO
PiBHSHHS Pyroro mopsaky 3i cramumu koedinienravm: Y +3y —4y =0,
y(0)=1,y'(0)=2.

7. 3HalTH  3araJibHUM  PO3B’SI30K  JIHIMHOTO  HEOJHOPITHOTO

v epeH1aTbHOr0 PIBHSHHS APYroro mopsaKy:

a) Y'+2y' +5y=2sinx;b) y”—y’:4x2+2;

c) y'+9y=

Cos3xX

8. 3nHailTu 3araJibHUA PO3B’S30K CHUCTEMH JIHIAHUX  OJHOPIIHUX
nudepeHIliaTbHUX PIBHSIHB

Xl = 4X1 - X2,

Xz = Xl + 2X2 .
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BapianT 14

. 2X
. Ilokazarn, mo 3amana ¢yuxmis Yy =Ce €  PO3B’SA3KOM
. . r !
nudepenniansHoro pisaaHEsa Y —3Y +2y =0.
. BcranoButn THI Ta 3HAWTH 3araJibHUN PO3B’SI30K AU(EpeHIIaTbHIX

PIBHSIHB MEPILIOTO MOPSIKY:
a) 3(x2y +y)dy ++4/2+ yzdx =0;b) (3x2 — yz)dx— 2xydy =0;

¢) Y — ycos x =sin2x; d) 3x%eYdx + (x°e¥ —1)dy =0;
&) 4y' + X3y = (x5 +8)e 2Xy2.

. Po3B’s3atu 3amauy Komni ang miHiHHOTO MudEpeHIiaabHOTO PIBHSIHHS
nepioro mopsaky Yy + y_ 3x,y() =1.
X

. 3HANTHU 3arajJbHUN PO3B’SA30K NS TU(PEPEeHLIATBHOTO PIBHSIHHS BHUILOIO

HOPSAIKY: y’” = X2 + ezx.

. 3HaWTH  3araJibHUM  pPO3B’S30K IS JIHIMHOTO  OJIHOPITHOTO
nudepeHIliaJbHOTO  PIBHSHHS — JIPYroro  MOPSAKY 31 CTaluMu
koedinientamu Y —4y' +4y =0,

. Po3p’sa3atu 3anauy Kol 1151 JTiHIMHOTO OAHOPIAHOTO AU(DEpPEHIiaTbHOTO
PIBHSIHHSI IPYTOTO MOPSIIKY 31 CTAIMMH Koe(iIli€eHTaMu:

y"+4y'-5y=0, y(0)=1y'(0)=2.

3HaTH  3araibHUM ~ PO3B’S30K  JIHIMHOTO  HEOJHOPIAHOTO

nudepeHIiaIbHOTO PIBHSHHS JPYToro MOPSAKY:

a) V' +49y =2c0sX:b) V' —y' =2x%:c) y" +4y = 4ctg2x.

3HallTH  3arajJibHUA  PO3B’SI30K  CHUCTEMM  JHHIMHUX  OJHOPIIHUX

nudepeHIliaIbHuX PIBHSIHB

Xl = —7)(1 + X2,
XZ - —2)(1 —5)(2.
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BapianT 15

. Iloxazaru, 1o 3agana GyHkIis Y = xe¥ e PO3B’S3KOM TH(EPECHITIATHBHOTO
piBusuasa Y — 2y +y =0.

. BcranoButn THI Ta 3HAWTH 3araJibHUN PO3B’SI30K AU(EpeHIIaTbHIX
PIBHSIHB TIEPIIIOTO MOPSIIKY:

2

a) \/5+ y2dx+4(x2y +y)dy =0;b) 3y’ = y_2 +1OX +10;
X X
)y + 3 _ %; d) 3x%eYdx + (x°e¥ —1)dy =0;
X X

e) 2y'+ ycosx =y rcosx(l+sinx).
. Po3B’s3atn 3amauy Komni ang niHIAHOTO IudEpeHUIaTbHOTO PIBHAHHA
TIEPIIOTrO MOPSIKY (X + y) y' =y-2xYy@Q=0.

. 3HAlTU 3arajJibHU pPO3B’S30K JU(EpPEHIIaTbHOTO PIBHSIHHS BHILOTO

2

nopsaaky: Y= X ° +sin3X.

. 3HaWTH  3araJibHUM  PO3B’S30K IS JIHIMHOTO  OJIHOPITHOTO
nudepeHIliaJbHOTO  PIBHSHHS — JIPYroro  MOPSAKY 31 CTaluMHu
xoedinientamu Y — 6y +9y =0.

. Po3p’sa3atu 3anauy Ko 1715 TiHIMHOTO OAHOPIAHOTO AU(DEpEeHIiaTbHOTO
PIBHSIHHSI IPYTOTO MOPSIZIKY 31 CTAIMMH KOoe(iIlieHTaMu:

y"+4y'-5y=0, y(0)=1 y'(0)=3.
. 3HalTH 3arajibHUM PO3B’SI30K JHIAHOTO HEOJIHOP1AHOTO
nudepeHIiaIbHOTO PIBHSHHS JPYTroro MOpsaKy:

a) y"'+9y =cos3x;b) y"' + V' =3x%;
c) y"—3y'+2y:1/(3+e‘x).

. 3HalWTH 3araJbHUM  PO3B’SI30K CHCTEMH JIHIKHMX  OJHOPIIHHX
nudepeHiaIbHUuX PIBHSIHB

XZ :3X1+X2.
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. Ilokazatn, 1m0 3amaHa  QyHKIISA y:tgx+C € PO3B’SI3KOM

. . 2
mudepentiansroro pisgsaas  dX —C0S“ X-dy =0.
. BCcTaHOBUTM THN Ta 3HAWTH 3arajbHUN PO3B’A30K AU(EpEHLiaTbHUX

PIBHSIHB TIEPIIOTO MOPSIIIKY:

, , X+y°
a) y=ylny; b) y = ;
2XYy
c) Yy — ytgx =1; d) e¥dx +xe¥dy =0;

&) Y+ Y=y *cosx.

. Po3B’s3atn 3amauy Komn ang niHIAHOTO IudeEpeHUIaTbHOTO PiBHAHHA
3
HEPILIOTO MOPSIKY (1+ X2) Y +2Xy =X, y(l) = Z

3HaTH 3araJibHU  PO3B’A30K A JTU(EpPEHIIaTbHOTO  PIBHSHHA
YETBEPTOT0 NOPSIKY: y'V = X2 +5%.
3HalTH 3aradbHUN PO3B’ 30K JIHIHHOTO OAHOPIAHOTO AU EpPEHITIaTbHOTO
PIBHSIHHSL ~ APYroro nopanKy 31 CTAIMMH  KoeQillleHTaMH
y"+2y' -3y =0.
Po3B’s3aTu 3agauy Kol aiis TiHIAHOTO OJHOPIAHOTO AU(eEepeHITiaTbHOro
PIBHSHHS ~ JPYroro nopsAnKy 31 CTAIMMH  KoedillieHTaMu
y"—-6y'+10y =0, y(0)=3, y'(0)=11.
3HalTH 3arajibHUM PO3B’SI30K JTHIAHOTO HEOHOP1AHOTO
nudepeHiaabHOro PIBHAHHS APYTroro MOpsaKy:
a) y' -y =3e*; b) y' =2y +2y =e*cosX;
X
" ! e

oy -2y +y=—.
X
3HalTH 3arajJlbHUM  pPO3B’SA30K CHUCTEMM  JINHIHHUX  OJHOPITHUX
nudepeHIliaTbHUX PIBHSIHB

X=2X-Y,

y=X+2Y.
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Bapianr 17

. Ilokazatn, mo 3agaHa QyHKIIA y=e2x +C ¢ posB’saskom

. . " ’ 2X
nudepennianbHoro pisusHag Y — 3y =—28°7,
. BcranoButn THN Ta 3HAWTH 3araJibHUN PO3B’SI30K AU(EpEHIIaTbHIX
PIBHSIHb NIEPILIOTO MOPSIIKY:

a) y' +e° *(y+1)=0 by y=2= S|-X5 Y.
y  x* x
: 1 2 20y — -
c) Y+ y_s— d)(2xy 4—x)dx+—2x ydy =0;
xInx

e)y“—2yﬂn2x::y COS 2X.

. Po3B’s3atn 3amauy Komni ang niHIAHOTO IudepeHUIaTbHOTO PiBHAHHA
1

nepuoro nopsaky Y —— Y = Xe*, y(1) =e.
X

. 3HaWTH 3araJibHUi pO3B’ 30K I NU(EpEeHIIaIbHOTO PIBHIHHS TPETHOTO

nopsaky: Y = 263X —sinx.

. 3HaWTH 3araJbHUMA PO3B’ 30K JIIHIKHOTO OJHOPITHOTO JHU(EpEeHITIaTbHOTO

PIBHSHHS ~ JAPYyroro  MOpSAAKY 31 craquMud  KoedirmieHTamMu
y"—2y"'+5y=0.

. Po3B’s3atu 3amauy Ko 1151 JTiHIMHOTO OZHOPIMHOTO AU(EpEHINaTbHOTO

piBHSHHS Apyroro mopsjaky 3i cramumm koedimientamn Y —3y' =0,

y(0)=2,y(0)=

. 3HanTH 3araJbHUN PO3B’ 30K JIHIAHOTO HEOHOP1THOTO
nudepeHIiaTbHOTO PIBHSHHS IPYTOTo MOPSIKY:

a) Y'+6y +9y=sinx;b) y'—y =xsinx;

—X

c) y'+3y' +2y= 4e

X
6+e
. 3HaWTH 3araJbHUN  PO3B’SA30K CHCTEMH JIHIMHUX  OJHOPITHUX
nudepeHiaIbHUuX PIBHSIHB

X=2X+Y,
y=3x+4y.
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Bapianr 18

. 2 )
. Iokazatn, mo 3amana ¢ymkmis Y =+v1+X € PpO3B’A3KOM

mudepenniansaoro piBHsHAs XYdX — (1+ x? ) -dy =0,

. BcranoButn THMN Ta 3HANTH 3aradbHUN PO3B’SI30K AU(EpeHIiaTbHIX

PIBHSIHB MEPIIOTO MOPSIKY:

y2
a) Xy'+y=4;b) y'=——;
X° — Xy
5 1
c) y’—;y:ex;d) (x2+y)dx+(x+ y)dy =0;
e) Y —y=—xy°.

. Po3B’s3atu 3amauy Komni ang miHiHOTO OudepeHIiaabHOTO PIBHSIHHS
nepmioro nopsaaky Y + ytgx = (X +1) COS X, y(O) =3.

. 3HaliTH 3arajJbHUA PO3B’SI30K A AUGEPEHIIATbHOTO  PIBHSHHS

3 Lsin2x.

YETBEPTOT0 NOPSIKY: y'V =X
. 3HalTH 3arajbHU PO3B’A30K JIHIHHOTO OJAHOPIAHOTO AU EpPEHITIaTbHOTO
PIBHSIHHS ~ APYroro NopsiIKy 31 cTanuMu  KoedilieHTaMH
y'+7y'+6y=0.

. Po3B’s3atu 3agauy Ko qyist AiHIHHOTO OMHOPIAHOTO AUQEPEHITIATBHOTO
PIBHSIHHS ~ APYroro NopsiiKy 31 cTanuMu  KoedilieHTaMH

y"—2y'+26y=0, y(0)=-1y'(0)=4.

. 3HalTH 3arajbHUM PO3B’SI30K JTHIAHOTO HEOJIHOP1THOTO
U epeH1aTIbHOr0 PIBHSHHS JPYTroro MopsiaKy:

a) y'+Yy =cosx;b) y"+9y =(x+1)sin3x;

eX

Q) Yy =2y’ +y=—.
X

. 3HAlTH  3araJibHUii  PO3B’SI30K  CHUCTEMM  JIHIMHUX  OJHOPIIHUX

nudepeHIliaIbHUuX PIBHSIHB

X=X+ 3y,
y = X+D5Y.
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. Ilokazatn, mo 3agaHa  QyHKIA y:Ccosx €  PO3B’SI3KOM
mudepennianbHoro piBasaaas Ay + yigx-dx =0.

. BcraHoBUTM THUN Ta 3HAWTH 3arajlbHUM pPO3B’SI30K JAUdEpeHIaTbHUX
PIBHSIHB TIEPIIIOTO TOPSIKY:

a) y'+X\/y—9=0;b)y':_X;2y‘ ;
) y“*Xy::XZJd)(Xy2-2x)dxf+(y4—x2y)dy::0;

&) Y + 2%y = Xy2.

. Po3B’si3atu 3amauy Komr juist nmiHiHOTO AUQEpEHIIATBHOTO PIBHIHHS
Teporo nopaaky y — Yy = e (X +1), y(O) =1.

. 3HAUTU 3araJlbHUil PoO3B’SA30K ISl JU(EpPEHUIaTbHOTO  PIBHSHHSA

V=31 x3+1

YETBEPTOro NOPAAKY: Y
. 3HaWTH 3arajJibHUI PO3B’SI30K JIHIHHOTO OJHOPITHOrO AU(dEpPEHIiaTbHOTO
PIBHSHHS ~ JPYroro nopsAnKy 31 CTAIMMH  KoedillieHTaMu
y"+4y" +5y=0.

. Po3p’sa3atu 3anauy Kot ajist 1iHIHHOTO OTHOPITHOTO AU(EPEHIIATIBHOTO
PIBHSHHS ~ JPYroro nopsAnKy 31 CTAIMMH  KoedillieHTaMu

y"—2y'-15y=0, y(0)=3,y'(0)=7.

. 3HaWTH 3arajibHAM PO3B’SI30K JIHIAHOTO HEOJHOPIAHOTO
nudepeHIliaIbHOTO PIBHIHHS APYTOro MOPSAKY:
_ 1
a) y' -3y —4=e"%;b) y'+9y' =xe’*;¢) Y-y’ = .
e" +1

. 3HAUTH  3araJibHUM  PO3B’A30K CHUCTEMHM JIHIMHMX  OJHOPIAHHUX

nudepeHIliaTbHUX PIBHIHB
X=X-2Y,
y =Xx+3y.
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. Ilokazatn, 1m0 3amaHa  QyHKIISA y=CSII’1X €  PO3B’A3KOM
. . l4

nudepeHIiaabHoro piBHsIHHA Y + Y = 0.

. BcTtaHoBuTH THII Ta 3HAWTHM 3arajbHUNA PO3B’SA30K JU(EpPEHITIATBHUX

PIBHSIHB TIEPIIOTO MOPSIIIKY:

a) X y’—(x2 +1)y=0; b) xy’:xsin2 %+ Y;

c) ¥ — ytgx = X; d) (y+xex)dx+(x+ey)dy:0;

e) y' — 2y = y%eX,
. Po3B’s3atu 3amauy Komni ang niHIAHOTO OudepeHUIaTbHOTO PiBHSAHHA
1
TepIoro nopsaky Yy' — y2 =— y(O):O.

COS™ X COS™ X

3HalTH 3arajJibHUd  po3B’A30K Uil  JU(EpEeHLIATBbHOTO  PIBHSAHHSA
YETBEPTOIO HOPSIKY: y'V =sin 2X — cos 3X.

. 3HaWTH 3arajJbHUM PO3B’SA30K JIHIMHOTO OAHOPIMHOTO AUEpPEHIIaTIbHOTO
PIBHSIHHS ~ APYroro NopsiIKy 31 cTanuMu  KoedilieHTaMH
y'+4y'+13y =0.

. Po3B’s3atu 3agauy Ko qyist AiHIRHOTO OMHOPIAHOTO AU(EPEHITIATBHOTO
PIBHSIHHS BHILIOTO MOPSAAKY 31 CTaJIMMH KoepirieHTaMu

y'+y'-12y=0, y(0)=2, y'(0)=-15.

. 3HauTH 3araJbHUN PO3B’ 30K JIHIAHOTO HEOHOPITHOTO
nudepeHIiaIbHOTO PIBHSHHS JPYToro MOpsSAKY:

a) y'—y=2e%;b) y' -3y +2y = xe?¥;

1
) Y'+2y +2y=—"".
e"sinx
. 3HaWTH 3araJbHUN  PO3B’SA30K CHCTEMH JIHIKHMX  OJHOPIJTHHX
nudepeHiaIbHUuX PIBHSIHB

X=Xx-2Y,
y =X+ 3y.
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JonaTkoBi 3a1a4i 10 IHAMBIAYAJbHUX 3aBaHb
3apava 1 (3amaya mpo OX0JIOKEHHS T1J1a)

[TouyaTkoBa Temmeparypa Tina 100° C. 3a 20 XB TiIl0O OXOJNOAUIOCH 10

80" C . TemnepaTypa HABKOIHIITHBOTO CEPEIOBUINA (10 + n)° C.

a) 3a sxwuii yac tino oxosone go 40" C?
6) o sixoi TemmnepaTypu TiJ10 oxosioHe 3a 30xB?

3anaua 2 (3aaua npo po3KIIaa TOKCHYHOT PEUOBUHU)

[TpoTsirom 20 nHiB po3magaeThes 50% Bif MOYATKOBOT KIIBKOCTI TOKCUYHOT
PEYOBHHH.
@) 3a KU Yac 3aMIMThCA N % Bij] MOYATKOBOI KIJTBKOCTI?
0) Slkuii BiZICOTOK PEUYOBHHU 3aIHINUTHCS Yepe3 (4+Nn) aHiB?

3agaua 3

VY 6ak, mo mictuth 30 J1 BOJAU, HEMEPEPBHO HAAXOAUTH PO3YMUH, IO
MictuTh 0,2 Kr coJl, 31 MIBHIKICTIO N JIITPiB 32 XBUIUHY. PO34MH nepeMinryeTbes
3 BOJIOIO 1 CyMIIII BUTIKA€ 3 0aKy 3 TI€IO K MIBUAKICTIO.

a) Ckinbku coi Oye B Oarri uepe3 10 XBUJIMH MTIC/IsI TOYATKY MPOIECy?
0) 3a KUl yac KOHILIEHTpallis coi B Oarl cranoButume 15%7?

3anaua 4 (3a1a4a 1po BEHTUIALIIO MPUMIILIEHHS )

YV npumitnenni 06’ emom (100+n) m* micturses 0,2% CO,. Benrunstop

nogae 10 M3 y XBunmuHy uncTOro nosirps, axe Mictuth 0,04% ByTTIEKHCIIOrO rasy.

3a sikuit uac konuentpauis CO, y nositpi npumimenns cranosutume 0,08%?
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