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Beryn

Tema «/IludepeHmianbHl pIBHIHHMD € BAKINBOIO YaCTHHOIO KYpCy
BHILO1 MaTEeMaTUKH. HudepenuianpHi PIBHSIHHS HIMPOKO
3aCTOCOBYIOTHCSI JIJII BHUPIIICHHS 3a7a4 MPUPOJHUYMX, TEXHIYHUX Ta
€KOHOMIYHHUX HayK.

Y cydacHOMy CBiTI, JI¢ aKTHBHO pO3BHBAIOTHCS TEXHOJOTII
MPOEKTYBAHHS, MOJICTIOBAHHS i YNPABIiHHS CKIAJHUMH 1HXKECHEPHUMU
CUCTEMaMH, Jis MallOyTHIX ¢axiBLIB y ramxy3i OyAIBHULITBA 1 [IUBLIBHOT
1HKEeHepll HaA3BUYAWHO BAXJIMBUM € PO3BUHEHHS MaTEMaTUYHOTO
MUCJIEHHSI Ta BOJOJIHHA (yHIAMEHTAJIbHUMU  MaTEeMaTUYHUMHU
3HaHHSAMU. OcoOnuBe 3HAYEHHA Ma€ pO3YMIHHS Ta 3aCBOEHHS
MaTeMaTUYHUX METOAIB 1 CHOCOOIB CKJIaJaHHS 1 pO3B’A3yBaHHsA
nudepeHIliaTbHUX PIBHSAHB, SK1 JAaIOTh 3MOTY MaTEMAaTHYHO OIMKMCYBaTH
W aHamizyBaTH JWHAMIYHI TIPOLIECHM B peaJbHUX IHXKEHEPHUX 1
OPUPOJHUX CHCTEMaX, W0 3MIHIOIOThCA B 4aci abo MpoCTopi.
HudepeHuianpHi  piBHSAHHSA 3a0€3ME€UyIOTh MOXJIMBICTh MOOYA0BU
IMHAMIYHUX MaTeMaTHYHUX MO MOCHII)KYBaHUX PEATbHUX SIBUIIL
abo TporIeciB.

JudepeHnuianpHi pIBHIHHS IIUPOKO BUKOPUCTOBYIOTHCS B 3a7a4ax
OyniBelabHOI Taiy3l, a camMe JUIS  MOJICJIIOBaHHS  MPOIIECIB
TEIUTIONPOBIIHOCTI, Aeopmariiii 1 KoJuBaHb OyAIBEIbHUX KOHCTPYKIIIH,
pO3paxyHKIB HaBaHTaXeHb, (DUIbTpaIlii TPYHTOBUX BOJ, 3MiH PeIbe]y
MICIIEBOCTI, 3HAXOJ/KEHHS TEOJIC3UYHUX JIHIA, Yy TIe0Je3UYHUX
BUMIPIOBAHHSIX 1 0araTboX I1HIIUX 3aJa4ax, Kl BUPIIIYIOThCA (paxiBIsIMU
OyIiBeIbHOI Ta TeOoNMpOCTOPOBOi Tamy3ed. PO3yMiHHS CyTHOCTI IHX
pIBHSIHb Ta BMIHHS iX pO3B’A3yBaTH J1a€ 3MOTY HE JIMIIE BUKOHYBAaTH
po3paxyHku, ane ¥ (¢GOpMyJIIOBATM BUCHOBKM W00 MOAAIBIIOL
MOBEJIIHKUA 00’ €KTIB 1 MIPOIIECIB Y Yaci Ta MPOCTOPI.

MeTtorw HaBUYaJbHOrO MOCIOHWKA € (OpPMYBaHHS Yy CTY/CHTIB
CUCTEMHOI'O YSIBJIEHHS MpPO OCHOBHI MOHATTSA, METOAM Ta MNpUHOMHU
pO3B’sA3yBaHHS IU(PEPEHIIAIbHUX PIBHSAHb PI3HUX THUIIIB Ta CHCTEM
audepeHladbHUX pIBHSIHB, HEOOXiIAHI Uil YCHIIIHOTO 3aCBOEHHS
3arajlbHUX TEOPETUYHUX 1 CIeIIaTbHUX JUCIUIUIIH, MepeadadueHnx
HaBYAJILHUMH [IPOrpaMaMu OyAiBeJIbHUX CHEI1aIbHOCTEH.



HapuanpHuii  MOCIOHHMK  CKJIAQMA€ThCSI 3 TPhOX  PO3ILIIB:
audepeHIianbil  PIBHAHHS — MEPIIOTO  TOPAAKYy, AudepeHIianbHi
PIBHSIHHSI BUIIUX MOPSAIKIB Ta CUCTEMU JU(EPEHUIATIbBHUX PIBHAHb. Y
KOXKHOMY PO3JUI TIOJJaHO TEOPETUYHHH Marepiaj, SKHH OXOILIIOE
OCHOBH1 TIOHSITTS TE€MH, O3HAYECHHS, TBEP/UKEHHS Ta TeopeMu. [is
KOXXHOT TE€MHU HaBEJIEHO NPHKJIAAN PO3B’sI3yBaHHS THUIOBUX 3adad 1
BIIPaBH 11 CaMOCTIMHOTO ONpAIfOBaHHS, IO CIPHUSE PO3BUTKY
MaTEMaTHYHOTO MHCIICHHs, HABUYOK CHCTEMHOT'0 aHaTi3y Ta 3JaTHOCTI
710 MPAKTUYHOTO 3aCTOCYBAHHS HAOYTHUX 3HAHb.

3a pesynbpTaTaMu BUBUEHHA po3auTy «JludepeHiianbHi piBHIHHI
TUCITUTUTIHY «BuIia MaTeMaTuKay CTyJeHTH TOBHUHHI

3HATH:

> OCHOBHI TIOHATTS ¥ O3HA4YeHHS Teopli audepeHIIaTbHIX
PIBHSIHB TIEPIIIOTO MOPSIIKY;

# MOHATTA JU(EepeHIIATbHUX PIBHSIHB 13 BIJOKPEMIIIOBAHUMU
3MIHHUMHU W OJHOPITHUX AUdEepeHIiaIbHUX PIBHSIHb MEPIIOTro
MOPSIZIKY;

#= METOAW PO3B’sA3aHHS JHIMHUX Au(EpeHIliaIbHUX PIBHIHb
NEPIIOro MOPSAKY, PIBHSHb bepHyiull Ta piBHSAHb y MOBHHUX
nudepeHItianax;

= (opmynmoBaHHs 3amaul Komrl nis audepeHIiaibHUX PIBHSHD
MIEPIIOTO MOPSIKY;

¢ OCHOBHI TIOHSTTA, O3HAYECHHS Ta BJIACTUBOCTI
audepeHIlaTbHUX  PIBHSAHb  BHUIIMX MOPSJKIB, 30Kpema
JTHIMHUX audepeHIiaTbHUX PIBHIHB BUIIUX IMOPSJIKIB;

{* METOJ] PO3B’A3aHHS OJHOPIAHUX AUQPEPEHINIATHPHUX PIBHAHD 31
CTAIMMU Koe(illiEHTaMu;

= METOIU PO3B’sI3aHHS JIHIAHUX HEOTHOPITHUX
nudepeHIliaJTbHUX PIBHSIHB;,

{* OCHOBHI TIOHSTTS Ta BIACTUBOCTI CHUCTEeM Au(epeHIlIaTbHUX
PIBHSIHB, 30KpeMa JIHIMHUX cucTeM JU(epeHUIATbHUX PIBHSHbD;

nudepeHIliaJIbHUX PIBHSIHD 31 CTATMMH KOe(DIIll€HTaMHu;



yMiTH:

¢# pO3B’sA3yBaTH AU(epeHIlalIbHI PIBHAHHSA 3 BITOKPEMIOBAHUMHU

3MIHHUMU W OJHOPIAHI AU(epeHiaabH1 PIBHIHHS;
3actocoByBatu Meroa Jlarpamxa Tta Mmerox bepnymni  mo
PO3B’sI3aHHA JMHIMHUX JudepeHIliaJbHUX PIBHSIHB IEPIIOTO
MOPSIIKY Ta PIBHSIHB bepHyi;

po3B’sA3yBaTH  AWQEepeHliadbHl  PIBHAHHS B IOBHUX
audepeniianax 1 qudepeHiiaibii piBHIHHA, 10 3BOASATHCS 10
HUX 3 BUKOPHUCTAHHSM 1HTErPyBaJIbHOI'O MHOKHUKA,
po3B’s3yBaTu 3amauy Komi st audepeHIiaaibHuX PIBHAHD
MEPILIOTO MOPSAKY;

3aCTOCOBYBATU METOTN 3HIKEHHS HOPSIKY 10
nudepeHIliaTbHUX PIBHSIHB BUIUX TOPSJKIB, K1 JOIMYCKAIOTh
TaKe 3HWKEHHS;

pO3B’sA3yBaTH JIIHIIHI OJHOPIAHI Iu]epeHIianbHl pIBHIHHA 31
CTaJINMU KoedilieHTaMu Ta JIHIAHI HEOHOPIJIHI
nudepeHItiaabHi PIBHSIHHS;

po3B’szyBatu 3amaui Komn s nudepeHmiaibHUX PIBHIHD
MEPIIOTO Ta BUILIUX MOPSIKIB;

pO3B’sA3yBaTH CHUCTEMHU JIHIKHUX JuepeHIaNbHUX PIBHAHb
METOJOM BUKJIIOUCHHS,

3acTocoByBatu MeToJ Eimepa 10 po3B’si3aHHs JTIHIMHUX
OJTHOPIAHUX CHUCTEM JU(EepeHIlabHUX PIBHSIHB 31 CTAIUMHU
KoedirieHTamu.



Poznin 1. JU®EPEHUIAJIBHI PIBHSAHHS IMEPLIOIO MOPAAKY

1.1. 3aranbHi BizomocTi npo audepeHuiajabHi pIBHAHHS

JlocnmikeHHs: PI3HOMaHITHUX NOPUPOJHUX SBUII, PO3B’A3aHHSA
MPUKIAAHUX 331a4 (i3UKU, MEXaHIKH, 010JI0T1i, EKOHOMIKA Ta 1HIINX
HayK 9acTo moTpedye (popMambHOTO TOJAHHS W aHai3y AUHAMIKH 3MIH
TAX YA IHIIWX BedWdmH. Hampukmam, Moke TOCTIKyBaTHCS 3MiHA
MOJIOKEHHS 200 TeMrepaTypu Tijla 3 4aCOM, KOJIMBAaHHS PIBHS PIIUHU B
pe3epByapi, PO3BUTOK IIOMYJAIIi IEBHOIO BHAY OakTepiil, 3MiHa
BapTOCTI akuii abo mepedir iHmMX npoueciB. s MaremMaTHYHOTO
MOJICITIOBAHHS ~ TPOIIECIB  BUKOPUCTOBYIOTHCS ~ PIBHSHHA,  SIKI
BCTAHOBIIOIOTh (DYHKITIOHAIBHUI 3B’ 30K MDK HE3QJICKHOIO 3MIHHOIO
(HampuKJIaa, 4YacoM), HEBIJIOMOKO (PYHKIIEIO, sIKa OMHUCYE CTaH abo
MOBEIIHKY JOCIIKYBAaHOI CHCTEMHU, Ta MOXIAHUMHU ITi€l (PyHKINI, sKi
XapaKTEPU3YIOTh MBUKICTh, TPUCKOPEHHS ¥ 1HII 3MIHU CUCTEMHU.

Os3unauennsi.  J[ugpepenyianonum  piGHAHHAM  HA3UBAETHCS

PIBHSIHHS, SKE 3B’53y€ HE3AIEKHY 3MIiHHY X, IIyKaHy QyHKIi0 V= y(X)
Ta ii moximHi ), y",...y("). Judepenitianbue piBHSIHHS 3alUCYETHCS Y

BUIIAA1

F(x,y,y',y",...y(”))=0. (1)

Skmo mykana Qyskuis Y = Y(X) e QpyHkuicro ofHiei 3MiHHOI, TO
TaKe nudepeHiianbHe PIBHSIHHS HAa3UBAETHCS 36UYAUHUM
oughepenyianvuum pigHaHHAM. SIKIIO 1IykaHa (yHKIsA € (QyHKIIEO
KUIBKOX 3MIHHMX 1 PIBHSIHHA 3B’SI3y€ HE3aJIeXKH1 3MiHHI, QPyHKIIIO Ta ii
YaCTHHHI TOXiJHI, TO TaKe PIBHSHHS HA3UBAETHCS OughepenyiaibHum
PDIBHAHHAM )Y YACMUHHUX NOXIOHUX. Y TOAAIBIIOMY PO3TISIATUMEMO
3BUYaliHI  JudepeHIiaibHl  pIBHAHHS 1  Ha3MBAaTUMEMO  1X
ougepenyianoHUMU pPiGHAHHAMU.

Osnavennst. /lopsaoxom oughepenyianvnozo pigHsaAHHSA Ha3UBAETHCS

MOPS0K HAUBUIIOT OX1HOT, 1110 MICTUTHCS B I[bOMY PIBHSIHHI.
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Hampuxmnan,

2

V' —4xy = x° — qudepeHIianbHe PIBHAHHSA IEPIIOTro MOPSAKY,

Y"'+ " =0 - mudepenniansue piBHAHHSA APYTOTO MOPSAKY.

Osnavennsi. Po3ss’sizskom  ougpepenyianvhoco  piensanna (1)
nopsiAKy /7 HasuBaeThesa 7 pasiB AudepeHIiioBHa (QyHKITIS y=0(x),
dKa, OyIy4Yd TIJACTAaBICHOIO B 1€ pPIBHSHHA, MEPETBOPIOE HOro B
TOTOXHICTb.

Hanpuknan,  po3s’sskamu  AUQEPEHIIaTbHOTO  PIBHAHHS
V'+y=0 e ¢ynkuii y=C;sinx+C,cosx, ne C; i C; — nosinbHi
KOHCTaHTH.

[Ipouiec 3HAXOMKEHHS PO3B’SI3KY AU(PEPEHLIaTbHOTO PIBHSIHHS
HA3UBAEThCA  Moro  iwmeepysanuam, a  Tpapik  PO3B’SI3KY

audepeHIlaTbHOTO PIBHIHHS — IHMESPAIbHON KPUBOIO.
3ajaui, 0 NPUBOAATH 10 AU(PepeHUiATbHUX PIBHAHD

3apaua 1. Tino, mo Mae Macy /77, CIOBUTBHIOE CBIM PyX Mif JI1€H0
CIWJIM OIOPY CEpeoBUINA, sIka MPOMOpIIHA KBaJapaTy MIBHAKOCTI V
pyXy Tina. 3HAUTH 3aJeXHICTh LIBHJIKOCTI pyXy TuIa BiJ 4acy, SKIIO

IIBHJIKICTh Tijla Ha MOYAaTKy CIOBiIbHEHHA pyxy Vo =10 wm/c. 3naiitu

IIBUJIKICTh TUJIa 4Yepe3 4 ¢ MICs MOYaTKy CIIOBUIBHEHHS PyXY, SKIIO
gyepe3 2 ¢ MmicIs MMOYaTKy CIOBUIBHEHHS PyXYy MIBUAKICT Tija JOPIBHIOE
S m/c.

Po3p’si3anHs. 3a He3alexHy 3MIHHY BUOepeMo 4ac [, skuii
BIJIPAaXOBY€THCS BiJ] MOYATKY CHOBIILHEHHS pyXy Tina. Toxdl MIBUAKICTH

Tina V € QyHKIi€ro 3MiHHO f, To6TO V= V().

Hexan F,, - cuma omnopy
g . . i
Fou BYs CepeIoBHINA, IO i€ Ha TiIO IiJ Yac Pyxy.
< @ > ) ..
3a ymoBoro F, =—kv", ne k — xoediuient
Puc. 1 MPONOPIIIHOCTI (3HAK MIHYC BKa3zy€ Ha Te,

0 IIBUJKICTH Tija 3MEHINY€TbCs), V —



IMIBUJKICTh TOYKHM B IIed MOMEHT 4acy (puc. l). 3rigHo 3 apyrum

3akoHOM HpioTOHA, pe3ynbTyroua cuia [, Mo Ji€ Ha TUIO B HAMPSIMKY
pyXy Tina, gopiBaioe F =m-a, ne a =Vv'(f) — IpUCKOPEHHS PyXOMOTO

ti1a. OTKe, MaEMO

ma = —kv?;
mv'(t) = —kv* (1) (2)
m@:_k\;z; ﬂ:—idz‘,

dt Vv om

d k
Vv m A% m

OtpuManu nudepeHiiaibHe PiBHIHHA (2), PO3B’SI3KOM SIKOTO €
GyHKIIIS 3a7€KHOCTI MIBUAKOCTI pyXYy Tijia BiJl 4acy

k . c .
L.t+C

k

3uaiinemo koncrauty C Ta , BUKOPDUCTOBYIOUHM yMOBH
m

V(O)=V0 =10 Ta V(2)=5:

v(0)=i=1o, czi;
C 10
1
v(2)=k—1=5’ 2£+i:l’ &:L
2--+7% m 10 57 m 20

OTxe, 3JIKHICTh MIBUAKOCTI TUJIA Bl 4acy 3aa€ThCs PyHKITIEIO

20
)= ——.
Vo) r+2

HIBuaKiCTh TiJa Yepe3 4 ¢ MICIS CIOBIILHEHHS PYXY JOPIBHIOE

20

=1

~ 3,33 wm/c.



3agaya 2. Maca mnapamrytdcrta 3 TapairyToM JOpiBHIOE /71,
[Tapamytuct ctpubae 3 TeniKonTepa 3 MOYATKOBOKO MIBUJKICTIO V).
Onip mOBITPSA M Yac CIYCKYy MapanryTUCTa NPOMOPIIHHUNA HOTo
MIBHJIKOCTI 3 KOS(IIIEHTOM MPOMOPIIIHHOCTI & . BUSHAYNTH 3aI€KHICTD
MIBUIKOCTI CITyCKY MapaniyTHUCTa BiJ 4acy.

Po3B’si3anHs. 3a He3alexHy 3MIHHY BHOepeMo yac [, sKui
BIJIDAaXOBY€THCSI B MOMEHTY CTpHUOKa mapamryTucta. Toai Horo

IIBUJIKICTB CITYCKy V € (QyHKIi€I0 3MiHHOT £, To6TO V = V(7).

7) . .
AR [Tix wac crnycky mapainryTucTta Ha HbOTO J1IOTh
cuna Tsokiaas F,, . = mg (manpsmieHa BHU3) Ta
—>
? lV cuna omopy cepenosuma I, =—kv (6epemo ii 3i
3HAKOM MIHYyC, 00 Cuja HampsiMJieHa Bropy, puc. 2) .
—> Toni piBHOAINHA WX CUII, IO JI€ B HAPSIMKY PyXY

napairyTucTa, JOpIBHIOE

Pnc. 2 F=Fpo.—F,,=mg—kv’

3rizno 3 apyrum 3akoHoM Heiotoma F =ma, ne a=v'(t)
MIPUCKOPCHHS TTapanryTHUCTA.
Otxe, maeMo nudepeHIiaibHE pPIBHSHHS BIAHOCHO HEBiAOMOI1

dbyHKIII1 V(1)
mv'=mg — kv,
Po3B’s13xk0M nudepeHiriabHOro piBHSIHHSA € QYHKITIS

ky
V(f)=Ce m ‘|‘7 CeR.

Ha mouatky pyxy, koiu 7 =0, mapamryTucT MaB MIBUAKICTE V =V

. Bnaiigemo koucrauty C':
mg mg
v =C+—==v,, C=vy
(0)= PR 0"

Takum 4YWHOM, OTpUMANU 3AJEKHICTh IIBUAKOCTI CIIYCKY
napanryTucTa Bij yacy
Kt mg

v(t) = (VO_mT)e m o4 = P
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Bamaua 3. I'padix ¢ynkuii ¥y = f(X) npoxoauts yepe3 TOUKy
(1;2). Koxxna notwuHa 10 rpadika mepetnnae mpsamy ¥V =1 y Toumi 3
aOCIMCO0, IO JOPIBHIOE TMOABOEHIN aOCHMCI TOYKH JOTHKY. 3HAWTH
byHKII1O.

Po3B’s13aHHs.

Hexait M(x;y) — nosimbHa
TOYKa Ha KpHUBIHA, M0 3a/JaHa
pPIBHSHHSIM )V = f(x) (puc. 3).
PiBHSHHS TOTHYHOI, MPOBEICHOI /0
1i€i KpuBoi B Toullli M , Mmae BUTTIS

Y—y=7x)(X-x),

ne X, Y — KOOpAWHATU JIOBUIBHO1

A 4

TOUKH IIPAMOL. 0 X o 2x N
3a YMOBOIO, JOTAYHA
neperunae npamy Y =1 y Toumi 3 Puc. 3
a0CIIMCOI0 2x. OTpumMaeMo
nudepeHItiagbpHe PIBHSIHHS:
dy dy dy dx
1 y—dx(Zx X); xdx—l V; -1 ,
: . C
P03B’SI3KOM I1OTO PIBHAHHS € QyHKIiA V — 1= 2 CeR.

Kpusa npoxomuts 4epes Touky (1;2), tomy C =1. Omxe, mykana

(GyHKIIIS 3aJa€THCS PIBHSIHHAM

y=l+l.
X

KonTpoJubHi 3anuTanHs

1. SIxe piBHSHHS Ha3UBAIOTh MU(EpPEHIIATEHUM?

2. I1lo Ha3UBaIOTh MOPSAKOM NUPEPEHIIATHBHOTO PIBHIHHSA?

3.5ky yHKIi0O HaA3MBAIOTh PO3B’S3KOM JIU(DEPEHLIATBHOTO
PIBHSIHHS?

4. 1llo Ha3uBaIOTh IHTETPAIHHOI KPUBOI JUQPEPEHIIATHHOTO
PIBHSIHHSI?

11



1.2. IndepenuianbHi piBHAHHSA NMEPUIOT0 MOPSAAKY.
OCHOBHI MOHATTS TA 03HAYEHHS

Hudepenuianbae piBHSIHHS NEPIIOTO MOPSAKY Ma€ BUTIIS
F(x,y,9)=0.

SK1110 11€ pIBHSHHS MOKHA 3alTUCaTU Y BUTJISAI
y'=f(xy)), (3)

TO KaXYTb, 1110 BOHO p038 ’s3aHe 8I0HOCHO nepuioi NOXiOHOI.

Jlns Takux piBHSAHB CIipaBesiuBa meopema Kowi npo ichysanus
ma €0uHicmov po38 3Ky ougpepenyianvrozo pieuaunsa. Hexait QyHKIis

f(x,y) BusHauena B jmeskiii Bimkputiii obnacti D - R? 3MiHu cBoix
apryMeHTiB X ta J.

Teopema 1 (mpo iCHyBaHHfI Ta €IMHICTH PO3B’A3KY). SKIIO B
PIBHSIHHI v'=f(x,y) byHKITISA f(x,y) Tta 1i vacTMHHA mOXimHA

of (x,)
oy

1 noBiteHOI Toukn (XsYg) € D icHye enunumii po3s’s3ok V= Q(x)

HeTIepepBHi B JesKiil BinkpuTiit obmacti D mmomman OXy | To

PIBHSIHHSI, BU3HAYEHUMN y JESAKOMY OKOJ1 TOYKH X(, SIKHIl 3aJI0BOJIbHSIE

yMoBy ¢(Xy)= Yo (abo nuumryTs ‘ x=x, _~0). L& ymoBa Ha3MBa€THCS
nOUAMKO80I0 YMOBOI0.

['eomerpuunuii 3mict Teopemu Ko nonsrae B Tomy, 1o B pasi
BMKOHAHHS ii yMOB yepe3 KOKHY BHYTPIilIHIO TouKy (X(; Vo) obmacti D
NIPOXOJIUTH €IMHA IHTETpabHA KPHUBA.

3ajaua 3HAXOMKEHHS pO3B’si3Ky V= V(X) andepeHLiaIbHOrO
PIBHSIHHS, SIKHI 32/I0BOJIBHSIE TOYaTKOBY YMOBY

4 4
F(x,,5) =0, y'=1xy),
abo
y(Xo) = Yo y(Xg) = o
Ha3UBAETHCS 3adauero Kowi.
Hexait D — o6nacTe Ha MUIOLIMHI Oxy, y KOXHIM TOYIll SKOT

3amada Kol ayist pisHaHHS (3) Mae eTMHUN PO3B’SI30K.
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O3HaueHHS. 3aeanrbHUM po38 ’s3KoM OughepeHyiaibHo20 PiBHAHHS
nepuio2o nopsoky B obnacti [ Ha3uBaeTbes audepeHiiioBHa QyHKITIS
v =0(x,C), sxa 3anexuth Big oqHiei oBimpHOT ctanoi C i 330BOJBHSE
TaKi YMOBH:

1) BoHa 3agoBoJibHSIE AudeEpeHIliaibHe PIBHAHHS 3a OYJlb-SIKOi
cranoi C;

2)sxka 0 He Oyja moyaTKOBa YMOBa y(x0)=y0 ICHy€e €JuHe
sgagenns cramoi C=C; Take, mo poss’smok V=0(x,Cy)
33JI0BOJIbHSAE IF0 MOYAaTKOBY yMOBY. BBaxkaeTbcs, mo Touka (Xg;)g)
HAJICXHUTh 00yactTi D, 1€ ChpaBIKYye€TbCs Teopema MpOo ICHYBaHHS Ta
€IUHICTD PO3B’SI3KY.

Axio 3aranbHUN PO3B’SI30K PIBHSHHSA OTPUMAHO B HESIBHOMY
urnangi D(x,y,C)=0, 1o Takuii po3B’sI30K HA3UBAETBCA 3AANbLHULL

IHmezpai.
O3nauennst. Yacmunnum  po3e’saskom  OugepenyianrbHo2o
pi6HAHHA — nepuioco  NopsOKy  HA3UBAETbCs  Oyab-sika  (yHKIS

Y =0¢(x,Cy), sxa orpumana i3 3aranpHoro poss’sisky ¥ =@(x,C) 3a
nesikoro uucnoBoro 3HaueHHs koHcraHth C =Cy. Skmo 4acTUHHMIA
po3B’A30K 3Halinenuii y HesBHomy Buriasagi P(x,y,Cy)=0, 1o 1e
yacmuHHUU inme2pan oughepeHyianbHo20 PiBHAHHI NePUL020 NOPAOK) .

['eomeTpuyHO  3aradpHUNA  IHTErpajdl  BH3HA4Ya€  CIMEMCTBO
IHTErpajbHUX KPUBUX Ha TUIOMMHI OX), SIKE 3aJI€XUTh B1J] OAHIET CTANIO]
C. YacTuHHOMY IHTETpaJly BiJIIOBIJIa€ OJHA 3 KPUBHX I[bOT'O CIMEHCTBA,
o Bu3HauaeThesa nesHuM 3HaueHHaMm cranoi C=Cy Ta mpoxomuts
yepe3 ACsIKy 3aJjaHy TOUKY TJIOIIHHU.

O3HauyeHHs. TOUKH, y SKUX MOPYLIYIOTHCS YMOBU TEOPEMH PO
ICHYBaHHS Ta €JJMHICTh PO3B’A3KY, HA3UBAIOTh OCOOIUBUMU.

Yepe3 ocoOauBYy TOUKYy ab0 HE MPOXOAUTH KOJHA 1HTErpajbHa

KpHBa, a00 MPOXOJAUTh KUJIbKA IHTETPAIbHUX KPUBHUX.

Os3naveHHs1. PO3B’S130K, y KOXHIA TOYIl KOO MOPYUIYIOTHCS
YMOBH €MHOCTI po3B’s13Ky 3aaauil Koiill, Ha3uBa€eTbCsa ocodusuM.
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OcoOnuBHil PO3B’S30K HE MOXKHA OTpPUMATH 13 3arajbHOro
PO3B’SI3Ky 3a KOJHOTO 3HA4YeHHS MOBUIbHOI ctayoi C. MOXIUBICTh
MOSIBU TaKWX PO3B’SI3KIB Ma€ BPAxXOBYBATHUCS IIiJI Yac MEPETBOPECHBb Y
npolieci iIHTerpyBaHHs TU(epeHIIaIbHOTO PIBHSIHHS.

Hexait ¢yuxiis f(X,)) BusHaueHa il HemepepBHAa B JesKiii
obmacti D Ha mmommui OXy. JludepeHuianpHe piBHAHHS MEPIIOTO
MOPSIIKY

V'=f(xy) 4)

BCTaHOBJIIOE 3B 130K Mixk KoopauHaTamu Touku M (x;y) € D i xyroum
e !/ . . . .
Koe(pII[IEHTOM k=tga=y" normunoi mo IHTErpajJbHOI KPHUBOI, IO

MPOXOJUTH Uepe3 110 TOUKY (puc. 4).

yl

AV

Puc. 4 Puc. 5

To6ro pandepeHuianbHe piBHAHHA KOkHiA Toumi (X;))€ D
CTaBUTh Yy BIAMOBIJHICT, HANPSAMOK, SKHH BHU3HAYAETHCS KYTOM
a=arctg y'=arctg f(x,y). lleii HanpIMOK MOKHAa 300pa3UTH
OJIMHUYHUM BEKTOpOM i3 moyatkoM Yy toumi (x;¥)e€D. Omxe,
nudepeHItiaabHe piBHAHHS (4) BU3HAYa€ CYKYMHICTh HAIIPSIMKIB, 1HAKIIIE
KaXy4u, nose nanpsamxie Ha miomuni OXy (puc. 5).

Skmo B neskiit Touni (Xg;)o) gynkuis f(X,)) neperBoproerscs

0

Ha HEBU3HAYCHICTH 6, TO 1 JOBU3HAYAIOTHh 3a HEMEPEPBHICTIO a00

BBA)KAIOTh, 110 B Toulli (X(;)y) MOJe HANMpSMKIB HEBU3HAUEHE, SKIIO

14



¢ynxuito  f(x,y) mHe MoxHa  goBusHaumTH.  Hanpuknan,

, . . sinx .
nudepenLianbHe piBHAHAS ' = y Touni (0;0) mopomxye nanpsm
x
. : : _XT)
takuit, mo 1g0.=1, a nna nudepenuiansHOro piBHAHHA V' =
xX=y

HanpsiM o HeBusHadenuit y Touni (0;0).

[HTerpanbHa KprBa B KOXKHIM CBOiM TOUIll JOTHUKAETHCS 1O OJHOTO
3 BEKTOPIB MOJs HampsMKiB JnudepeHiianbHoro piBHsHHS (4). Tomy
T€OMETPUYHO I1HTETpyBaHHA IU(EPEHIIATIBHOTO PIBHSIHHS TIOJATAE Y
3HaXOJ/KCHHI KpPUBUX, JOTHYHI JO SKUX Yy KOXHIA CBOIM TOYIIl
301rar0ThCsl 3 HAPSMKOM TIOJIS.

Osnavennsi. Kpupa na miomuni OXY, y koxuiii Touui skoi
HaNpsIMOK IIOJIS1 OJJHAKOBUM, Ha3UBAETHCS I30KAIHOIO.

JloTuuHi TIpsiMI BCIX 1HTETPAJIbHUX KPUBHUX IU(EpPEHIIaTbHOTO
PIBHSIHHSL, SIK1 IEPETUHAIOTH 130KJIIHY, Y TOYKaX NEPETUHY YTBOPIOIOTH 3
BicCro abciuc Toi camuii KyT. [30KI1iHM BUKOPUCTOBYIOTH JIJIsl TOOY10BU
MoJIsi HAmpsIMKIB  TU(epeHIiaIbHOTO PIBHSHHS, 3a SKAM MOJKHA
HaOJIM>KEHO MO0y TyBaTH 1HTErPAJIbHI KPUBI.

s nudepeHiianbHoro piBHSHHS (4) pIBHSHHS 130KJIiH Mae

sursig V' = C, to6to

f(x,y)=C, CeR.

PizanM 3Hauenusm craigoi C Bimmosimarors Ha twrommui OXY
pi3HI 130KJ1HA. HampsiM mosist B KOXHIA TOYIN 130KJIIHM BU3HAYAETHCS
kytom O = arcig C

Ipukaan 1. Posrnsaemo audepenitianbae piBHIHHS

v_y
dx  x

)
[30kniHaMu TUdepeHIianbHOTO PIBHSHHA € CIMEMCTBO MPSAMUX

Z=C,a60 y=0Cx.
X
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SIkmo C =1, 10 i30kmiHOI0 € mpssma Y =X, HanpsMm mois el

) ) T
I30KJTiHM BHM3HAYA€ThCS KyToM arctg 1 =Z. Sxkmo C :\B , MaeMmo

130KJIIHY y = V3 x , HalpsAM TMOJI1 BU3HAYAETHCS KyTOM Qrclg J3==

T
3
T.1.

Ha puc.6 crpiikaMmu 300pak€HO TIOJI€ HANpPsIMKIB, IO
BM3HAYAEThCA 3a7aHUM piBHAHHAM. Y nouatky koopaunat O(0;0)
HANPSIMOK TIOJII HEBU3HAYCHWH. [HTErpaJlbHUMU KPUBUMHU DPIBHSHHSA
6ymyts mpsimi ¥ =Cx, x#0, C € R (puc. 7), oCKiTbKH HAMPAMKH IIHX

MPSIMUX BCIOJIA 301ratoThCs 3 HAIIPSIMKaAMU TOJIS.

yI yA
~ -
O R
\ A A 4 /1
x \ |/ -
~ \ AN / s 4
- K | 2 N 4
My
— = — >
I\ X
¥ |4A \) X
Ve / A 4 \A \)
LN N
L/ v v \ 4
J L
v
Puc. 6 Puc. 7

[Mpasa wactuna pisasuus (5) f(x,y) = b4 Ta 11 YaCTUHHA MOXigHa
X

o (x,y) _ 1 | y 0
= — mnenepepsHi, skmo X # 0. Omke, Ha Beilt mwiommuai UXY
oy X
kpim oci Oy, mpaBa yacTuHA piBHSHHS 3aJ0BOJLHAE YMOBM TEOPEMH
Ko mpo icHyBaHHS Ta € AMHICTh PO3B’s3Ky. TOUKH, sIKi JekKaTh Ha OCl
Oy, e ocobmuBuMu Toukamu. UYepes mnouatox koopmusat O(0;0)

MPOXOJUTh HECKIHYEHHA KIJIBKICTh 1HTErpaJibHUX KpUBHUX. Uepes 1HIII
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0COONUBI TOoukH, siki JiexxaTh Ha oci OV i BigminHi Bim Touku O, He

IIPOXOJNTH ’KOJIHA IHTErpaJibHA KPHUBA.

Mpuxnan 2. PosrnsHemo audepeHiiiaabHe pIBHIHHS

dy X
dx A
3a3HauMMoO, 10  KyTOBWM A

Koe(dirmieHT JOTUYHOL hi (o
: G
IHTETpaTbHUX KPUBUX IIHOTO « ~ "

X L/ ' T < \
. . _ 1 KA
piBHSHHS gopiBHIOE K =—— Ta / ),/ TR N \

y VAN RA

. .. . ! - A T N
KyTOBUHA  KOC(QIIMIEHT  JTOTHYHOI S ol A J I
k= X . \4 \4 ~ ——)” nl /
2 =— 510 IHTErpajbHUX KPHUBHUX ~ v
N~ 7S
- : ~ _|, -
npukimanxy 1 B KOXHIA  TOWIT
3aJI0BOJTBHSIE YMOBY
OpPTOTOHAIBLHOCTI
p Puc. 8
X X
y.y

Omxe, moje HampsAMKiB (puc. 8), BH3HAYCHE pO3TIISTyBAaHUM
audepeHIliaTbHUM ~ PIBHSAHHSM, OpPTOTOHAJIbHE TOJI0  HAIMpPSMKIB,
300pake€HOMY Ha puC. 6.

dy X
[HTErpanTbHUMU KPUBUMU PIBHSIHHS d_ = —— € KoJia 13 LIECHTPOM Y
X Y
2, .2 _ 2 : :
noyarky koopauHar x~ + y° =C (TouHille — 1Ee IIBKOJA

y=AC?=x? i y=-AC*=x*).

VY Toukax, siKi JiekaTh Ha oci Ox, MOPYIIYIOTbCS YMOBH TEOPEMHU

X
Tpo iCHYBAHHS Ta €IMHICTh PO3B’ 3Ky, ocKinbkn pynxuii f (¥, V) =——

Yy x

oy 5 Y TOUYKax mpsAamoi V = 0 marots pospusm. Ilpote uepes
Y

KOXKHY TOYKY 0oci OX TpPOXOIUThH €IMHA IHTErpaibHA KPUBA.
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3ayBakumo, 1o Teopema Komri mnpo iCHyBaHHS Ta €IUHICTD
PO3B’SA3KY Ja€ JMIIE JOCTAaTHI YMOBH ICHYBaHHS Ta €IUHOCTI PO3B’SI3KY
3anayl Kom, a oTke, MOKe ICHYBaTU €IMHUN po3B’s130K 3anayi Ko,

0 MPOXOAUTH dYepe3 Touky (Xg;)o), HaBiTh TOJi, KOAM B TOYIL

(X9 Y0) He BUKOHYETHCS 0JTHa a00 0OMIB1 YMOBU TEOPEMH.

JudepenuianbHe piBHIHHS BBAKAETHCS TAKUM, 10 IHTETPYETHCS B
KBajpaTypax, SIKIIO HOTro pO3B’S30K MOXXHA 3BECTH 1O OOYMCIIEHHSA
CKIHUCHHOTO 4YHCJa Olepaliid IHTeTpyBaHHSA, AUQEPEHIIIOBAHHS
BIIOMUX (YHKIIH Ta anreOpaiyHUX MEepPeTBOPEHb. 3a3HAYUMO, IO
PO3B’sI3kM AUQEpeHIliaTbHUX PIBHIHB, IHTETPOBHUX Y KBaJApaTypax, HE
3aBXAM €  eJIeMEHTapHUMHU  (QyHKIisMH.  3HAaYyHa  YacTHUHA
audepeHIliaTbHUX PIBHIHBL B3araii HE MiAJA€ThCA 1HTETPYBAHHIO aHI B
eJeMeHTapHuX (PYHKIIsX, aHl B kBaaparypax. [Ipore 1 okpemux TumiB
audepeHiadbHUX — PIBHAHb ICHYIOTh METOOM  IHTETpyBaHHS B

KBaJIparypax, 0 MA€ BAXKIIMBE TCOPETUYHE Ta NMPUKJIIAIHE 3HAYCHHS.

KonTpoJbHi 3anuTaHHs

1. SIke mudepeHIiaibHEe PIBHAHHS TEPIIOTO MOPSIKY HAa3WBAIOTh
PO3B’sI3aHUM B1THOCHO MOX1/THO1?

2. ChopmymmroiiTe TeopeMy ICHYBaHHS Ta €IUHOCTI PO3B’SI3KY
A epeH1aJbHOTO PIBHSAHHS NEPIIOTO MOPSAKY.

3. Illo na3uBarTh 3agaucto Komri?

4. 1llo Ha3uBaIOTh 3arajJbHUM PO3B’A3KOM JU(DEPEHIIATBHOTO
PIBHSIHHSI IEPILIOTO MOPSIAKY?

5. xuii  po3B’s130k  AU(EpEeHUIATbHOIO  PIBHSAHHS — [EPIIOro
MOPSIIKY Ha3WBAOTh YACTUHHUM PO3B’I3KOM?

6. SIkuii  po3B’sA30K  IU(DEpeHIIabHOTO  PIBHSHHS — MEPIIOTO
MOPSIIKY Ha3WBAIOTh OCOOIUBUM?

7. lllo Ha3uMBaIOTh MOJIEM HANPAMKIB AUPEPEHIIATLHOTO PIBHSIHHS
MIEPIIIOTO MOPSIAKY, PO3B’I3aHOT'O BITHOCHO TTOX1THO1?

8. SIKy Kp¥BY Ha3MBaIOTh 130KJIIHOIO JU(EPEHIIATIBHOTO PIBHSAHHS
MEPIIOTO HOPSIAKY ?
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1.3. IlnudepenuianbHi pIBHAHHS 3 BIIOKPEMJIIOBAHUMHA
3MiHHUMH

Judepenuianbie pIiBHAHHS MEPIIOTO TOPANKY, pPO3B’s3aHE

BIIHOCHO MOX17HOI (3), MOKHA TaKOX MOAATH y BUTJISAI1

P(x,y)dx+Q(x,y)dy =0. (6)

JudepeHitianbae piBHSIHHS MEPUIOTO MOPSJIKY, SIKE MOXKHA NOJAATH
y BUTJISAI

RO (y)dx + P (x)0, (y)dy =0, (7)
HA3UBAETHCS PIBHAHHAM 3 8I00OKPEMIIOBAHUMU 3MIHHUMU. 32 YMOBHU, IO
O, (»)P(x) # 0, moxinueiuy niBy Ta NpaBy YacTHHM PiBHAHHS Ha Liel
BHUPA3, OTPUMAEMO PIBHAHHS 3 BI0OKPEMICHUMU 3MIHHUMU
ix)a’x + Mdy =0
B (x) O ()

VY piBHstHHI (8) 3MiHHI BiIOKpEMJICHI B TOMY PO3YMiHHI, IO dX

(8)

MHOXUThCS Ha (YHKIIIO, IO 3aJ€XUTh TUIBKA B X, a dy — Ha
(GyHKIII10, 110 3aJIeXKUTh TUIBKHU BiJ y, 1 JlIBa YaCTUHA PIBHSIHHS € CYMOIO

nBoX audepeHirianiB. 3arabHUN IHTETpal PIBHIHHS Ma€ BUTIISI

(A 4 (1 20)
P (x) o)

V pasi O ()5 (x) =0 nudepenniansue piBusHEA (7) MOXKe MaTH

dy=C,CeR,

K YaCTHHHI PO3B’SI3KM TaK 1 OCOOJMBI PO3B’SI3KU. SIKIIO pPO3B’S3KH
pisasgaEs (V)P (x) =0 ¢ poss’saskamu piBHsHHS (7) 1 HE MOXKYTh
Oyt oOTpuMaHl 13 3arajJbHOr0 IHTETpajia 3a JKOJHOTO 3HAYCHHS
KoHcTaHTU C, TO 11e 0COOIMBI PO3B’A3KH TU(PEPEHIIIATIBHOTO PIBHSHHS.

Hpuxknax 3. 3HailTH 3arajdbHUl PO3B’A30K JUQEPEHIIATHBHOTO

\ll—yzdx+(1+x2)dy=0-

Po3p’sizanns. [loginuBiim Ha A00yTOK 4/]— y2 1+ xz) +0,

JICTAaHEMO PIBHSAHHS 3 BIJOKPEMJIEHUMHU 3MIHHUMU

PIBHSHHS

19



dx N dy
A+x%)  J1— 32
dx dy
+ =0
I (1+x%) / N
3Bigku arctgx +arcsin y = C — 3aranpHuii 1HTerpaj piBHSIHHS.

PiBHsAHHSA \/l—y2 (1+x*)=0 mae poss’ssku V=1 ta y=-1,

AKl € TaKoX pO3B’s3KaMH 3aAaHoro audepeHuianbHOro piBHAHHS. Lli

PO3B’SI3KM  OMHUCYIOTHhCS 3arajbHUM 1HTErpaJioM JIu(epeHIiaTbHOrO
PIBHSIHHSI.

IIpukian 4. 3HaliTH 3arajJbHUN PO3B’A30K PIBHSHHS
(xy2 + yz)dx + (x2 — xzy)dy =0.
Po3B’si3anus. [licng nepeTBopeHb Ma€MO PIBHSHHS

yz(x+1)dx+x2(1—y)dy:0.

Po3ainnmo 3Mi1HHI, TOAUIMBIIH Ha y2x2 # 0
x+1 1-
5 dx + 2y dy=0
X Y
[Ticns iHTErpYyBaHHA OTpI/IMa€MO 3arajibHUM 1HTEeTpajl piBHIHHS:

Ix—ﬂdx f a’y 0,

ﬁ_;_ @4_‘[@_ QZC’

X x2 yZ
nr-+-L jny—c wi-X*2_c
Xy y oo

3ayBaxuMo, 110 3 JIJICHHSIM Ha y2x2 OyJii BTpaudeHi ABa 0COOJIMBI

pos’sskn x=0 i ¥=0, gxi He MoXHa OTpHMAaTH i3 3araJbHOTO

1HTerpasa 3a >KoJHoro 3HaueHHs ctanoi C.
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Ipuknan 5. 3naliTi po3B’ 130K 3aaa4i Komri

2 e =0, y(1)=0.
X

. ] . .
Po3p’si3anHda. 3anumieMo moxXigHy )V y BHUIVISIAL BIAHOIIEHHS

. .ody
audepeHIianp —
dx
d
LA ev=0.
x dx

Pozainumo 3MiHHI Ta IPOIHTETPYEMO
ydy + e’ xdx=0;
ye Ydy+xdx=0;
[yeVdy+[xdx=C.

[lepuiuii 3 iHTErpaiiB MPOIHTETPYEMO YaCTUHAMU, TO3HAYUBIIIN

u=y,du=dy; dv=e’dy,y=—e".

2
—ye —f—e_ydy+x7=C;
2

_ —y X .
—ye ' —e ¥ +— = (C — 3arajbHuii iHTErpal.

BukopucroByroun moyatkoBy ymoBy V(1)=0, 3maiinemo

xoHcranty C':
1 1
O-eo—eO+E=C; C=——.

O1xe, po3B’s30k 3aaa4i Ko

x2 1

— e‘)’_e_y +— =
4 2
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PiBHsAAHHSA, 11 (1) 3BOATHLCH 0 PiBHSIHb i3
BiIOKpEeMJIIOBAHMMHU 3MiHHUMH

Hesiki nudepeHIiaabal piBHSIHHS MOKHA 3BECTH JO PIBHSHB 13
BIJIOKPEMJIIOBAaHUMHM 3MIHHUMH 3a JOIOMOTOI 3aMiHW 3MIHHHX.

Hamnpuknan, piBHSHHS BUIY

d
—y=f(ax+by+c), (9)
dx

ne a,b,c — ogilicHi 4wWchma, 3BOMUTBCA IO pPIBHSHHS 3

BIJIOKPEMJIIOBAHUMH 3MIHHUMH 3aMiHOIO0 Z = aX + by +c. Jiiicuo, mis

HOBHUX 3MIHHUX X Ta Z

d d
Eoa+ b—y,
dx dx
OTPUMAEMO PIBHSIHHS 3 BIIOKPEMIIFOBAHUMH 3MIHHUMU
d.
T avbf(2).
dx
Binokpemiiorouu 3MiHHI Ta IHTETPYIOYH, JICTAHEMO
dz
————=dx, a+bf(z)#0,
a+bf(z)
dz
x=|——+C, CeR.
I a+bf(z) ’

[licnss 3HAXOMKEHHS I1HTErpaja, MOBEPHYBIIMCH IO 3MIHHOI J,
OTPUMAEMO 3arajibHUl 1HTErpan AuepeHIiaIbHOTO PIBHSHHS.

Ipukaan 6. Po3s’s3atu nudepeniiaibHe piBHIHHS
d
4y + yv—1.
dx

Po3p’sizanns. 3pooumo 3aminy Z =4x+y —1:

dz dy dz

— =44+ =, —=4+z,
dx dx dx

dz _dx. I dz :de’
z+4 z+4
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Injz+4=x+In|C,|, C; =0,

| z+4|= C |e”.

BpaxoBytoun  po3B’si30k  z=-—4, BTpaueHHW M  dYac

BIJIOKpPEMJICHHS 3MIHHUX, OTPUMAEMO 3arajJbHUN PO3B’ 30K
z=-4+Ce*, CeR.
[ToBepHemMOCH 710 3MiIHHOT J :
dx+y—-1=-4+Ce", y=—4x-3+Ce".

OTxe, 3araJibHUM PO3B’SI30K TU(EPEHIIATILHOTO PIBHSIHHS Mae
BUTJISIT

y=-4x-3+Ce", CeR.

1.4. OnHopinHi nudepeHiagbHI PIBHIHHSA EPUIOTO
HOPSAKY
Osnavenns. Oyskiis f(X,)) HasuBaeTbCs  00HOPIOHOW

@yHKYi€IO n-20 8UMIpY (NOPsOK)) BIIHOCHO 3MIHHUX X Ta V', SIKIIO JJIs
Oy1b-KOr0 urciaa A # 0 BUKOHYETHCS PiBHICTh

SO, hy) =" f(x, ).

Hanpuknan, f(x,y)= xy2 — y3 — onmHOpigHa (YHKINS BHUMIPY

DU,
2 2
Xt 4y . . .
J(x,y)=—— — onHopinHa yHKIlis HYTHOBOrO BUMIY.
X =y
Osnavennsi.  Jludepenuiansee  piBHaaEa V' = f(X,))

HA3UBAETbCA 00HOpiOHum, axkmo f(X,Y) € onHopimHOW (YHKILi€O
HYJILOBOT'O BUMIpY.
3ayBaxuMo, 1110 audepeHiiaibHe PIBHIHHS

P(x,y)dx+Q(x,y)dy =0

oyne ommopiguuM, skmo F(x,y) i O(X,y) — onmHopimsi QyHKuii
OJIHAKOBOT'O BUMIDY.
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OpnHopigHe PIBHSIHHS 3BOIUTHCS hifo) PIBHSHHSI 3

. : . R Y
BIJIOKPEMJIIOBAHUMM 3MIHHUMHM 3aMmiHol0 VYV =Z°X abo z ==, 1e

X
z = z(X) — HeBimomMa QyHKII.

Hpuxknax 7. 3HalTH 3aralbHUIl PO3B’A30K JU(EPEHIIATHBHOTO

PIBHSHHS
dy 4x° + y2
dx 4x2
Po3p’s13annsa. OyHKIs
4x° + y2
flry) =2
4x

y TpaBlii YacTUHI pIBHSHHSA € OJHOPIJHOI0 (PYHKIIEI HYJIHOBOIO
nopsaky. JliicHo,

40x)° + (W) 4x7 + )7
Ax,AY) = _
J ) 4(0x)? 4x°

Otxe, MaeMo oJHOpiAHE AudepeHliaTbHe PIBHAHHSI. 3pOOUMO

=f(xp).

3aMIHy
dy d
y=z-X, —y:—Z-x+z.
dx dx
[Ticns miaCcTaHOBKH ¥ IEPETBOPEHD JICTAHEMO:
dz 4x° + 2% x?
—X+z= —
dx 4x
dz  4+z° dz  (z-2)*
—X= -z, —X=—"
dx 4 dx 4
Po3ninumo 3MinHi, BBaxaroun X =0 ta z # 2:
ddz  dx j ddz f dx
(z-2° x7 (-7 Tx
4

——2=1n\x|+1n|cl|, ¢ #0,
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4

In|Cpx = ——— ox
1 v Cx:ezx_y,CeR\{O},
X
4x
Otxe, Cr = o257 CeR\{0} - sarameEmit iHTerpan

g epeHIiaTbHOTO PIBHSIHHS.

Jlnst BimokpemieHHS 3MiHHMX My giawad Ha X#0 Ta z#2.
Touku, y sikux X =0, He BXOAiATh B 00JAaCTh BH3HAYCHHS MPABOI
YACTHHU 337aHOT0 AM(epeHIialbHOro PiBHIHHSA, ToMy npsiMa X =0 He
€ IHTETPaJIbHOIO0 KPUBOIO.

Hexait z=2, To6T0 Y =2X. dyHKIIA YV =2X nepeTBoproe Iie
PIBHSIHHSI B TOTOKHICTb, TOMY € HOro po3B’si3KoM. OCKIJIBKH PO3B’SI30K
y=2X wue BXOmMTh y 3arajibHUi iHTErpad piBHAHHA, TO BiH €

0COOJIMBUM PO3B’SA3KOM.

Ipuxknax 8. 3HaiiTy 3aradbHU PO3B’A30K JU(EPEHIIATHBHOTO
PIBHSHHS

xy'=y- 1+ln£ (10)

1 HOTO YaCTUHHUH PO3B’SI30K, 110 33/I0BOJIbHSIE TIOYaTKOBY YMOBY
1

—p 2
y()=e
Po3B’si3anHs. 3anuiieMo piBHSHHS Y BUTJISAI

y'=1- 1+
x x

. . .. N
OyHKIIS y NOpaBld YacTUHI PIBHSHHSA 3aJIEKUTHh BII — 1 €
X

OJTHOPIJTHOIO (PYHKITIEI0 HYJIBOBOTO TOPSIAKY. 3p0OMMO 3aMiHY:

y=z-x, @:%-ijz.
dx dx

[Ticnist miICTAHOBKH OTPUMAEMO PIBHSIHHS 3 B1JIOKPEMIIIOBAaHUMHU
3MIHHUMH:
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%-x+Z=Z(1+ln2),

11

e (11)
dz _@ j dz _Jﬁ
zlnz x’ zlnz x

In|lnzl=In|x|+In|C |, C =0,

Inz|=xC, |,

BpaxoBytoun, mo z=0 T1a z=1 € po3B’sa3kamu
mudepeniiaasaoro piBHsHHA (11), MaeMo 3arajibHUM 1HTETpa

Inz=Cx, CeR.

[lincraBupmm V = Z X oTpuMaemMo:

lnl=Cx,
X

y= xe®* — 3aranpHuit po3B’s130K piBHsAHHSA (10).
JUiss  3HaXOJKEHHS YAaCTHHHOTO PO3B 3Ky MIJACTAaBUMO

-1 .
3araJbHHUH pOSB’H?)OK IMOYaTKOBY YMOBY y(l):e 2 1 BHU3HAYUMO

B
1 1
koucranry C: ;72 _ ,C, C=——.

OTxe, nyKaHWil YaCTUHHUM PO3B’ 30K 2"

y=xe ?

JAndepenuiajibHi piIBHAHHS, 110 3BOAATHCHA 10 OJHOPiAHUX

audepeHniaTIbHUX PiBHAIHb a0o 0 PiBHAIHb i3
BiIOKpEeMJIIOBAHMMHU 3MiHHUMH
PosrnssHeMO piBHSIHHS BUTIISITY
ax+by+c
1 _ 1 1
y'=r : (12)
arx+b,y+c,

ne ap, by, ¢, a5, by, ¢, —Binomi crani, / — HenmepepBHa QyHKIIIs.
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a, a
1 2 . .
Axmo —— # 7, 1o piBHAHHA (12) 3BOAWTHCSA 10 OTHOPITHOTO

by b
saminol0 X=u+a, y=v+B me o, — KOpPEHI BU3HAYCHOI CUCTEMH
JTIHIMHUX PIBHSHb
aix+by+c =0;
Clzx + bzy + Cz = O

[licns  Ttakoi 3aminu  piBHAHHSA (12) Oyzme  oAHOPIAHUM
audepeHIiaTbHUM PIBHSIHHSIM.
aq _ D :
Skmno b_ = b_’ TO 3aMiHOIO Z =X+ by abo z=ax+b,y
1 2
piBHsHHS (12) 3BOUTHCA 10 PIBHSHHSA 3 BIJOKPEMITIOBAHUMH 3MIHHUMU.
Hpuknanx 9. Po3s’s13atu qudepeniianbie piBHIHHS

. 2x+y-4
Yy ="
x—2y+3
, . a,a
Po3B’si3anHs. Maemo piBHsHHS BUTIAny (12), y sskoro

b by

Cucrema JiHIMHUX PIBHIHB

2x+y—4=0;
x-2y+3=0.

Mae po3B’si3ok X =1, y =2,
Y  nudepeHiianbHOMYy ~ PIBHAHHI ~ 3aCTOCYEMO  3aMiHY
x=u+l,y=v+2.

v!

2u+2+v+2-4 v_2u+v
u+1-2v—4+3° u—2v"

Otpumanu opHopigHe AudepeHIiagbHe PIBHAHHI. 3pOoOUMO
saminy V=2z-u,z =z(u):
dz 2ut+zu  2+z

—u+z= = :
du u—2zu 1-2z
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dz 2+z

U= —z;
du 1-2z
dzu_2+z—z+222 _24—222
du 1-2z 1-2z

MaeMo piBHSHHS 3 BIJOKPEMIIIOBAHUMHU 3MIHHMMH. Po3ninmumo

3MiHHI Ta MPOIHTETPYEMO PIBHIHHS:

1—2220,2:@;
242z u

1.1-2

S
2241

i __fd(z +1) Ia’
2241 +1

—I

%arctgz —%ln(z2 +1)=In|u|+C.

. v .
HII[CTaBI/IBH_II/I Z =—, OTpUMa€EMO P1BHAHHA
u

U 2

1 v 1 v
—arctg———In| —+1 |=In|u|+C,
2 2 \u

[Micas migcramoBkm U =X—1,v=y—2 gicranmemo 3araapHmHii

1HTErpa BUX1THOTO ANGEPEHIIaTbHOTO PIBHIHHS

larctgy_z——n =2y 2) +1|=In|x-1]+C.
2 x=1 2 { (x=1?

Hpuxaanx 10. Po3B’si3aTu qudepeniiiaabae piBHIHHS

2x+2y -1
x+y-2 "

'
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a _9D
Po3B’s13anns. Maemo piBHsaHHS Bursiay (12), y axoro ——

by b2°
3pobumo 3aminy Z =X +), V=zZ—X:
%_1_22—1_
dx z-2"
%_22—1_”_22—1—#2—2_32—3.
dx z-2 z=2 z-2"
@ _3z71
dx z-2

OTpumanu piBHSHHSA 3 BIJOKPEMITIOBAHUMU 3MIHHUMHU.

Bimokpemumo 3MiHHI B OTPUMaHOMY PiBHSIHHI:

272 Gy lrz-2

3(z-1) 3 z—1

1-1
J.Z

dz = [dx;
1 1

dz =jdx; —j(l——)dz = Idx;
3 z—1

%(z—ln|z—1|)=x+C; z-In|z-1]=3x+C,

IlincraBumo Z=X+) Ta OTpUMAaEMO 3arajibHHil iHTErpa
PIBHSIHHS

x+y—-In|x+y-1=3x+C, CeR.
be3nocepeHbOI0 MEPEBIPKOI0 MOKHA NMEPEKOHATHUCS, 110 (PYHKIIIs
y=1-x € posp’sskom audepeHumiansHOro piBHAHHA. BoHa He
YTBOPIOETHCS 13 3aTaJIbHOTO 1HTErpaja 3a )KOJHOTO 3HAaYEHHS! KOHCTAHTH

C. Omxe, pos’s3ok V=1—X € ocobmuBuM po3B’A3KOM

nudepeHIliaIbHOTO PIBHSIHHS.
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KonTpoJabHi 3anuTanHs

1. Slke mudepeHianbHe PIBHSIHHS MEPIIOTO MOPSIAKY HA3WBAIOTh
PIBHSHHSIM 13 BiJIOKpEMJIIOBAHMMH 3MIHHMMH? BxaxiTe Meron Horo
IHTErpyBaHHS.

2. JlaiiTe 03HaY€HHs OJTHOPITHOTO TU(PEPEHIIATIBHOTO PIBHIHHS.

3. BkaxiTe MeTOA  3HAaXO/DKCHHS  3arajbHOr0  PO3B’SI3KY
OJIHOP1AHOTO TU(PEPEHIIANBHOTO PIBHAHHSA MEPUIOTO HOPSJIKY.

1.5. Jliniitni qudpepennianbHi piBHIHHS MEPHIOT0 MOPSIAKY
Ta PIBHAHHSA, AKi 3BOASATHCA 10 JIHINHUAX

O3naveHHsl. JIiHitiHum OugheperyiaibHuUM pPIBHAHHAM NePuLo20

nops0Ky HA3UBAETHCS PIBHSIHHA JIIHIKHE BIIHOCHO HEB1AOMOi (DYHKIIIT

e . . !/ . o .
Y(x) Ta ii noximuoi ¥'(x). JliniiiHe piBHAHHS NEPIIOTrO MOPAAKY Ma€e

BUTJISI

V'+P(x)y=0(x), (13)
ne P(x), O(x) — Bizomi HenepepBHi Ha JAEIKOMY YHCIOBOMY IIPOMIKKY
I dyHkii.

PosrnssHeMo nBa MeToAM pO3B’si3aHHSA JIHIMHUX PIBHSHB MEPIIOTO
nopsiaky — metos1 bepuyiui ta meton Jlarpanxa.
Meton bepnyJsuri. 3riiHO 13 MM METOJOM PO3B’SI30K PIBHSIHHS

IIYKAETHCS y BUTIISLL TOOYTKY MBOX (DyHKIIIi

() = u(x)-v(x),
ne u=u(x), v=v(x) — HeBimomi GYyHKIi, MTpUYOMy OaHA i3 LHUX
(GyHKI1IIH 10BUIbHA, ajie HE piBHA HYJIIO, a 1HILIA BU3HAYAETHCS PIBHAHHIM

(13). HditicHo, noBinbHYy QyHKLi0 V(X) MOXHA NOJATH y BUTIIAL

v =2 @) = u() (),
v(x)

y(x)

ey

ne V(x) # 0 — nopinbHa GyHkmis, a U(X) =

Tom
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y=uv+u',
[incrapmsroun YV Ta V' y pisasans (13), mictaHeMo

u'v+u' + P(x)uv = Q(x)
abo
uv+u(v'+ P(x)v)=0(x). (14)

Ockinekn omny 3 ¢yHkuii #(x) a6o V(X) moxHa BHOpaTH
NOBiIBHOIO, BHOepeMo V(X) Takoro, mo6 BHpa3 y AyXKKax y piBHSHHI

(14) nopiBHIOBaB HYIIO, TOOTO
V'+P(x)v=0.

Po3ainumo 3MiHHI Ta MPOIHTETPYEMO:
dv
= —P(x)dx;
In|vl=—[P(x)dx+In|C |, C, #0;
v(x) = Ce 1P CeR.

Ockinbku Bubip Qpyskuii V(X) nosinbauii, MmoxxHa Beaxaru C =1.
Ton1
y(x) = 1P

[ligcTaBuBmy 3HaigeHy QyHkmito V(X) y piBasaEs  (14),

JIICTAaHEMO

ure—jP(x)dx — Q(x) ]

3B1IKHU
' =0x)el PON iy =[0(x)e PPy 4 C.
OTtxe, 3arajbHUI pO3B’ 30K JIIHIMHOTO piBHSAHHA (13)

y=u-v =(IQ(x)ejp(x)dxdx+ C)-e_jp(x)dx, CeR.

MeTtoa Bapiaunii aoBijbHOI cTasoi (Meron Jlarpamaxka). Jlns
JiHIMHOTO piBHSAHHA (13) po3risiHEMO BINIOBIAHE OJTHOPIJIHE PIBHSHHS
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Vv'+P(x)y=0, (15)

BigokpeMuBIIHM 3MiHHI, ICTAHEMO:

d
Lo P)dx;  In|yl=—[P(x)dx+In|C |, C #0:
y

y(x)= Ce 1PMd CeR.

Merton Bapialiii JOBUIBHOI CTAJIOl MOJIATAE B TOMY, IIIO PO3B’SA30K
HEOHOPITHOTO JIHIHHOTO piBHAHHS (13) mIyKaeThCs y BUTTISIL

y(x) = C(x)e 1 PO (16)

ne C(x) — neBimoma ¢yHkimisa. s BusHaueHHs C(x) po3B’sizok (16)
MiJCTaBIsA€ThCA B piBHSHHA (13):

Cc[l_ce—f PO _ () P(x)e PO 4 C(x)P(x)e TP = O(x)
X

L P~ ()
dx

dC = Q(x)e! PO gy
C(x) = [O(x)e! PD ¥ gy 1 .

Jani, migcrapupmu BusHaueny Qynkuio C(Xx) y ¢yukuiro (16),

OTPUMAEMO 3arajbHUN po3B’ 30K piBHSAHHS (13):
y= (IQ(x)ejP(x)dxdx +C, ) e IPOE c R

Hpuxnax 11.  3HaifTy  3araJbHUN  PO3B’S30K  JIIHIMHOTO

nudepeHIiaTbHOTO PIBHIHHS
2
V' +2xy=2x7e " (17)

Po3B’s13anns. Po3B’sbkeMo JiHIMHE qudepeHLIaIbHOTO PIBHSHHS
JIBOMa METoAaMHu — MeToaoM bepHysuii Ta MeTomoM Bapiailii JOBUIBHOI
CTaJIOl.

Meron bepnymii. Po3B’s30k mykaemo y Burism YV = UV, Toni

14 ! !/ . ' .
Yy =uv+uv IlincraBumo V Ta V' y piBHSIHHSA
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2
W'y +uy +2xuy =2x%e >

2
u'v+u(v +2xv) =2x%e " . (18)
Vi+2xv=0, (19)

d
7"=—2xdx, n|vi=—x*+In|C, |, C, #0.

Ockimekn  v=0  TakoX € pO3B’SI3KOM  pIBHSHHA 3
B1JIOKpeMIIOBaHUMH 3MIHHUMU (19), TO Horo 3aranbHuil po3B’sI30K Mae

BUTTIAL 4, — Ce—xz ,CeR.
. 2 .
IMoxnanemo C=1. Tomi v(ix)=e " - [Tinctapumo V(X) B

piBHsiHHS (18)

2 2 2 3
we™ =2x%e, U =2x% u=§x +C.

OT1xe, 3aralbHUN PO3B’A30K TU(PEPEHITIABHOTO PIBHIHHS
2 (2
y=e¢ ¥ |2 +C|, CeR.
3 5
Merton Jlarpanxa. 3HaiineMo po3B’ 130K OJHOP1AHOTO piBHSHHSA (17)
V' +2xy=0,

d
—:—2xy, —y:—2xdx,
X Y

In|yl=—x*+In|C |, G #0,
y:Ce—xz, CeR.
3aranpHu PO3B’A30K PIBHAHHS IIYKAEMO Y BUTIISAI y=C( x)e_xz

, e C(x) — neBinoma QyHKILis.

2 2 2 2
d_ce_x — 2XC(_X:)8_X + 2XC(X)8_X = 2xze_x ’
dx
dC
=2, g0 =252ds
dx
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C(x)z%x3+Cl, C, eR.

OTxe, 3araJIbHUI PO3B’ 30K MU (EepeHIIaIbHOTO PIBHSHHS

2
y:e_x (%Xs'f'clj, CIER,

Pisusinna bepnyJuii
Hudepenuianbie piBHIHHS BUILY

y'+P(x)y=0(x)-y", (20)

ne P(x), O(x) — BigoMmi HenepepBHi Ha JIEIKOMY YHUCIOBOMY HPOMIKKY
I ¢ynxuii, ne R, n#0, n#1 wasusaersca pienaunsm Beprynni.

PiBusiHHa bBepHymm  3BoaMTBCS 10 JIIHIMHOTO — PIBHSHHS.

PozainuBiiyg piBHSIHHS Ha y" # (), mcranemo

—-n_ —n+l
y "Y'+ P(x)yT" = 0(x).
3pobuMo 3aMiHy
U= y—n+1; ul — (1 _n)y—l’l .y! .

[Ticns  miACTAaHOBKKM  OTpUMAaeMO JIiHIMHE  audepeHiiaibHe
PIBHSIHHSI:

%u' + P(x)u =Q(x),

abo
u'+(1-n)P(x)u=>1-n)0(x).

ToOro  piBHAHHSA  bepHymwil  3BOAMTBCA 1O  JIHIMHOTO
audepeHIlaTbHOTO PIBHAHHS 32 JOTIOMOI0I0 3aMIHU 3 = y_”+1.

3ayBakHMO, 1110 PIBHSHHS BepHyIIi MOXXHA TakoXX PO3B’S3yBaTH
3a MeTojioM bepHym, ToOTO Oe3mocepeaHbo 3a JOMOMOIOK 3aMIHM
y=u(x)-v(x). 3azHauumo, mo y Bumaaky # >0, kpiM pO3B’i3Ky

Y =u(x)-v(x)# 0, piasanns beprymnni mae po3s’szok YV =0,
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Ipukaax 12. 3HaiiTu 3aradbHUNA pO3B’ 30K AU(EpPEHIIaATBHOTO
PIBHSHHS

y’+X=x2y2.
X

Po3B’si3anns. Jlane piBHSIHHS € piBHSAHHAM bepHymm. 3Beaemo

Woro no jmHiHoro. [TogutnmMo oOUaB1 YaCTHHU HaA yz:

11
Lr—m=a? ety =
yoxy x
3po6umo 3aMiHy
-1 ' =2 1
z=)y z==y r.
Maemo
1
' ——z=-x°.
X

OTpuMainu JiiHiiiHEe PIBHSAHHS NEPIIOro MOPSAKY BITHOCHO (QyHKIIIT

z(x) . Po3B’sxeMo ioro metoom bepHyiui.
z=uy, Z =u'v+u'.

. . / . .
[lixcraBisitoun Z 1 Z y pIBHAHHSA, 1ICTAHEMO

' ' 1 2 ' ' 1 2
X X

3uaiinemo gynkuio V(X) taky, mo6 BuUpa3 y qyKKax JOpiBHIOBAB

HYJIIO:
1 1
Vi——v=0 abo V' =—v.
X x
Po3ainumo 3MiHHI Ta IPOIHTETPYEMO PIBHSIHHS:

DT Inp|=1In|[d+In|C|,C%0 = v=x,
v X

[TincraBuBmM QyHKIIO V=X y piBHIHHA (21), AicTaHEMO

2
ux=-x°, u' =-x,

2
du = —xdbx, [du=—[xdx, u=—%+C.
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OTxe, 3araJIbHUI PO3B’SI30K JIIHIMHOTO PIBHSHHS

x° X
z=uv=|C——|x=Cx——.
2
Ockinbkn z = ™!, Maemo
1 2Cx- x>
v 2
3BijCH 3arajibHUM PO3B’ 30K piBHSAHHA bepHymi
2
y=——=,CeR.
2Cx—x

Po3B’a3x0M piBHAHHS BepHyi Takoxk € pynkiis ¥ =0,

IMpukaan 13. [IpoiaterpyBatu audepeHiiagbHe piBHIHHS

2
b

' 3 —
Y —xp=-y’e

Po3B’si3anns. lle piBHAHHS € piBHSIHHAM bepHyiuti, y skoro 7 =3

. 3poOuMoO 3aMiHY

yx) =u(x)-v(x); Yy =uv+u,

Jlictanemo
2
u'v+uy —xuv =—uvie ™
abo
dv 2
uvtu| = —xv |=—wvie™
dx
. : dv
3HaiinemMo QyHkLio V(X) Taky, moo — —xv =0,
dx
Maemo

av 2
— = xdx; ln|v\:%+ln\C1|,C1¢0;
N

2

* CeR.
v=_Ce?2
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YacTuHHME PO3B’SI30K BOro piBHAHHA 3a 3HadeHHs C =1 Oyme

2
%. ITincTaBuMmo 3Halaeny Qpyukuiro V(X) y pisusans (22):

v=e
2 2
b 3x
—  du 42
e2 Z=—e? e
dx
abo
dau
e
dx
Po3ainumo 3MiHHI Ta MPOIHTETPYEMO:
du 1 2 1
— =—dx; ——=-x+C; U =_——r.
u 2u 2(x+C)
Otxe,
2
X
e
yZ _ u2v2 —
2(x+C)

: 2 . - :
12 yz (x+C)=¢€" » C € R — zaranpuwuii inTerpai qudepeHIiaIbHOro

PIBHSIHHS.

P03B’A3k0M Ju(epeHIiaTbHOro piBHAHHS Takox € Gpynkuis Y =0,

Pisusuua Pikkari

PiBHsAHHS BUIY
' 2
Y+ p()y+q(x)y” =rx), (23)

ne p(x),q(x),r(x) — 3agami HemepepBHI Ha JEAKOMY YHCIOBOMY
npoMikKy [ GyHKINT, Ha3UBAETHCS pisHaAHHAM Pikkammi.

Y 3aranpHOMYy BUMAAKy piBHSHHS (23) He IHTETPYEThCS B
KBagparypax. Po3rissHeMo Aesiki BHUIMAAKHW, KOJW II€ PIBHSHHS MOXHA
IPOIHTETPYyBaTH.

1. Axkmo P-9>" — cram, TO piBHAHHA (23) € pIBHAHHIM 13

BIJIOKPEMITIOBAaHUMH 3MIHHUMH
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dy

y'=r—py—qy’; p »
r—py—qy
d
| 4 >=x+C, CeR.
r—py—qy

2. Jkmo q(x)=0, To piBHAHHA  (23) €  JMIHIAHUM

nudepeHIliaTbHUM PIBHIHHSIM.

3. SIkmo 7(x) =0, to piBusauns (23) € piBusHnsAM Bepryi.

. qg(x)  f(x) .
4. SIKmo BimHOUIEHHS , — cTam, TO, NMO3HAYMBIIN
p(x)" p(x)
X x
q(r) =a, /() =—b, ne a,b e R\ {0}, piBuanns (23) € piBHAHHAM i3
p(x) p(x)
BiIOKPEMITIOBAHMMH 3MiHHMMH BUTJISLY

d
2 p(y? +ay+b)=0.
X
5. SIKo BIAOMMM OJIMH YACTUHHUN PO3B’ 30K PiBHSHHS Pikkari
¥; = y1(x), To 3aminor0 ¥ = y;(X)+z piBHsHHA PikkaTi 3BOJUTHCS 10

piBHsIHHS bepHyi.

6. CnenianibHe piBHSIHHS PikkaTi

d c
—y+aZ+by2=—2, b#0, c#0, (24)
dx X X
Lo k ) .
Ma€ YaCTUHHUH PO3B’SI30K )| = — 3a JESIKOro 3HaueHHs ctanol k #0 i
X
3aMIHOK0 Y = —+ Z 3BOAUTHCA 10 PIBHAHHSA bepHyuil. SIKIO B p1BHIHHI
X

. . . z . .
koedimienT a =0, To 3aMiHOI0 y = — PIBHSIHHS 3BOJUTHCS 10 PIBHIHHS
X

3 BIJIOKPEMJIFOBAHUMH 3MIHHUMH.
Ipuxnan 14. Po3B’si3aTu piBHsIHHSA Pikkarti

y'+ 2sinx-y—y2 = cosx +sin x.
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Po3B’s13anu. besmnocepentboro 11 ICTAHOBKOIO byHKITi

yi(x)=sinx B 3agaHe pIiBHAHHA IEPEKOHYEMOCS, IO BOHA €

PO3B’A3KOM PIBHSHHSI.
3po6uMo B audepeHIiatbHOMY PiBHAHHI 3aMiHy } = Sin X+ z;

dz : : : :
2sinx(sinx +z)—(sinx + 2)2 = cosx +sin® x;

cosx +—+
dx
dz : : : : :
COSX +— +2sin® x + 2sinx -z —sin® x — 2sinx - z — z> = cos x + sin X;
dx
dz dz
—222; —2=dx,
dx z
——=x+C;
z
1
z=- ,CeR.
x+C
Oyukmis z=0  TakoX €  PO3B’SI3KOM  PIBHAHHSI 3

B1JIOKPEMJTIOBAHUMU 3MIHHUMU.
Takum 4MHOM, yC1 pO3B’A3KH piBHAHHS PiKKaTi:

,CeR.

y=sinx ta y=sinx—
x+C

Ipukaan 15. Po3p’s3atu piBHsAHHS Pikkarti

2
y+yiE—.
X
Po3p’si3anns. Maemo piBHsiHHS Pikkatri Bugy (24), y sIKoro

koedimienr a=0. 3pobumo B audepeHIiaTbHOMY PIBHSIHHI 3aMiHy

z
y==:
X
ldz =z 22 2 dz z 22 2
T2t T Tt T
xdx x* x° x dx x x x
@_2—224—2. dz :_ﬂ.
B ’ 22 _z-2 x
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dz dx
£,

(z=2)(z+1)  ° x
NS
3°\z-2 z+1 X

%(ln|z—2\—ln\Z+1D=—ln|x\+C;

J

z—2
z+1

In

= 3In|x|+C, CeR.

®yukii z =—1, z=2 Takox € po3B’s3kamu IudepeHITiaTbHOTO
PIBHSIHHS 3 B1JIOKPEMITIOBAHUMU 3MIHHUMH.

Takum ynHOM, yci po3B’sI3KM piBHSAHHA Pikkarti:

1 2

~2
y=——,y=—, In ad

=3In|x|+C, CeR.

xy+1

1.6. PiBHsiHHS B MOBHUX AH(epeHniagax

Bupa3s Buny
P(x, y)dx + Q(x, y)dy

HA3UBAETHCS NOGHUM OUeperyianom, KO 1ICHye PYHKIIIS TBOX

smiHEUX U(X, ), IUIs SIKOT
du = P(x,y)dx +Q(x,y)dy.

Haragaemo, mo audepermian Gyskimii ¥ = u(x,))
0 0
du = e+ —udy _
ox oy

Osnavenns. J[udepeniiianpHe piBHSIHHS
P(x, y)dx+Q(x, y)dy =0, (25)
y SIKOMY BHUpa3 y JiBii YacTHHI € TOBHUM AH(EPEHINAIOM IeIKOl

Gynxuii #(X, ), HA3UBAECTBCS PiBHAHHAM Yy ROBHUX OuhepeHyianax.

PiBHsiHHS B mOBHUX AudepeHIiliataXx MOXKHA 3alicaTh y BUTIISIL
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du(x,y) = P(x,y)dx+Q(x,y)dy =0

1 Oro 3arajJbHHUM 1HTErpaj Ma€ BUTJISI u(x,y)=C, ne C — nosinpHa
ctana. [HTerpyBaHHS IILOTO PIBHSHHS 3BOJAUTHCA JIO 3HAXO/KCHHS

GbyHKITT 3a 11 TOBHUM JudEpEHITIaIoM.

TBepmxenns 1. J[jist Toro mo6 Bupas P(x,y)dx+Q(x,y)dy, ne
oP 00

¢yukuii P(x,y), O(x,y) Ta ixwi uvacTMHHI moXigHi —— 1
dy ox
HEemepepBHI B JAeskid oOmacti D miomuaun  Oxy, OyB TOBHHM
mudepenmianom gesakoi ¢ynkmii  #(X,)) HeoOXigHO 1 JOCTAaTHBO
BUKOHAHHS YMOBH
oP 00
. (26)
dy Ox
Nosenenns. Heobxionicms. Sxkmo P(x,y)dx+Q(x,y)dy e

noBHUM audepeHLianom, To icHye Taka GyHkuis #(X,)), mo

ou ou

du =—dx + 8—dy = P(x,y)dx+Q(x,y)dy .
4

ox

Tom
0 ou
P(x,y) =2 i O(x,y)=—.
ox oy

Judepeniiiroroun 11 piBHOCTI 3a 3MIHHHMH ) Ta X BIJIMOBIJIHO,
IICTAaHEMO

oP  &*u . 00 u
= 1 = .
dy oOx0y Ox Oyox

[3 HemepepBHOCTI MIMIAaHUX YAaCTUHHHUX TMOXIJIHUX APYroro

MOPAAKY BUILJIMBAE

op_a0

8y_8x'
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Hocmammuicms. Hexaii B obmacti D ¢ynkuii P(x,y) i O(x,y)

MalOTh HEMEPEPBHI YACTUHHI MOX1JHI i BUKOHY€ETHCSI PIBHICTh

6P 00

oy Ox
JloBeeMo, 10 icHye Taka GpyHKiig #(X,)), mo

du = P(x,y)dx+Q(x,y)dy,

®yukuis #(X,)) Mae 3a10BONBHATH YMOBU:

ou ou

—=P(x,y), —=0x)). 27

o = P) o 27)
3uaiinemo QyHkmiro #(X,)) MUIAXOM IHTErpyBaHHSA MEpILOI

. ou

PIBHOCTI ™ = P(x,y) 3a 3MiHHOIO X :
X

u(x,y)=[P(x,y)dx+¢(y),

ne ¢(y) — noBinbHa GbyHKIA, SKa 3aJ€XKUTh TUIBKM BiJ 3MIHHOI J,
OCKUJIBKM B pa3l IHTETpyBaHHS 3a 3MIHHOIO X cTajia IHTEerpyBaHHS MOXKeE
OyTu (pyHKITI€IO B 3MIHHOT J .

Jlami, BUKOPHUCTOBYIOUM JIpyry 3 piBHOcTeW (27), 3HalaeMo
dynxuio O(Y):

ou O
—=—([P(x,y)dx)+¢'(y) = O(x,),
day 0y
o
¢'(»)=0(x,») - 5(! P(x, y)dx). (28)
e .. oP_0d0
CK1JIBKH 3a YMOBOIO BHKOHYE:TBCH plBHlCTB ay ax , TO HpaBa

yacTMHa piBHOCTI (28) He 3anexuTh Bix 3MiHHOT X i QyHkmiz @())
BU3HAYAETHCS IUIAXOM 1HTErpyBaHHS 3a 3miHHOO V. [JlilicHO
npoAu(epEeHIIIIOEMO TIpaBy YacTUHY pPIBHOCTI (28) 3a 3MiHHOIO X 1
MOKaXXEMO, 1110 115 MOX1/IHA JIOPIBHIOE HYIIIO.

0 0
a(g(xry) _a(jp(xay)dx)j -
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_ a0 5(3

Cax axl oy

00 @ 0 _op_,

9,
- roa) -2

(jP(x,y)dx)j =

OctaToyno gyHkig U(X,)) Mae BUrIAn

u(x,y) =[P(x,y)dx+o(y),

€
o(y) = J(Q(x,y) —%(JP(x,y)dX)j dy+C,CeR.

3rigHO 3 TBEPKEHHSM 3arajlbHUM 1HTErpajl PIBHSHHS B MOBHUX
mudepenitianax (25) mae BUTIIA

u(x,y)=[P(x,y)dx + I(Q(x,y) —%(jP(x,y)dx)] dv+C,CeR. =

st po3B’si3aHHS pIBHSHHA B NOBHUX Audepeniiamax (25)
CIIOYAaTKy  NEepeBIpsAeTbCA  BUKOHaHHA  yMmoBH  (26).  Ilotim,
BUKOPUCTOBYIOUM OJHE 3 PiBHSIHB (27), 3HaX0AUThCS (PyHKIIis U (x,v) 3
TOuYHiCTIO 710 HeBimomoi GpyHknii () a6o ¢(X). L1 HeBinomMa QyHKIisA
BH3HAYAETHCS 3 IPYTOro 3 PiBHAHB (27).

3ayBamenns. Oynkuito #(X,)) Takok MOKHAa BU3HAYUTHU 3a ii
moBHUM  gudepeHmianom  du = P(x,y)dx+Q(x,y)dy,  p3ssum
KpMBONiHIlHMHA iHTerpan Bin Bupasy P(x,y)dx+0(x,y)dy wmix
neskor0 (ikcoBaHOoO Toukor (Xg;)y) Ta TOYKOW 3i 3MiHHUMH
koopauHaTamu (X;)) 3a Oyab-IKUM IUISIXOM

(x;¥)
u(x,y)= [ P(x,y)dx+QO(x,p)dy.
(x03)0)

3a muIAX 1HTErpyBaHHS 3pYyYHO OpaTH JiamaHy, 110 CKIAAA€ThCs 3
JIBOX BIJIPI3KIB, ApaJeIbHUX OCSIM KOOpJAUHAT (puc. 9).
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Y1 (x;)

(X0;%0)  (x5)0)

0 X
Puc. 9
3arajnpHU 1HTErpajl pIBHSAHHA B NOBHUX JAudepeHuianax (25) mae
BUTJIS]T
(x:30) (x:)
u(x,y)= j P(x,y)dx+ J' O(x,y)dy ="C.
(xX0330) (x:0)

Ipukaax 16. 3HaiiTu 3aranbHU 1HTErpan audepeHIiaTbHOTO
PIBHSHHS

e Vdx+(1—-xe”)dy=0.
Po3B’si3aHHs1. Y 1IbOMY pPIBHSIHHI
P(X,y) = e_ya Q(xay) = 1 _xe_y'

OCKUIBbKH
a—P = —e_y 1 a—Q — _e_y
oy ox ’
oP 00 _ _
TO yMOBa 525 BUKOHYEThCS, TOOTO AudepeHiliaibHe PIBHSHHS €

PIBHSIHHSIM B NMOBHUX Au(epeHIlianax 1 JiiBa YaCTUHA PIBHSHHS € TOBHUM
nudepeniianom aeskoi Gpynkuii #(X,y), mpuyomy
8_u =P(x,y)=e"”, a_u =0(x,y)=1-xe™” (29)
ox dy
[HTerpyroun nepuie 3 piBHSIHb (29) 3a 3MiHHOKO X (BBaxkarouu JV
cTanow), 3Haiimemo ¢yHkuito #(X,)) 3 TOYHICTIO 1O MOBiNBHOI

nudepenniiionoi pyHkmii ¢(V):

u(x,y)=[eVdc+o(y), u(x,y)=xe”r+¢(»).
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®yukuiro ¢(y) 3HaiineMo 3 Apyroro 3 piBHAHb (29):

(2_@1 =—xe Y +09'(y)=1-xe”

3BiacHu
o'M=11io(y)=y+(C.

Otxe, oTpuManu

u(x,y)=xe ¥ +y+C.

3araibHUM 1HTETpal IU(EpEeHIIaIbHOTO PIBHSIHHSA Ma€ BUIJIA
xe” +y+C =C,, abo, nosmaumsmu C=0C,—C;, ocrarouno
JIICTAaHEMO

xe”+y=C,CeR.

PiBHSIHHSI, 10 3BOASATHLCA /[0 PIBHAHb Yy MOBHHUX
nudepenuianax

Sxmo gna pisasaas  P(x,))dx+0(x,y)dy =0 ymosa (26)
oP 8Q
8y ox

3BECTH JI0 PIBHSHHS B MOBHUX JAu(epeHIiagax MHOXEHHAM HOTro Ha Tak

HC BUKOHYETLCA, TO B ACAKHNX BHUIIAAKAX TAKC plBH}IHHH MOKHa

3BAHMH iHmezpysanvHull MHONCHUK M(X,Y)

m(x, y)P(x, y)dx +m(x, y)O(x,y)dy =0. (30)

Jlnst Toro 1mo0 micis MHOXKEeHHs oTpuMane piBHsHHS (30) crano
PIBHSIHHSIM y MIOBHUX Tu(epeHIiaiax, Ma€ BUKOHYBAaTUCS PIBHICTh

O 0
a(m(x,y)P(x,y)) = a(M(x,y)Q(x,y)).

ToOTo
oy g 0
oy oy Ox 8x’
oP 0 0 0
m| CL_9Q_ nom_ pom 31)
oy Ox ox Gy
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B okpemux Bumagkax 13 piBHocTi (31) MoOXHa 3HaAWTH
iHTerpyBalibHU MHOXHHK piBHAHHSA (30). PosrisiHEMO pesiki Taki

BUMAJKU.
1. ko 1HTETpyBaJIbHUN MHOXHUK 3aJIeKUTh TUIBKH Bl X,
T06TO M =m(X), TONi AN 3HAXOKEHHS IHTErPyBaIbHOIO MHOKHHKA

NOTP1OHO PO3B’SI3aTH PIBHIHHSL:

or_oQ
ldm oy ox; (32)
m Ox 0
or _oQ
m(x) = exp j%dx , (33)

I3 piBHsiHHA (32) BUIUIMBAE, 1O AJIS ICHYBAaHHS 1HTETPYBAJIBHOTO
MHOHHKA M = m(X), kUi 3aJeXNUTh TUIBKH B X, HE0OXimHO, 1100

BUpa3

op_ 09

oy Ox
0

OyB QyHKII€IO TULIE BI X .

2. SIk1o 1HTETpyBaJIbHUM MHOXHUK 3aJIeKWUTh TUIBKA Big JV,
T06TO M =m(}), TOAI I 3HAXOMKEHHS IHTErPyBalbHOTO MHOKHHKA

MOTPIOHO PO3B’s3aTU PIBHIHHSA

op_00
idm _ oy Ox ; (34)
m Oy —P
o9 _op
oy O
m(y) = exp I%dx , (35)
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I3 piBHsHHS (34) BUIIMBAE, M0 JJIs ICHYBaHHS 1HTETPYBAJILHOTO

MHOKHUKAa M =m()), akuii 3aJeXuTh TUTBKU Bi YV, HEOOXimHO, 1100
BHpa3

00 OP

oy Ox
P
OyB QyHKII€O JUIIe Big J .

3. SIKu10  1HTErpyBaJIbHUM MHOXHUK €

(YHKIIEO  BUTISALY
m=m(0(x,y)), ne ®(X,y) — neska Bimoma QyHKIig, TO HOro MoXKHa
3HAUTH 3 PIBHSHHS

or _oQ
ldm _ oy ox 36
moom 00 . O0® (36)
0L _p&®
ox oy

Hpuxnanx 17. Po3B’si3aTu qudepeHiiaabie pIBHIHHS

(x2 —sin? V)dx +xsin2ydy =0 (37)
Po3p’sizanus. IlepeBippuMoO, 4Yu € 1€ PIBHSHHS PIBHSIHHSAM Y
MOBHUX AudepeHIiagax

oP : :
P(x,y)=x>—sin’ y, §=—2smycosy:—sm2y;
. o0 . oP _ 00
5 — Sln2 . —_—= 2 ; —i—
Q(x,y) = xsin2y Al gy

OT1xe, 11€ pIBHSHHS HE € PIBHSIHHSM Y TTOBHUX JU(epeHIiaiax.
OckibKY BHpa3

oP 30

dy Ox —2sin2y 2

0 xsin2y X

3aJIEKUTh TUIBKM BiJ X, TO ICHY€ IHTErpyBaJIbHUM MHOXHUK, SIKHM
3HaxoIuMo 3a dopmyioro (33):
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oy @ 2|~ dx !
m(x)=exp| | Y D lze Tx = p 2l =—.
Q X
JomHoXuBIIM piBHSAHHA (37) HA —, OTPHUMAEMO DPIBHSHHS B
X
MOBHUX JU(epeHItiaiax
.0 .
2
(-5 de+ 2 ay =o0.
X X
Jlam maemo:
( u _ - sin’ y
8x x2 ’
Ou sin2y.
Oy x
in2 Ou 2sinycosy
_ sy = + o'
u=x+ +0(»), oy N ?'(y).

sin2y sin2y

X +0'(y), 9'0=0, o()=C,CeR.

OTxe, 3aranpHul 1HTErpan audepeniianpsHoro piBHsHHSA (37) mae
BUTJIST
2

sin” y

X

Ipukiaan 18. Po3p’s3atu qudeperuiaibHe piBHIHHS
ydx —(x+x2 +y*)dy =0. (38)

Po3p’si3annst. Maemo P(X,y) =, O(x,y) =—x— 2 — y2 .
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3HanuaeMo IHTErpyBaJbHUN MHOKHHK y BUTJISITI

2, yz. Po3B’soxemo piBHSHHS (36)

oP 0

ldn oy ox
m Om Q@_@_Pﬁ_co’

ox oy
ldm_ 1+1+2x x+1

m(x,y)zm(x2 +y2), O=Xx

m&cx)_—(x+x2+y2)-2x—y-2y_ X 4y x(x® +y7)
ldm__ 1. dm__ oo

5 5

mon o m 0
In|ml=-In|o|+n|C|,C;#0, m=Co .

IMoknasmu C| =1, orpumaemo inTerpyBanbHUi MHOKHUK
1 1
nm=—=
o )C2 n yZ

HomuoxuBmyu audepennianbue piBHsaHHA (38) HA — 5,
OTPUMAEMO PIBHSHHS B MOBHUX AU epeHIiianax

2, .2
+x° +
S dy=0.

x2+y2 x2+y2
Jlami Mmaemo:
( ou y
Ox x2+y2’
<
8_u__x+x2+y2.
Py
X ou X ,
u=arcig—+o(y), =————=1T0').
Yy Oy X +y
2, 2
X+x“+y X ,
X +y X" +y
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X X ,
—S o l=Emm W),
X“+y X“+y

o' =-1, o(y)=-y+C, C,eR,

OTxe, 3araapHUM 1HTETpal AudepeHiaTbHoro piBHIHHSA (38) Mae
BUTJIS]T

X
arctig——y=C_CeR.
y

KoHnTpoJibHi 3anMTaHHs

1. Slke piBHSHHA Ha3UBAIOTh JIHIMHUM  JU(EpeHIiaTbHUM
pIBHSHHSIM Tiepiioro mnopsaky? Y domy cyTe Meroay bepnymmi ta
Merony Jlarpamxka po3B’si3aHHS JIHIMHOTO AUGEPEHIIaTbHOTO PIBHIHHSA
MIEPIIOTO HOPSIAKY?

2. lllo na3uBaroTh AudepeHUIabHUM pPIBHAHHAM bepHymni 1 B
YOMY CyTh METOJly HOTO pO3B’sI3aHHS?

3. Slke nmudepeHuianbHEe PIBHSIHHS HA3WBAIOTh PIBHSHHAM Y
MOBHUX JUdepeHIianax?

4. HaBeniTh OCHOBHI TUNM AUQEPEHIIATbHUX PIBHSIHB NEPIIOTO
MOPSAKY, SIKI MOXHA 3BECTH JI0 PIBHSIHb y MOBHUX Au(depeHIiazax 3a
JOMOMOTOI0 THTETPYBaJIbHOIO MHOKHHUKA.

Bnpasu
1. Po3B’sikiTh mudepeHIfianbHi pIBHIHHSA 3 BIJOKPEMIIOBAHUMU
3MIHHUMH.

a) y dx + xdy = 0; K) (x—2)yy'=e_y2;

6) (xp” + X)dx+(y—x2p)dy=0; 1) y’dx+x(Inx+1)dy=0;

B) (xy—x)’dy+ y(1-x)dx=0; M) ysinxdx+cos”xIn ydy =0;
Jl)y'—xy2=2xy; H) xy(1+x2)y':1+y2;
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r) xyy'zl—x2;
e) (5+e’)yy'=e";
X) xy(1+x2)y':1+y2;

3) (1+y2)dx+xydy=0;

u) xy'=ylny;

0) VI-x*y'+ x> +x=0;

m) cos yedx + (1+e**)sin ydy =0
P) 2(x2y + y)dy + 1+ ¥ dx =0;

c) y'=Qy+2)ctgx;

1) y'cosx =(y+1)sinx.

2. Po3B’spxiTh 0gHOP1AHI Aud)epeHITianbH1 PIBHIHHS.

a) (x—y)dx+(x+y)dy=0;

0) (x2 +y2)y':2xy;

2 279, N-
B) (x“ —xpy)dy+y°dx=0;
r) x’y'=y? +xy;

2 2 7..n0-
n) (y“ =2xy)dy +x“dx =0;

xK) xy'cosZ = xcosl—x;

X X

) xy'—y=xtgz;
X

3. Po3B’s1kiTh 32124y Kouwi.

a) (x2

~)y'+2x° =0, y(0)=1;

K) X'- y = x1g =
X

n) xp'+ 2xy = y;

M) (x2 —2xy+y2)y'+y2 =0;
2 2 5. _ Q-

H) (y° —2x0)dy+x"dx=0;

0) x*y'+y* =xpp';

) Xp'- y = xc1g > ;
X

P) 6xy + y* = x(x+ )y

1) xy'=y1n1, y()=1;
X
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6) x>y y =0, y(I)=2; K) y' =L +sind,  p(l)=—;

X X 2
B) (1+x2)dx=xydy, ¥(2)=1,; m) (x—=y)dx+xdy =0, y()=2;
r) (1-e")yy'=e*, y(0)=1; M) y'cigx+y=2, y(0)=-1;

nx+xy+y'(y+xy)=0, y(0)=1; n) y'sinx—ycosx:(),y(gjzl;

e) e’ (y+1)=1, y(2)=0; 0) y—xy'=51+x2y"), ¥(1)=6;
m y ¥
xK) y'tgx =y, y(—jzl; 1) y':9+_+_,y(l):2;
2 X x2
y _
p) xy':xex +y7 y(l)_o

3) xyzdy = (x3 + y3)dx, y(1)=3;

4. Po3B’sikiTh Iu(epeHiialibHi pIBHSHHS.

a) 2x+y—-2)dx—(2x+2y—-1)dy=0;

6) (x+2y+1)dx—(2x-3)dy =0;

B) (X+y+2)dx+(y—x—-1)dy=0;

r) Cx+2y—-2)dx—(x+y+8)dy=0;

n) (x=3y—-1Ddx—-(5x—y+1)dy=0;

e) (x+2y+1Ddx—(2x+4y+3)dy=0;

€) (x+y+2)dx-(2x+y—-4)dy=0;

x) (2x+3y+1)dx—(x+y-2)dy=0;

3) 2x+3y+2)dx—(6x+9y-3)dy=0;
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n) Sx+4y—-3)dx—(6x—-4y-1)dy =0;
k) (x+6y—1Ddx—(5x—y+T)dy=0;
nm) (x—y-=1Ddx—(2x-2y+3)dy=0;
M) (4x+3y—-Ddy—(5y+x+5)dx=0;
0) (x+8y—-9)dx—(10x-y-9)dy =0;
m (x+2y+2)dx—(2x+4y-3)dy=0;

p) (Tx=y—=6)dx—(x+5y—-6)dy =0,

5. PO3B’ axitb niviiivi AndepeHuianbHi PiBHAHHA NepLworo NopAaKy.

2 '
a) xy'+2y=e ¥ ; K) V= 2:1+x;
I—x
6) y'+2y=x>+2x; 1) Xy'+ Y =XCOSX;
B) xInx y'+ y=2Inx; M)y'_z—yz(x+1)3;
x+1
r) (l—xz)y'+2xy=x; H)y'—ycz‘gx:tgzx;
' y_ . ' —X.
n) y'+—==2Inx+1; 0) y+y=e¥;
X
2 \ 1
e) y'+ y1gx = cos” Xx; m Yy - VIgx=—73—;
Cos” X
x2
x) Qx+Dy'+y=x; D) yv_zxy:xe :
x+2
—x2. 24 0 _ 2.2
3) y'+2xy=2xe " ; c) (1+x7)y'-2xy=(1+x")".
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) Y= =1+x;

1—x?

6. P0o3B’ axitb piBHAHHA BepHynni.

a) - iIl .2 in . I/I) y':Z_Fi.
y'—ysinx = py“sinx; X p
0) y'—y=xy2; K) y'+2xy:2x3y3;
B) y'—ytgx+yzcosx:0; ) xy'—4y—x2 y=0;
) 2
N y'+ 2=y n’x; M) YH—y=—7 N
X X cos” x
' —xz.
1) xp'+ 24Xy = y; H) p'—xp=—)°e * ;
' _ 2 —x. ' _ 2 .
e) y'=y=ye"; 0) xy'+y=y Inx;
X
x) 2xy'+y:x2y_1; ) y'+1 yzzx\/;;
2
3) y'+4xy =2xe* \/;; p) y'—ytgx:y4cosx.

7. Po3B’sikiTh PIBHAHHS Y MOBHUX AU(epeHItianax.
a) (2y —3)dx+(2x+3y?)dy =0;

0) e’dx+(xe’ —2y)dy=0;

B) (xcos2y+1)dx— x? sin2ydy =0;

r) (x% + y)dx + (x=2)dy =0;

m) 2xcos? ydx+(2y —x*sin2y)dy =0;

e) 3x%e’dx + (x’¢” = 1)dy =0;

K) (sinx + y)dx + (ycosy2 +x)dy =0;
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3) (x? —4xy—2y2)a’x+(y2 —4xy—2x2)dy =0;
n) (3x2y + cos x)dx + (x3 +2y)dy =0;

K) ydx+(x—y3)dy=0;

m (2x +3y?)dx + (6xy— y+Ddy =0;

M) yx? ldx+ x¥ Inx dy =0;

0) (y=3xH)dx—(4y —x)dy = 0;

m) (x* + y* + x)dx + (2xy —e” +1)dy =0;

p) (¥ +ye" +3)dx=2—-e’x—e")dy.

8. Po3B’sikiTh AudepeHIianbHl pIBHSHHSA, 3BIBIIM 1X J0 PIBHSHHSA
B IOBHUX Ju(epeHIiiaiax 3a JOIMOMOTr0l0 IHTErPyBaJIbHOI'O MHOKHHUKA.

a) (x2 +y2 + y)dx —xdy =0,

6) (3x2 cos y—siny)cos ydx —xdy =0;

B) Y(x+y)dx+(xy+1dy=0;

r) y(y2 +1)a’x+x(y2 —x+1)dy=0;
1) (x—y)a’JH-(xzy2 +x)dy =0;

e) (2x2y% = 2y)dx+ (x°y —x)dy = 0;

x) (x> —x+ y)dx —x(1=3xy)dy = 0;

3) y(I-Inx—Iny)dx —xdy =0;
) (x2 —2xsin y)dx + (x2 +1)cos ydy =0;
K) (y+2)dx—x(y2+4y+3)dy=0.
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9. Po3B’sikITh 3a1a4l.

a) MarepiaibHa TOYKa PyXaeTbCs MPSIMOJIHIMHO MMl JIEI0 CHUIIH,
o0 MpsMO NPONOpLiAHA Yacy BiA TMOYaTKy pyxy W oOepHEHO
MPOMNOpIiHA MBUAKOCTI pyXy. BcTaHOBUTH 3B’SI30K MIXK IIBUAKICTIO V
ivacom 7, sikmo =0, v=0ir=2c, v=8wm/c.

0) ¥ kimHarti 3a Temnepatypu 20 °C nesike TU10 0X0J10J0 3a 20 xXB
Bix 100 mo 60 °C. Yepes ckuIbKM XBWIMH BOHO 0xoJioHe 110 30 °C, gxmio
MIBUJKICTh OXOJIO/KEHHS MPOIOPIliHA PIZHUIIl TEMIeparyp Tija Ta
cepenoBuiia’?

B) BuzHaunTtu nuisix, npodieHuit TijIoM 3a yac f, SIKIO BiJIOMO,

10 IIBUJIKICTh PYXy B KOKHUH MOMEHT 4Yacy MPOMOPIliiHA TPOUICHOMY
nuisixy. Tino mpoxoants 30 m3a 1 xB 190 M 3a 2 xB.

r) MoTopHUIl 4YOBEH PYyXa€ThCid B CTOSYIM BOJAI 31 HIBHJKICTIO
5 M/c. Ha nmoBHOMYy XOay NBUT'YH BUMKHYJH, 1 yepe3 40 ¢ MIBUIKICTD
YOBHA 3MEHIIMIACK 10 2 M/c. BBaxkarouu cuity omnopy, 1o Ji€ Ha YOBEH
3 OOKy BOAM, MPOMOPIINHOI MIBUAKOCTI PyXy UYOBHA, BU3HAYWUTHU
IIBUKICTh YOBHA Uepe3 2 XB MIC/Isi BAMKHEHHS JBUTYHA.

n) llIBuakicTe BUNApPOBYBaHHS pPEUOBUHM  MPOMOpLIAHA i
HassBHOMY 00’ eMy. SIKIIO MOYaTKOBUii 00’ €M peuoBUHH HopiBHIOE V) , a

4yepe3 OJIHY TOJMHY BiH 3MEHIIMUTHLCS BJIBIYl, TO KA KIJIbKICTh PEYOBUHU
3QIIAIIUTHCSA Y€pe3 TPU TOAUHU TTICIIS TOYaTKy BUTIAPOBYBaHHS?

¢) 3HaliTH piBHAHHA KpUBOi, mo npoxoauts yepe3 Touky (1;0),
JOTUYHA J0 SKOI BIATMHAE HA OC1 a0CIMC BIJIPI30K y Ba pa3u OlIbIINI
3a OpJIMHATY TOYKH JIOTHKY.

’K) 3HAalTU PiBHAHHA KpUBOi, 0 nmpoxoauts yepe3 Ttouky (1;0),
MPUYOMY OpJIMHATa TOYKHA MEPETHHY JOTHYHOI JO KPHUBOI 3 BICCIO
OpJIMHAT Ha 11’ SITh OJMHUIIL OUTbIIIA 32 A0CIUCY TOYKHU JOTHKY.

3) 3HailiTH piBHAHHA KpUBOi, WO mpoxoauTs uyepes Touky (1;1),
IPUYOMYy OpAMHATA TOYKM IIEPETHHY JOTHYHOI 3 BICCIO OpIMHAT
JIOPiBHIOE TOOYTKY KOOPAMHAT TOYKH JOTHKY.
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) 3HaliTH piBHAHHA KpHBOi, mo mpoxoauts depes Touky (1;0),
IPUYOMY KYTOBUH KOE(QILIEHT TOBLIBHOI JOTUYHOI O HEl JOPIBHIOE
BIIHOIIICHHIO CYMH aOCIHCH ¥ OpJWHATH TOYKH JOTHUKY /0 aOCIHUCH

TOYKH OJOTHUKY.

K) 3HaliTi PiBHAHHSA KPMBOi, 10 IPOXOAUTH depe3 Touky (3;1),
JTOTHYHA 10 SKOi BiaTuHae Ha oci OX Bigpi3oK, y TpH pa3u OLIBLINI 3a
OpAVHATY TOYKH JOTHKY.

10. Po3B’sikiTh piBHSIHHS PikkaTi.

a)y'+2xy—y2=1+x2,J’1=x;

6) y'+2xy—3y* =1—x%, » = X;

B) xy'—(5x+1)y+y2:—4x2,)’1:x;
' X 2 x 2x X,

r) y'-2e’y+y =e —e7, yy=¢€;

n) y'+ 4cosx-y—2y2 —2cos” x —sinx, ¥ =COSX;

23 1

e) 4y'+y +—==0, y=—;
X X

' 2 2 2 1
K) Y +—y+y =—, y=—;
X X X

1 , 4 2

3) Y+ —y+y =—, »=—.
X X X
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Poznin 2. TUPEPEHIIAJIBHI PIBHAHHA BUILIUX ITOPAAKIB

2.1. OCHOBHI IOHATTSA TA O3HAYCHHSHA

HudepeHiianbHuM  pIBHSHHAM /7-TO  TIOPSIKY HAa3WBAETHCS
PIBHSHHS

F(x,y,y',y",...,y(”)) =0, (39)

ne xe€(a;b) — mezanexna 3miHHa, ) = Y(X) — mykaHa QyHKId, a
¢byHkiiss F — BH3HauYeHa W HemepepBHa B JAesKii odmacTi G ¢ R"2,
n 21, 3MiHU CBOIX apryMEHTIB.

Hudepenuianbie piBHIHHS 77-TO MOPSIAKY, PO3B’A3aHE BIJIHOCHO
CTapIIOoi MOX1THO1, Ma€ BUTJISI

Y = e,y ey, (40)

ne (yHKIs f BusHauena i HEelepepBHa B JIEAKIM BIIKpUTIN 00JacTi
Dc R”*! 3MiHu cBOiX aprymeHTiB.
Jlist  piBHSIHB, PO3B’SA3aHUX BIJHOCHO CTapIIOi  MOXITHOI,

cripaBenniuBa meopema Kowi npo icnyeanns ma eOunicms po3e s3Ky.

Teopema 2 (nIpo iCHyBaHHfl Ta €IMHICTH PO3B’A3KY). SKIIO B
(

piBastaui (40) dynkuis f(x, v,y V",...,p n_l)) Ta ii YaCTUHHI TOXijHi

o (n-1)
3a aprymenramu y,y,V",.., )

HETepepBHI B JACSAKIA BIIKPUTIH

obmacTi Dc R, TO TUTSI JOBiIBHOT TOYKHU
N SN () : » ) -

(X05 YosYos--3Yy V€D icHye enuHuil pO3B’SA30K  PiBHAHHS

¥ =y(x), BusHauenuii y neskoMy okodi Touku Xy €(a;D), sxwuit

3410BOJIBHAE HO‘{aTKOBi YMOBI/Ii
v(x)=vo, Y =¥o, ..., YD) =»"P. @D

3aoauero Kowi nns piBasHHsS (40) Ha3uBaeTbcs 3amada
3HAXO/UKEHHS po3B 3Ky V = V(X) piuanna (40), axuil 3a10BONBHSIE

mo4yaTKoB1 yMOBH (41).
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Hexait D < R”Jrl — o0JacTh, y KOXHIM TouIll K01 3amada Korri

st piBHsHHS (40) Mae eTMHUI PO3B’A30K.
O3naueHHs. 3a2anbHumM po36 s3KoM OupepeHyianbHo20 PiBHAHHSI
n-eo0 nopsoky B obnacti D Ha3uBaeTbcsa M pasiB audepeHIliioBHA

ynkuig ¥ =@(x,C},C,,...,C,), gxa 3a1eKUTh Bifl 71 JOBIIBHUX CTAINX
1 3aJTOBOJIHHSIE TaKi YMOBHU:

1) BoHa 3a0BOJBHSAE JU(EpEHIIAIbHE PIBHAHHS 3a OyJb-IKUX
sHauens ctamux Ci,C,,...,C;

2) sixi O He Oy moYaTkoBi yMOBH (41), MOKHA 3HAWTH TaKi €UH1
0 ~0 0 . 0 ~0 0
suavenns cramux C,C,...,C", mo dynkiis y = (p(x,C1 ,C) ,...,Cn)
3QJIOBOJIbHATAME Il TMOYAaTKOBI yMOBH. BBa)kaeTbcs, IO ITOYATKOBI
' (n-1) .
BHAYEHHS Xy, V(5 05+ V0 Hajexatb  obmacti D, ne

CIpaBIKY€EThCSI  TeopeMa ICHyBaHHA Ta  €IUHOCTI  PO3B’s3KY
audepeHuiaabHoro piBHAHHS (40).

o , 0 ~0 0 o -
Bynb-skuii  po3B’sa30k Y = Q(X, C1 ,C2 ,...,Cn ), OTpUMaHMii i3

3arajbHOrO0 PpPO3B’A3KYy 3a NEBHUX 3HAY€Hb [JOBUIBHUX CTaJUX,
HA3UBAETHCS YACTNUHHUM PO36 A3KOM.
Po3B’s130k nudepeHLiaIbHOTO PIBHSIHHS, 3alIMCAHUN Y HESIBHOMY

surnani D(x,y,C,C,,...,C,) =0, masupaerbes 3aeanvuuii inmezpar, a

YaCTUHHUM PO3B ’H3OK, 3alMCcaHum y HCABHOMY BI/II"J'ISII[i

0 ~0 0 ..
CD()c,y,Cl ,C2 ,...,Cn ) =0, — vacmunnuii inmezpan.

2.2. IludepeHuiajbHi piBHAHHS, 0 T0MYCKAKTH
3HUKCHHS NOPAAKY

1. PiBHsIHHS BUAY y(”) = f(x).

3araJibHUH PO3B’SI30K 3HAXOJUTHCS IUIIXOM IHTETPYBaHHS IHOTO
PIBHSIHHS TIOCJTIIOBHO 77 pas3iB:

W =] e+ €,
Y72 = [(] f(x)dx)dx+Cix+C,,
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2

oy ©2 X"+ C,
(n—1)! (n-2)!

bi (& Cl’ Cz, ,Cn eR )
Mpukaan 19. 3uaiiTi 3aranbHUN po3B° 130K PIBHAHHS
y"l — 60x2 .

Po3B’si3anHs. [HTErpyroun mMOCIHIIOBHO MpaBy Ta JIIBY YacTHUHY

PIBHSIHHS, IICTAaHEMO:

¥ =[60x"dx =20x" +C

V' =[Q20x +C)) dx =5x" + Cx + Cy,

yzf(Sx4 +Cix+C,) dx = x° +%x2 +Cox+C5,
.G, C3eR,

2. PiBHSIHHS, SIKi HE MICTATH SIBHO IIYKAHY (PYHKIIiI0
Posrnsaemo audepeHiianbHe piBHSAHHS, SIKE HE MICTUTH SIBHO
mykany QyHkio V

F(x,y', )", ') =0. (42)

Bamina V' = p(x), ne p(x) — HeBimoma (GyHKIlISA, TPUBOIUTD J10
3HWKEHHS MOPAJIKY PIBHAHHS (42) Ha OJUHULIIO.

JIns piBHSIHHS

F(x,y(k),y(k+1),...,y(n)) =0, (43)

SKe HE MICTUTh SIBHO IIyKaHy (QyHKIIO YV Ta JesKky Kibkicth (k —1,
k > 2) mocmimoBHuX ii MOXiTHMX, 3aMiHa y(k) = p(x) HOPHUBOAUTHL IO

3HIDKEHHS TIOPSAIKY PIBHSHHS Ha K OJMHMIIb, TOOTO

' -k
F(x,p,p ,...,p(” )) =0.
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Mpukaang 20. 3HaiiTy 3araJbHUN po3B’sI30K AUBEpPEHIIaATbHOTO
PIBHSHHS

(x=3)y"+)'=0.

Po3B’si3anns. Maemo piBHAHHS Burisiny (42), sike HE MICTHUTH
SBHO IIyKaHy GyHKLio V. 3pobumo 3aminy V' = p(x). Tomi V' =p', i

pIBHSIHHSI HAOepe BUTIIALY:

dp dp dx
x-3)—=-p, = - :
(x=3)—-==p b x-3

ja’_p__I dx
p x—3’

Inp=-In(x-3)+In|C|, C#0.

Bpaxosytoun, mo ¢yuxuis P =0 takox € po3s’sa3xoM, MaeMO
y > y 3

p= G ,C eR.
x—-3
Jlami 3HaX0UMO:
dy _ G
d x-3

v=CIn(x-3)+C,, C|,C, eR

— 3araJIbHUM PO3B’SI30K.

Hpuxknax 21. 3HalTH 3araJbHUN PO3B’SI30K JH(EPEHINIATHBHOTO

PIBHSIHHSI

Po3p’si3anus. Lle piBHSHHS HE MICTUTH IykKaHy (QyHkmiro JV Ta
mae Burman (43). 3po6umo saminy ¥"= p(x). Toxi »'" = p'(x), i

pIBHSIHHSI HAOEpe BUTIISILY:

P —x=—p(x),  p(x)——p(x)=x.
X X
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Otpumanu diHiiHe nUQepeHIiaibHe PIBHSIHHS MEPLIOTO MOPSIKY.
Po3B’sbkemo toro metogom bepHym, TOOTO po3B’S30K ITYKATHMEMO Y
urasag p(x) =u(x)-v(x), ne u =u(x),v=v(x) — HeBimomi QyHKIi.

PiBHsHHS HaOepe BUTIIANY:

1
u'v+uv'——uv=x,
X
1
u'v+u(v'-—v)=x. (44)
X

dyukwito vV = v(x) Bubepemo Takoro, mobd v'——v =0. Maemo:
X

dv 1 dv  dx
_:_V, - =

ax x % X

9

Injvi=ln|x|+In|C,|,C;#20, v=Cx, CeR.

IMoxkmagemo C =1, Toxi V=X, IlincraBumMo QyHKIiI0 V=X Yy
piBHSIHHS (44):
du
u"x=x, —=1, du=dx, u=x+¢.
dx

Takum unHOM, OTpUMaNK (PYHKIIIO
px)=u(x)v(x)=(x+C))x = X%+ Cx.

IinctasuBmm y'" = p(X), 3HaiinemMo gyHkiio ¥ = Y(X):
y"=x*+Cpx,

3 2
pr=[(x? +C1x)dx=%+C1x7+C2,

3 2 4 3
X X X X

Y F Y SO R M AR R N

Y f(3 15 2) TR I 3

4 3 5 4 2

X X X X X
=|(—+C—+Cx+Cy)dx=—+C,—+C,—+Cix+ Cy -
y I(l2 1 T 3) PR PYRES ISR R

OTtxe, 3araJiIbHUM PO3B 30K Ma€ BUTIIAL
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xS x4 2

X
== +C=—+C,—+Cyx+C,, (.6, G, C4eR,
TR0 laa 2 YT

3. PiBHSAAIHHS, SIKI IBHO HEe MICTATH HE3aJIC’KHY 3MIHHY

Posrnsaemo audepeHitianbHe piBHIHHS BUTIISITY
F(3,,3" ") =0, (45)

K€ HE MICTUTD SIBHO HE3AJIC)KHY 3MIHHY X .

3aMiHa

V'=p), (46)

ne p= p(y) — HoBa mykaHa QyHKLiS, ) — HOBAa He3aleKHA 3MiHHA,

MPUBOJIUTH J10 3HUKEHHS MOPSAJIKY PIBHSAHHS HA OJUHUIIIO, OCKUIbKU

e dp(y) _dp(y) dy _

dx dy dx Pp,
m d 1] " dy 1 !dy " !2
= — . — ._+ . _ Y = _|_ ,
Y dx(p p)=p y D pdx p(p"+(p"7)

! " _1
Y =g(p.p.p"n p" V).
OTtxe, BiJ piBHSIHHS (45) ¥ -ro MOPAIKY MEPEXOAUMO JI0 PIBHIHHS
(7 —1) -ro mopsaaky BimHOCHO HIykaHoi pyHKIi P
' -1
F(,p.pss p" ) =0.

VY Bunanky nudepeHuiaibHOro PIBHSIHHS APYroro NopsKy, sike He
MICTUTh SIBHO HE3AJIG)KHY 3MIHHY X
Fy.y,y")=0, (47)

3aMiHa

, o_dp(y) _dp(y) dy
y=p(y), Y e & d p-p,

ne p=p(y) — HoBa mykaHa QyHKLis, VY — HOBa He3aleKHA 3MiHHA,

OPUBOAUTH 10 AUGEPEHIIATBLHOTO PIBHAHHS MEPIIOTO MOPSIAKY
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F(y,p,p)=0.

3ayBakuMo, 110 Ticis 3aMiHU (46) MOXIIMBAa BTpaTa PO3B’SI3KIB
mupepenuiansHoro  piBusuas  Buay Y =C.  Besnocepeanboro
M1JCTAHOBKOIO HEOOXIAHO TMEPEeBIPUTH, UM cOpaBAl piBHSAHHA (45) uu
Horo okpemuit BUMaiok (47) Mae Taki po3B’si3KH.

Ipukaan 22. Po3B’sokiTh AudepeHIfianbHe pIBHIHHS

yy=0"" (48)

Po3B’si3anHsi. PiBHAHHS HE MICTUTH SBHO HE3aJEXKHY 3MIHHY X .
3pobuMo 3aMiHY:

yV=p(), y'=p-p.

PiBHsHHS HaOepe BUTIIAMY:

p-p-y=p>, PY=p, (49)
dp _dy Id_l’zjﬂ
p Yy’ p v’

In|pl=ln|y|+In|C|, C#0,
p=Cy, C+#0 - 3aransHuii po3B’sA30K.

®ynkuis P =0 € po3p’sa3koM pIiBHAHHS 3 BiJOKPEMIIOBAHUMU
3miHHUMU (49). Moro MokHa OTpUMATH 13 3arajJbHOTO PO3B’S3KY, KOJIH
C =0. 3Biacu 3arajgpHuil po3B’sI30K piBHAHHS (49) Mae BUTIIA

p=Cy, G eR,

Jlam maemo:

dy dy
—:C , —ICCIIX’
dx 1 y !

In|y=Cx+In|C|,C20 y=C-¢9", C=0.

Ockimekn  ¢ynkmis ¥ =0 € poss’sskom audepeHIiaTbHOTO

piBHsIHHS (48), TO 3araJIbHUN PO3B’SI30K PIBHSHHS

y:CZ'eCIXD CI’CZ €R.
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KonTpoJbHi 3anuTaHHs

1. Slke audepeniianpbHe pIBHIHHSA Ha3UBAIOTh AU(EPEHITIATLHUM
PIBHSIHHSIM 7 -TO MOPSAIKY?

2. ChopmyinoiiTe TeopemMy ICHYBaHHS Ta €JIUHOCTI PO3B’SI3KY
3amadi Komr audepeHiiaibHOro piBHIHHS 77 -TO TIOPSIIKY, PO3B’SI3aHOTO
BIJTHOCHO CTapIIIOi MOX1THOT.

3. lllo Ha3uBarOTHh 3arajlbHUM pO3B’SI3KOM AU(PEPEHI1ATLHOTO
PiBHSIHHSL /! -TO TIOPSAKY?

4. HaBeniTh Tpu OCHOBHI TN JTU(EPEHIIATBPHUX PIBHSIHD BUIIUX
MOPSIZIKIB, IO TOMYCKAIOTh 3HMKEHHS MOPSIAKY.

2.3 JliniiHi nudepeHuiajbHi pIBHSIHHSA BUIIUX NOPSAKIB.
OCHOBHI MOHATTH

Osunavenns. Jliniunum oughepenyianbHum pisHAHHAM N -20
nopsI0Ky Ha3UBAETHCS PIBHSHHSA, SIKE JIIHIHE BIIHOCHO IIYKAHOI PYHKIIIT

(n)

Y(x) Ta ii moxigaux y',y",..., y\", T006TO Mae BUrIAL

b )y + by )y 44 by (x)y = g (x), (50)

ne by(x),b(x),....0,(x) i g(x) — 3amani HenmepepsHi (yHKLIi Ha
intepsani (a;b), npuuomy by(x) #0.

OyHKIIIT bo (x), bl (X), e s bn (X) Ha3WBaIOTH Koeghiyiecnmamu
nudepenuianpaoro pisHaHEa  (50), a ¢ynkuito g(X) — npasoio
wacmunoro. dxmo g(x) =0, MaeMo ainiiine oonopione ougepenyianvue
pieuannus  (JIOJAP), sxkmo g (x)#0  —  Jinitine HeO0OHOpIOHe
ougepenyianvue pisnsanns (JIHIP).

Ockinbkn Dy(x) #0, To Ha 1eil koedilliecHT MOXKHA MOJITHTH
npaBy Ta JiBy yacTuHy piBHsSHHA (50). [To3HaunBmN

b
AU

~g(x)
by(x)” l =

’ by(x)’

micTaHeMo JiHiiHe AudepeHIliaabHe PIBHIHHS 7 -TO TIOPSIIKY BUTIISATY

a;(x) =
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Y 4 a, )"V 4 4a, (x)y = f(x). (51)

3Bakarouu Ha Te, 1o audepeHuiaibHe piBHAHHSA (50) 3aBxau
MOXHa 3BecTdU A0 AudepeHIiaabHoro piBHsAHHS (51), y momanbimiomy
O3S AATUMEMO JTIHIMHI TudepeHiianbHi piBHIHHS BUTIsAy (S1).

Ockutbku  koedimientu piBHsHHS (51) 1 mpaBa dYacTUHa €
HeMepepBHUMU (YHKIISIMHA 3MIHHOI X a0o0 CTaluMH, TO JJIS IBOTO
PIBHSIHHS CITpaBeIMBa TeopeMa 2 PO iICHYBaHHS Ta €IMHICTh PO3B’SI3KY
nudepeHIliaIbHOrO PIBHSHHS.

JliHiiiHUM ~ OAHOPIAHUM  AU(EpEeHIlialbHUM  PIBHSHHSIM, IO
BI/IMOBIJIa€ HEOAHOPIAHOMY PIBHSHHIO (51), Ha3UBAETHCS PIBHSHHS

y 4 al(x)y(”‘l) +..+a,(x)y=0.

Jliniini  oxHopigni audepeHniagbHi PIiBHAHHS BHUIIMX
NMOPSIAKIB

CnouaTky BCTaHOBUMO jiesiki BiactuBocti JIOJIP
Y 4 a ()" + . +a,(x)y=0. (52)

OpmauM i3 posw’si3kiB piBHaHHA (52) ¢ ¢ymkmis V=0, Ilei
PO3B’SI30K HA3UBAETHCS HYAbosum ab0 mpusiarvHum. Hagami 1mia
3a/layel0  PO3B’SI3aHHS  OJHOPIAHOrO JU(EpPEHLIATbHOIO PIBHSIHHSA
PO3yMITUMEMO 3HAXOXKEHHS 1Or0 HETPUBIATBLHUX PO3B’SI3KIB.

Teopema 3. Skmo Yi(x), y,(¥) — wactumHi pPO3B’sA3KM
olHOpiAHOTO AudepeHIiaTbHoro piBHAHHA (52), TO PO3B’SI3KOM

piBHsIHHS (52) € TakoX (DYyHKITIS
y=Cn(x)+ oy (x),

ne C,C5 — noBinbHI KOHCTAHTH.

HNosenennss. Ockinbku Vi(X), ¥o(X) € po3p’si3kamu piBHAHHS

(52), To

2+ ay (x) ]

yé”) +aq (x)yé”_l) +..+a,(x)y, =0.

"Dy +a,(x)y =0,

66



[Migcrasumo ¢ynkuio ¥ = C 3 (x) + Cy ¥, (X) y piBnsuns (52)
Clyl(n) + Cz)/gn) Ta (x)(ClJﬁ(n_l) + Cz)én_l)) tota,(Cy+Cyy) =

=" +a ()" + v a, (D)) +

+Cy (" + ay ()" + . a, (0)y) = C -0+ C, -0=0.

Orxe, ¢ynkmiga YV=Cnx)+Coy(x) €  pos3p’sskom
piBHSHHSA (52). |

Osnavyennst. ®Oyukuii  yy,y,,...,), Ha3UBAIOTLCA  JIHIUHO
nezanexcnumu Ha intepsani (a;b), axmo 3 piBHOCTI

oy (x)+ o,y (x)+...+a,y,(x) =0 s seix x € (a;b)

BUILIUBAE O =0, =...=0, =0,

3okpema, aBl GyHKINP Yy 1 Vo € JIHIMHO HE3aJIeKHUMH Ha
intepsani (a;b), axmo 3 piBrocTi Oy (X)+ 0,1, (x)=0 nna Bcix
x € (a;b) punnusae o =0, =0, OueBnnHo, mo B QyHKIIT V| 1 V)
ninitiHo 3anexcui Ha intepsani (a;b) Toni i muiue Toxi, KoM icHye crase

) _ A
V2 (%)

qucio A Take, mo s Beix X € (a;b) BUKOHYETHCS PIBHICTh

a60 y1(x) =Ay,(x) (y,(x) #0, nna 6yas-axoro x € (a;bh)).

Jlns  JoCHDKeHHS  JIIHIMHOT —3aJIeKHOCTI  CUCTeMH  (YHKIN
BHKOPHUCTOBYETHCS BU3HAYHUK BpOHCHKOTO.

O3navenHsl. Busznaunukom Bpomucvkoco (8ponckianom) GyHKINN

V15V25--+5 ), Ha3UBAETHCSI BUSHAUYHUK

yl y2 e yn
N Vs o e Yy
W D2 ) =) S
-1 -1 -1
I S
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[Mpunyckaerbes, 1m0 GYHKIE Vi, V2.V, € n—1 pasis
nudepeHIiHoBHI.

Buznaunuk Bponcbkoro st iBox GyHKIN ),), Ma€ BUTIIAL

W,y = yl, y? .
N

CrnpaBe MBI TaKl TEOPEMHU.

Teopemad. Skmo #—1 pasiB gudepenmiioBni  QyHKIii
VisV3se-sY, JNiHIHO 3anexHi Ha inTepBanmi (a@;0), To BU3HAYHUK
Bponcekoro W (yy,)5,.-,¥,) Ha 1IbOMY iHTEpBaJli TOTOXKHO JOPIBHIOE
HYTIO.

Teopema 5. fxmo )y,)3,..-»V,, € NIHIHHO HE3AIC)KHUMH Ha
inTepsani (a;0) posp’askamu niHiiiHOro oaHoOpimHOro piBHAHHA (52) 3
HenepepBHuMHU Ha (a;0) xoedilieHTaMM, TO BU3HAYHMK BpPOHCHKOTO

Wi, Ysseees yn) HE JIOPIBHIOE HYJIIO B )KOJHINA TOYIll IIbOTO IHTEPBAIY.

Teopema 6. Sxuo )y,)7,---» YV, — JIHIHHO HE3aJEXKHI PO3B’SI3KU

JIHIAHOTO OJHOPIAHOTO PIBHSHHS 77 -TO mopsAnaky (52), TO 3arajJbHUM
PO3B’A3KOM IIHOTO PIBHSIHHS € (QYHKITIS

Y(x)=Cy(x) + Coyp () +...+ C v, (X)),

ne C,C,,...,C,, — noBinbHi milicHi cTai.
JoBenennsi. HaBenemo noBelneHHS 111€1 TEOpEeMU JJIsi PiBHSHHS
JPYTOTO MOPSIKY
V't+a(x)y' +ay(x)y=0. (53)

Hexaii y;(x) i y,(x) — niniliHo He3anexHi pO3B’A3KU PiBHSAHHS
(53). I3 Teopemu 3 BUIUIHBAE, IO PYHKITISA
y(x) =C(x) + Gy, (x) (54)
€ PO3B’SI3KOM PIBHSIHHS.

Po3B’s30k (54) € 3araibHUM PO3B’A3KOM (32 O3HAYEHHSIM), SIKIIIO

TUTSL Oy Ib-SIKUX TTOYaTKOBUX YMOB
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y(x0) =Yy, Y'(x9)=xg (55)

MOKHA MII0paTH Takl 3HAYEHHS CTaIUX CIO 1 Cg , 32 SIKUX PO3B’SI30K

(54) 3a10BOJIBHSIE 111 TOYATKOB1 YMOBH.
[TincraBuMo mmoyaTkoBi ymoBu (55) y dyHkItio (54):

Cin(xo)+Coyy(xg) = o, (56)
Ciyi(x) + G5 (x9) = ¥yp-

Busnaunuk 1iei cucremMu

A:)’1(350) ¥ (xg)
y(xg) ya(xp)

€ BU3HAYHUKOM BpOHCBKOTO, CKIAJEHUM I JIHIHHO He3aJIeKHUX
po3B’sa3kiB piBHAHHA V(X) i Vo(X) 3a X =X. OTxe, 32 TEOpPEMOIO 5
A # 0 iTomy cucrema (56) Mae enunui po3B’s30k C| = Clo 10, = Cg :
Jns  omHOpimHUX AUGEpeHIliaIbHUX PIBHSIHB /1-TO TOPSJIKY
TeopeMa JOBOJUTHCS aHAIOT1UHO. u
TakuM YMHOM, JJI 3HAXOKEHHS 3araJlbHOTO PO3B’ 3Ky JIHIHHOTO
OJTHOPIJTHOTO PIBHSAHHS ¥ -r0 TOPSJKY JOCTaTHHO 3HAWTH Horo 7

JIHIMHO HE3aJIe)KHUX POo3B’s3KiB. Jlami mokaxkemo, sk 1€ 3pOOUTH s

JHIAHUX OJHOPIAHUX PIBHIHB 31 CTAIMMU KOE(IIllEHTAMH.

KonTpoJibHi 3aniuTaHHs

1. Slxe pudepeHuianbHe pIBHSHHA /7-TO MOPSAIKY Ha3UBAalOTh
JTHIAHUM?

2. ChopmymroiiTe O3HAUYCHHS CHCTEMH JIHIHHO HE3aJICKHUX
dyHKU Yy, V,,..., v, Ha inTepsaii (a;0).

3. ChopMmymmroiiTe TeopeMy PO 3araibHUK PO3B’S30K JIIHIMHOTO
OJIHOPIJTHOTO TU(PEPEHIIAIBHOTO PIBHSIHHSA /! -T0 TOPSIAKY.
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2.4. Jliniiidi ogHopiaHi nudepeHmiajabHi piBHAHHS
3i cTaJIUMM Koe(inieHTaMu

CrouaTtky poO3TJssHEMO JIiHIMHE OJHOpiAHE AudepeHIiaIbHe
PIBHSIHHSI IPYTOT0 TOPSIAKY

V'+py'+qy=0, (57)

ne P>4 — cram nicHl yucha.
[Ilo6 3HaiiTH 3arajdbHUN PO3B’A30K PIBHIHHSA (57), MOCTATHBO

3HAWTH JIBa YACTHUHHI JIHIMHO HE3aJIeKH1 Horo po3B’si3ku. [llykatumemo

iX y BUINIAAL y = ekx (meton Eitnepa), ne k — naificHa 4¥ KOMIUIEKCHA

crana, Ky norpibHo 3nairtu. IligcraBumMo QyHkKIi0 y = o y PIBHSIHHS
(57):
y=e™, yv=k-, y=k*.M
ekx(k2 + pk+q)=0.
Ockinbku ¢ = (), TO
k2 + pk+q=0. (58)

PiBusiHHsL (58) HA3UBAETHCS XapakmepucmuyHuM pPIiBHAHHAM JJIs

piBastabs (57). Skmio k& — poss’ssok piBHsHHA (58), TO y:ekx -

pO3B’sA30K piBHAHHS (57).
PiBusaHs (58) — 11€ KBajipaTHE PIBHIHHS, K€ Ma€ KOPEHI

klz—p+\/p2—4q P p -4q

b

2 2

JluckpumiHant D = p2 —4q . MOXIMB1 TPU BUITAJIKH.

1. Xapaxmepucmuune pisHsanns mae 08a pi3Hi OIliICHI KOpeHi
ki #ky, (D>0). V upoMy pasi audepenuiansie pisHsHHsA (57) Mae

YaCTUHHI PO3B’A3KU

kix - krx
yy=el iy, =e?,
A
SIK1 JIIHIMHO HE3aJIC)KHI, OCKIJTEKH EARp - = eMk2)% 4 const .
Yy e
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3aranpHuil po3B’A30K PIBHAHHS (57) 3rigHO 3 TeopeMoio 6 Mae

BHTJISAT
yx)=Cn+Cyy = Cleklx T Czekzx» C, G, eR,

2. Xapakxmepucmuune pIiGHAHHA MA€E 08a pIiBHI OIUCHI KOpPEHI

ky=ky =k (D=0). Y ubomy pasi onun po3s’s130Kk 1udepeHIiatbHOro

i =M. B by =ky ==L
P1BHAHHA yl =€ . DpaxoOBYyrou4y, 10 K| =Ky = _5, MOXKHa ITOKa3aTH,

o  y, = xe™ Takox € PO3B’SI3KOM  TU(EPEHIIAIBHOTO PIBHSHHS.

JlilicHo, 3HalifeMo MmoxigHi V5 1a V'
vy = ™ = (1+ k),
y'h = 2ke® + k2 xe™ = (2k + kzx)
Ta MiJICTaBUMO iX B piBHSHHSA (57):
e 2k + kzx) + pekx (1+ kx) + qxekx = 2k + kx+ p(l+kx)+gx)=
— o (x (2 +pk+q)+2k+p)—ekx(x-0+2(—§j+p)—0.

kx
. e 1 . L
Ockinbku A =T COnst, TO PO3B’SI3KU )| 1 Vo JIHINHO
Yo xe X

HezanexHl. OTxke, piBHSHHS (57) Mae JBa JHINHO HE3AJIEKH] pO3B’A3KU

yl :ekx, y2 :xekx

1 3arajibHUI PO3B’A30K PIBHSIHHS MA€ BUTJISAT
¥(x) = oy + Cyyy = Cie™ + Cyxe™ = (€ + Cyx), €1, C, €R.

3. Xapaxmepucmuune piGHAHHA MAE 084 KOMMNJIEKCHI CHPAHCEHI

kopeni (D<0) ky=a+iB, ky =a—iB. Toni maemo 1Ba pO3B’A3KH

piBusHHsA (57) y; = el )x, V) = e(a_iﬁ)x, abo

y =e* (cosPx +isinPx), y, =e* (cosPx —isinPx).
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Sxmo ¢ynkuis z(x) =u(x)+iv(x) € po3p’sa3kom piBHAHHA (57),
to u(x) i v(X) Takok € po3B’sA3kaMU IbOro piBHAHHA. JlilicHO,
nigcTauBd QyHKLio Z(X) y piBHsaHHAS (57), OTpEMAEMO:

u"+iv'+ pu'+iv)+qu+iv)=0,
(u"+ pu'+qu)+i(v"+ pv'+qv)=0.

OcTaHHs PIBHICTb MOXJIMBA, KOJIM BUPA3H B JIy>KKax JIOPIBHIOIOTH
Hymo, to6T0 U"+ pu'+qu=0 ta v'+ pv+qv=0_ Orxe, bynkmuii
u(x) i v(x) € pos3p’sizskamu piBHsAHHS (57).

Takum YMHOM, YACTUHHUMU PO3B’si3KaMu piBHIHHSA (57) € GyHKIIi1

y =e* cosPx, y, =e™ sinPx,

SIK1 JIHIMHO He3aJIeXKH1, OCKIJIBKHU

ox

e cosPx
N ' b = ctgPx # const .
Yy e®sinfx

3arasibHUM po3B’sI30K PIBHAHHSA (57) Ma€ BUTIISIA
y(x) = Cie™ cosPx + Cre™ sinPx = ™ (C; cosPx + C, sin ).
Ipukaan 23. 3HailT 3aranbHUN pO3B°I30K PIBHSIHHS
Vi+y' =2y=0.
Po3B’s13aHHs. XapaKTepUCTUUHE PIBHSIHHS Ma€ BUTIISIA
k> +k-2=0.

KopeHi  XapakTepuCTMYHOTO  PIBHSHHSA  JIMCHI W  pi3HI
ky =1, ky=-2. Orxe, nudepennianpHe piBHAHHA Mae jBa JiHiliHO
HEe3aJIe)KH1 YaCTUHHI PO3B’ A3KU

X _ =2x
yp=e ty=e .
3aranpHuil po3B’A30K AUGEPEHIIaTLHOTO PIBHIHHS

y(x)=Ce* +Cre™*, €, C, R,
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Ipukaan 24. 3HailTi 3aranbHUN pO3B’ 30K PIBHSIHHS
V'=4y'+4y=0.

Po3B’si3anHs1. XapaKTepUCTUYHE PIBHSIHHS MA€ BUTIISIT
2
k= —4k+4=0.
Kopeni  xapakTepucTUYHOTO  pIBHSHHA  JIMCHI  OJHAKOBI
ky=ky=2. Omxe, nudepeHuianbHe piBHAHHA Ma€ faBa JIiHIHHO

HE3aJIe’KHI YaCTUHHI PO3B’A3KU

y1:e2xiy2:xe

3aranpHui po3B’A30K AU(PEPEHIIaTbHOTO PIBHAHHS

2x

y(x) = Cie* + Coxe™ =¥ (C, + Cyx), G, G, R,
Hpuxnanx 25. 3HaliTy 3arajibHUN PO3B’SI30K PIBHSHHS
V'+2y'+5y=0,
Po3B’s13aHHs. XapaKkTepUCTUYHE PIBHAHHS MA€ BUTJISI]T
k> +2k+5=0.

KopeHi xapakTepucTUYHOTO PIBHSHHSA KOMIUIEKCHI CIIPSKEH1

Otxe, nudepeHmiaabHe PIBHSIHHSA Ma€ ABa JIHIMHO He3aleKHI
YaCTUHHI PO3B’A3KU

yy=e "cos2x i y,=¢ "sin2x.
3aranpHul po3B’A30K AU(PEPEHIIATBbHOTO PIBHAHHS
y(x)=Cie " cos2x+ Cye " sin2x, €, ¢, R,
Hpuknanx 26. 3HaliTy 3araJibHUN PO3B’SI30K PIBHSHHS
V'+4y=0.

Po3B’s13aHHs. XapaKTepUCTUYHE PIBHAHHS MA€ BUTIISI]T

kK> +4=0.

KopeHi xapakTepucTUYHOTO PIBHSHHSA KOMIUIEKCHI CIIPSIKEH1
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kLz =12 (G,ZO, BZZ)
Otmxe, audepeHIiaJbHe PIBHSIHHS Ma€ JBa JIHIMHO HE3aIeKHI
YaCTUHHI PO3B’A3KU

0

y=e"cos2x i y,=¢°

Ysin2x abo y; =cos2x i y, =sin2x,

3aranbHuid po3B’A30K AU(PEPEHI1aTbHOTO PIBHAHHS
y(x)=Cicos2x+C,sin2x, C,C, eR,

Hpuxnanx 27. 3HaliTH 3araJIbHUN PO3B’SI30K PIBHSIHHS

V'=2y'+y=0

1 HOr0 YaCTUHHUU pOBB’SISOK, 10 3a10BOJIBHSAE IMOYaTKOBI1 YMOBHU
— ! —
y(0)=4, y(0)=2.

Po3B’s13anHs. XapaKTepuCTUUHE PIBHSIHHS
k> =2k +1=0
Ma€ OJHAKOB1 JINCHI KOpEHi ki =k, =1, 106TO niHiiiHO He3aNeXHI
YaCTUHHI PO3B’SI3KM OJHOPITHOTO PIBHSHHS
y=e"iy,=xe".
3aranbHuil po3B’SI30K PIBHIHHS
y(x)=Ce* +Cyxe*, ¢, C; R

JIist  3HaXOPKEHHS YaCTUHHOTO PO3B’SI3KY, IO 3aJ0BOJIbHSIE
MOYAaTKOBl YMOBH, MiJCTAaBUMO TTOYAaTKOB1 YMOBH Y BHpa3H:

V= Clex + szex,
V' =Cie" +Cye” +Cyxe”.
Hicranemo 4=C;, 2=C;+C,, 10610 C; =4, C; =2, OTrxe,

YAaCTHHHHUHI PO3B’S30K, 110 3aJ0BOJIBHSE 3aJlaHl MOYATKOBI YMOBH, Ma€

BUTJIA
y(x)=4e* —2xe”*.

Cnoci0 3HaXOJKEHHSI PO3B’SI3KIB JIHIMHUX OJHOPIIHUX PIBHSIHb
MOPSAKY BHIINE JAPYroro 31 CTAIMMU KoedilieHTaMU aHAJIOTIYHUN
BHUKJIQJIEHOMY CITIOCOOY JIJIsl PIBHSIHB JIPYTOT'O TOPSIIKY.
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Meron Eiisiepa po3B’si3aHHsl  JIHIAHUX  OJHOPIIHMX
Au(epeHUiaIbHUX PIBHAHL 7 -r0 MNOPSAKY 3i CTaJIMMHU
KoedimieHTamu

Hexaii MmaeMo niHiiiHe AudepeHiaabHe PIBHAHHS 7 -TO TOPSIKY

YD pay" Vs t1a,y=0, (23)

ne ay,a,,...,a, — CTajl AIMCHI Yuca.

Xapaxmepucmuunum pisHauuam s pIBHAHHA (23) Ha3UBAETHCS
PIBHSIHHS 7 -TO CTENEeHs

K"+ ak" +. . +a,=0. (24)

Lle piBHsaHHS Mae 7 kopeHiB. KopeHl MOXyTb OyTH I1HCHUMHU
OPOCTUMH, JIMCHUMHM  KPAaTHUMH, KOMIUIEKCHUMH  CHPSDKEHUMHU
IPOCTUMH ¥ KOMIUIEKCHUMH CIIPSP)KEHUMH KPaTHUMMU.

Teopema 7. 1. Ko’xkHOMYy pOoCTOMY JIHCHOMY KOPEHIO k PIBHSHHS

k¢ nndepennianbHOTO PiBHAHHS

(24) BianOBIIa€ YACTUHHUMN PO3B’SI30K ¢
(23).

2. KocxxHoMy mificHOMY KOpeHo k KpaTHocTi » >1 BigmoBimae 7
YaCTUHHUX PO3B’sI3KiB PiBHAHHS (23) BUAY

K xe® x e

3. KoxHiii mapi &+ i mpocTHx KOMIIIEKCHHX KOPEHiB PiBHSIHHS
(24) B1AMOBIAAIOTH /IBA YACTUHHI PO3B’S3KH PIBHSAHHSA (23):
e sinfx, e™ cosPx.

4. Koxmiit mapi O+ kxommmekcHmx kopeniB piBHsAHHS (24)
KpaTHOCTI s>1 BIJIITOB1Ia€ 2s JACTUHHUX PO3B’SI3KIB
audepeHiaabHOTro PiBHAHHS (23):

. : 1 :
e™ sinPx, xe™ sinPx, ---, x° ™ sinpx,

™ cosBx, xe™ cosPx, -, x* ™ cosPx.
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CyMa KkpaTHOCTEH yCiX KOpEHIB JOPIBHIOE MOPSAKY PIBHSIHHS 77,
TOOTO KIIBKICTh YAaCTHHHUX PO3B’S3KIB, 3alMCAaHMX BIAMOBIIHO 0
TBEP/UKEHHSI TCOPEMHU, TAKOX JTOPIBHIOE TOPAIKY PIBHSHHI. MokHA
MoKa3aTH, IO TaKi YacTHUHHI PO3B’S3KH, SKI ITO3HAYUMO dYepe3

V1sV2sesVy, € JIHIMHO HE3QICKHUMU, 1 3TITHO 3 TEOPEMOIo 6

3arajbHUN PO3B’A30K AUGPEPEHINIATLHOTO PIBHSIHHS Ma€ BUTIIA
YX)=Cn+ Gy +..+Cy,,
ne C,C,,...,C,, — noBinbHi cTani.

Ipukaan 28. 3HaiiTH 3aranbHUN PO3B’I30K PIBHIHHS
y(4) -y=0.
Po3B’si3aHHA. XapaKTepUCTHUHE PIBHSHHS Ma€ BUTIIST
k*-1=0,
(k2 =1)(k* +1) =0,
(k=D(k+D)(k* +1)=0.
XapakTepucTUYHE  PIBHSHHS  Ma€  JBa  JIHACHI  KOpEHI
ky=11iky=-1 i nBa cnpsxeni kommuiekchi kopemi K34 =730 (

a =0, B=1). Omxe, nudepenmianpHe PiBHAHHSI Ma€ YOTHPHU JiHIHHO

He3aJIeKH1 YaCTUHHI PO3B’ A3KH

y3 =" cosx =cosx, yy =e ¥ sinx =sinx.

3aranpHUl pO3B’A30K PIBHSHHS
y(x)=Ce* +Che ¥ +Cycosx+Cysinx, €, Gy, G, G eR.

Ipukiaan 29. 3uaiiTi 3aranbHUN po3B° 30K PIBHSIHHS
y(s) + 5y(3) =0.
Po3B’si3anHs. XapaKTepUCTUYHE PIBHSIHHS Ma€ BUTIISI
k> +5k> =0,
K (k* +5)=0.
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XapakrepucTHuHe piBHsAHHA Mae kopinb K| =0 kparnocti Tpwm i

7Ba CIPSDKEHI KOMIUIEKCHI KOpeH1 k4’5 zi\/gi, SKUM BIATOBIAAIOTH

TaKl YaCTUHHI pO3B’I3KH TU(PEPEHIIATHFHOTO PIBHSIHHS:
M =V =1, Vs =xe" =x, V3 = x%e™ = X7,
V4 = % cos/5x = cos/5x, Vs = %% sin~/5x = sin+/5x.
3aranpHUl PO3B’A30K PIBHSHHS Ma€ BUTJIAL

y(x)=C +Cyhx + C3x2 +Cy cos~/5x + Cs sin/5x,
Cl’ Cz, C3, C4 ER.

Ipukaan 30. 3uaiiTi 3aranbHUN poO3B° 30K PIBHSIHHS
vV v 4y"+4y=0.
Po3B’si3anHs. XapaKTepUCTUYHE PIBHSIHHS Ma€ BUTIIS
k' +4k+4=0,
(k2 +2)2 =0, (k—2)%(k +~/2i)* =

XapakTepucTUuHe pIBHSHHSA Ma€ [Ba CHPSHKEHI KOMIUICKCHI
KopeHi k; =~2i k, =—+/2i kpaTHOCTI 1Ba, SKUM BIAIIOBIJAIOTH TaKi

YaCTUHHI PO3B’3KHU TU(PEPEHIIATHBHOTO PIBHSIHHSA:

* cos+/2x = cos+/2x, y2:xcos\/§x,
= e"* siny/2x =sin/2x, y, = xsin/2x.

3aranbHuii po3B’A30K PIBHAHHS Ma€ BUTIISA
y(x)=C,cos J2x+ Cyxcos J2x+ (5 sin J2x+ C4xsin J2x,
Cl, Cz, C3, C4 S R
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2.5. Jli"iiiHi HeogHOPiaHI nudepeHIiaIbHi PiBHAHHS

JliniitHe HeomHOpigHE nudepeHIiaTbHe PIBHIHHSA 7 -TO MOPSJIKY
Ma€ BUTJISI

P+ a0y Lt a,(x)y = f(x), (59)

ne a;(x), ay(x),...,a,(x), f(x) — nenepepsni Qpyukuii va (a;b).

Bignosinne ogHopigHe qudepeHItiaabHe pIBHSIHHS Ma€ BUTIIA
Y 4 a ()" 4+ +a,(x)y=0. (60)

JIist THIMHUX HEOAHOPITHUX PIBHSHB CIpaBEJIMBI Taki TEOPEMH,
[0 BHU3HAYAIOTh CTPYKTYpPY 3arajbHOro0  PO3B’SI3KYy  JIIHIAHOTO
HEOJHOPITHOTO PIBHSHHSL.

Teopema 8. 3aranbHum po3s’szkom JIH/IP (59) wa inTepBaii
(a;D) € cyma 3arajgbHOro PO3B’ 3Ky
V=Cy(x)+Coyy(x)+...+C,y,(x) BigmosimHoro omHOpigHOTO
piBHsHHS (60) 1 JIESKOTO YaCTUHHOTO PO3B’SI3KY y* HEOHOP1AHOTO

piBastHHS (59). ToOTO 3arambHUl PO3B’SI30K HEOIHOPIAHOTO PIBHSIHHS
(59) mae Burmsna

y=3+y =Cy+Cyy+..+Cpy, +y -
JoBenenns. [lokaxemo, 1o GyHKIIis
y=y+y =Cyn+Coyy+..+Cpy, + (61)
1€ V1>)V2se++s YV, — JHIKHO HE3AIECKHI PO3B’SI3KH OJHOPITHOTO PIBHSIHHS,

a V™ — gacTMHHMII PO3B’A30K HEOJHODIMHOrO PIBHSAHHSA, € 3aralbHUM
PO3B’A3KOM HEOJHOPITHOTO PIBHAHHS (59).
[TincraBumo pynkuito (61) y piBHsHHS (59)

Clyl(n) + Czyz(n) +...+ Cnyn(n) +(y )(”) +

+a (x)(C1 w0y, 4y, T y D ) +..+
+an(x)(C1y1 +Coyy +..+Cy, +y ):,
=" +ay ()" o a, () y) ot
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+C, (W + ay () p") + ot a, (x)y,) +

+()" + @ ()M 44 a, ()Y =0+ 40+ f(x) = £(x).

Otxe, PyHnkiist (61) € po3B’si3kOM HEOTHOPITHOTO PiBHSIHHS (59).
Po3B’s130k (61) € 3araibHUM pO3B’A3KOM (32 O3HAYEHHSIM), SIKIIIO

171t Oy Ib-SIKUX II0YaTKOBUX YMOB
y(x0)=yo, Y'(x)=¥0, ..., Y (x) = 2", xp€(a:b)  (62)

MOXHa miniOparu Taki 3madenHs cramux C),C5,...,C., 3a gKux

po3B’s130K (61) 3a/10BOJIBHSIE 111 TOYATKOB1 YMOBH.
[TincTaBuBIIM po3B’s130K (61) y mouaTtkoBi yMoBH (62), OTpUMaEMO

CHUCTEMY JIHIMHUX PIBHSIHB BITHOCHO /7 HEB1IOMMX ¢, G,,...,C,
Cin(x9) + Coyr(xg) +...+ Gy, (X)) + ¥ (X9) = Vo>
) Cy'1(x9)+ Cryh(xp) +..+C ' (xp) + ¥ '(X9) =1">

G yl(”_l) (x0)+C, yén_l) (xg)+...+C, y,gn_l) (x)+ y 7D (xy) = y(()n -,

OCKUIBKM BU3HAYHUK I_Ii€-1' CUCTECMH € BU3HAYHUKOM BpOHCBKOFO

W(y,..,y,) 108 JiHIAHO HE3aNEXHUX PO3B’A3KIB  V»--rVy,
BIIMOBITHOTO OJHOpimHOrO piBHSAHHS (60), TO 3a TEopemoro 5 BiH HE
NIOPIBHIOE HYNIO 18 BCiX 3HaueHp X € (a;D), 3okpema mms X = X.

Orxe, cucrema JIHIMHUX PIBHSHb Ma€ €IMHUA  PO3B’A30K
C,=C,C,=Cy,...,C, =C". -
Teopema 9. ko npaBa yacTuHa IU(EpPEHIIATBHOTO PIBHIHHS
(59) mae Burnan f(x)= fi(x)+ f5(x), a y;k i y; — YaCTUHHI PO3B’A3KH
audepeHlaTbHUX PIBHAHD
Y 4 a ()" D+ ta,(x)y = fi(x) i
Y @)yt a,(x)y = f(),

TO (YHKITIS y* = y;k + y; € pO3B’sI3KOM piBHIHHS (59).
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CrpaBeTuBICTh TEOPEMH 9 MOKHA TIEPEBIPUTU O€3MOCEPETHBOIO
M1JICTAHOBKOIO.

Metoa Bapiaunii 10BiJIbHUX CTAJUX 3HAXOIKEHHS YACTHUHHOIO
PO3B’SI3KY JIIHIHHOT0 HEOHOPIAHOIO piBHSIHHA (MeTox JlarpaH:ka)

3 TeopeMu 8 BHIUIMBA€E, IO B pasi, KOJIU BIJIOMHUM 3arajibHUN
PO3B’SI30K BIJINOBIAHOTO OJAHOPIAHOTO PIBHSIHHS, 3a7adya 3HAXOJKEHHS
3arajlbHOT0  PO3B’SI3KY  HEOJHOPITHOTO  PIBHSIHHSA  3BOJMTHCA  JIO
3HaXOJ/KEHHS MOTO YaCTHHHOTO PO3B’sA3KY. SIKIO BiIOMHM 3arajibHUAN
PO3B’SI30K  BIJIMOBIAHOTO OJHOPIJHOTO PIBHSHHS, IS 3HAXOKCHHS
JAaCTUHHOTO PO3B’SI3KYy HEOIHOPIAHOTO PIBHSIHHS BHKOPHCTOBYETHCS
Memoo eapiayii 008inbHUX cmanux (mMemoo Jlacpawnoica). Po3risHemo
el METO/1 Ha MPUKJIAl PIBHSIHHS JIPYTOro MOPSAKY

Y't+a(x)y' +ay(x)y=f(x). (63)

Hexait y(x¥) 1 y,(x) — niniiiHO He3anexHi pO3B SI3KK

BI/IMOBITHOTO OJHOPITHOTO PIBHIHHS
Vita(x)y'+ay(x)y=0. (64)
3araibHUM po3B’SI30K PIBHAHHS (64) Ma€ BUTIISIA
y=Cy+Cy,, (65)

ne V1>V, — niniitno HesanexHi po3s’sasku, C; 1 Cy — noBinbHi craji.
YacTUHHUN  pO3B’SI30K  HEOAHOPIAHOTO  piBHSAHHA  (63)
IIYKaTUMEMO y BUTJISAI

V= Ci(x)- 1+ Cy(%)- »a, (66)

ne Ci(x) i Cy(x) — mesimomi (QyHKILIi, AKi BUOEPEMO TAKUM YMHOM,

00 QyHKIIIs y* Oyna po3B’si3k0oM piBHSHHA (63). Maemo:

4

(y*) =Ci{(x) » +C(x) -y + Co(x) ¥, + Co(x) - 3y

Bu6epemo dyrkuii C;(x) i C,(x) rtaxi, mo
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Ci(x)-» +Cy(x)-y, =0, (67)
Tomi

(57) =G0 2+ Ca () 2% (68)

(57) =Gl M+ G0 M+ Chx)- 3y +Cy(x)- 35 (69)
[lizcraBumo (66), (68) i (69) y pisusHHs (63):
Ci(x) -y + G (x) -y + Co(x) -y + G (x) - yp +
+ay(x)-(Cy(x) -y + Co(x)- yy ) +
+a,(x)-(C{(x) -y + Cy(x)- ¥, ) = f(x),

a00
Ci(x)- (M + ay(x)y{ + ar(x) ) +

+C(x)- (3 + a (x)yy +ay(x)y, )+ (70)
+C(x)- ¥ + Co(x) - ¥y = f(x).

Ockinbku Vi(X) i Y»(X) € po3p’sa3kamu piBHsAHHA (64), To nepui

nBa oAaHku B piBHOCTI (70) JOPIBHIOIOTH HYJIIO 1 MAEMO
Ci(x)-y+Co(x)- 35 = f(x). (71)
Orxe, (yHKIig y* =Cy(x) -y +C5(x)-y, Oyne po3B’sI3KOM
piusHaa (63), axkmo min ¢yskmii Cj(x) i C,(X) BuxonyroThCs
piBHOCTI (67) i (71), To6T0 C{(*¥) i C5(X) € po3B’s3KaMH cHCTEMH
{C{(x) W+ Ch(x) 3, =0,
Ci(x)- 31 + G (%) yy = ().

Busnaunuk 1i€i cucteMu € BU3HaYHUKOM BpoHCBHKOTO W(y1 %) ),

(72)

SKUM CKJIAICHWH JJIs JIHIMHO HE3aJICKHUX PO3B’S3KIB )| Ta V)

piBHsiHHS (64), TOOTO W(yl,yz):tO 1 cucrema (72) Mae eauHuil

PO3B’ 30K
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Ci(x) =1(x), C(x) =9, (x).

[Ticnst iHTErpyBaHHS 3HAMIEMO
Cl (x) = J.(Pl (X)d.x + él s C2 (X) = j(Pz (X)dx + 62 . (73)

ne C; i C, — crani. Iincrasusmm suaiineni ¢pynxuii Cj(x) i Cy(x),
ne C~'1 =0 i C~’2 =0, y dyskiiro (66), 3HaiifeM0 IIyKaHUN YaCTHHHUIA
PO3B’SI30K HEOAHOPITHOTO PiBHAHHS (63).

Buknagenuit meton Jlarpanxa moOIIMPIOETHCS HAa PIBHAHHS 72 -TO

HOPSZIKY B pazi 1 > 2
Y v a ()" 1 a,(x)y = f(x). (74)
BignosijnHe ogHOpigHE PIBHSIHHS M€ BUTIISA
Y 4 a ()" +a,(x)y =0, (75)
1 fioro 3arajabHUM PO3B’ 30K
Y=y (x)+ Gy (x) +...+C,p, (%),

ne Yi»)Vase»V, — JIHIAHO HE3AJICKHI YACTUHHI PO3B’SI3KU PIBHIHHS

(75), €C,C5,...,C, — gnoBinmeHi crami. YacTMHHWH  PO3B’SA30K

HEOJHOPITHOTO piBHSAHHS (74) IIyKaeTbCA y BUTIISIAL

¥ = C(x) 1 (2) + Co () 1o (x) oot Cp(x) - 9, (x), (76)

ne C(x),Cy(x),...,C,(x) — HeBimomi QyHKII, 11 3HAXOHKEHHS TKHX

CKIadacTbCa CUCTEMA

@y + Gy, +ot Cx)y, =

Cx)y + GOy, +..+ Cx)y, =
< (77)

o o

Gl + GV 44 Gy = £ ().

Busznaunuk ManI/II_Ii CUCTCEMHN € BU3HAYHUKOM BpOHCBKOFO JJIA

JHIAHO HE3AJIEKHUX PO3B’SI3KIB V1)V 25--5 )y
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Y1 %) Yn
Y Yy oo Wy
W, YasenVy)=| - : . %0,
-1 -1 -1

1 CUCTEMa Ma€ €JIMHUIN PO3B’ 30K
Cl(xX)=0;(x), C3(x)=0,(%),...,Ch(x)=0,(x).

Iarerpytoun pisHocti, 3Haigemo ¢ynxuii C;(x),C5(x),...,C,(x)
1 po3B’s30k  (76).

Ipukaan 31. 3uaiiT 3aranbHUN pO3B’I30K PIBHSIHHS

" r_ 1
y -y = e
l+e
Po3p’si3anns.  CrioyaTky 3HAWAEMO  3arajlbHUM  PO3B A30K

BIJIMOBITHOTO OJHOP1AHOTO PIBHSIHHS
y'=y'=0.

XapakTepucTHUHE PiBHSHHS k2 —f = () Mae pi3Hi milicHi KopeHi
ki =0 i ky =1, Orxe, niniiiHo He3aNnexHi PO3B’SI3KU OJHOPITHOIO
PIBHAHHA )| = O =1 i y, =¢€" 1 3araabHUil PO3B’SI30K OZHOPILHOTO
PIBHSIHHS Ma€ BUTJIA

y=C;+Cye".

YacTUHHUN PO3B’A30K HEOAHOPIIHOTO PIBHAHHS IIYKaTUMEMO
MeroaoM Jlarpanxka y BUIIIsIAL

¥ =C(x)+Cy(x) e,

ne C(x) i Cy(x) — memimomi (QyHKUii, 118 3HAXOMKEHHS SKHX
3anuiieMo cucremy (cucrema (72))
C{(x)-1+ C5(x)-e* =0,
1

C{(x)-0+Cj(x)-e" =
l+e

L
I3 cucrtemu oTpuMa€EMO
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1

Ch)=—— =
? e*(1+e*)’ 1) 1+e"
X _ X X

C0)=—[——ar=— (U g ey [ =

1+¢e* 1+¢e* 1+¢e*

=—x+In(1+e")+C,
1 1+e*)—¢e” _ 1
Cy(x)=[———dx= (Ite)-e dx=[e"dx—| dx =
e*(1+e") e*(1+e) 1+e"
=— " —x+In(l+e")+C,.

BBaxatumemo él = C~'2 =0, Tomi  dYacTMHHHMH  pO3B’SI30K

HEOTHOP1AHOTO PIBHSIHHS

X

Yy =—x+In(l+e)+ e (~e ¥ —x+In(l+e%)) =

=—x(I+e")+(1+e")In(1+e")—1.
3aranpHui PO3B’A30K PIBHSIHHS
y=7+y =C +Cpe* —x(1+ %)+ (1+e")In(l+e*)-1.
TMosuaunsum C; = C; —1, ocraTo4so gicraHemo
y=C;+Cre” —x(1+e*)+(1+e")In(1+e*).

MeToa HeBU3HAYEHHUX KOe(]Ili€EHTIB 3HAXO/’KEHHSI YACTHHHOT O
PO3B’A3KY JIHIMHOIO HEOJHOPIAHOrO0 PiBHAHHA 3i CTAJIUMHU
Koe(iieHTaMM | NPaBOI0 YACTHHOKO CNEHiAJIbHOI0 BUY

PosrnsHemo  miHIiHE HEOMHOpPIJHE PIBHAHHSA 31 CTaJIUMU
KoediieaTaMu

y(”) +a1y(”_1) +..+ta,y=f(x). (78)

3araibHUM PO3B’SI30K TAKOTO PIBHSAHHS € CYMOK 3arajJibHOro
PO3B’SI3KYy  BIIMOBITHOTO  OJIHOPITHOTO  PIBHSIHHS ¥ YacCTUHHOTO
PO3B’SI3Ky HEOJHOPIAHOTO PiBHAHHS (TeopeMa 8). UacTHHHMI PO3B’ 30K
HEOHOPIAHOTO PIBHSIHHS MOKHA 3HAMTH METOAOM Bapiallii JOBUIbHHUX
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ctanmux. OpHaK [JIs TEBHOTO CIEMIaJIbHOTO BUAY IMPaBOi YacTUHU
piBHsHHS (78) 4YacTUHHMM PO3B’S30K MOXKHA 3HAUTH METOIOM
HEBU3HAUYCHUX KOE(QILIEHTIB, SKUH HaBeleMo 0e3 JOBEICHHS.
3ayBa)KuMo, 110 IIeH METO/] He TTOTpeOy€e IHTErPyBaHHS.

Meton HEBU3HAYEHUX KOE(QIMIEHTIB BUKOPUCTOBYETHCS IS
po3B’s3aHHs AUQEpEeHIlIaATbHUX PIBHIHL (78) 13 MpaBOIO0 YACTHHOIO
creriagpHoTo BUTIIAAY. HaBenemo nBa BUTIAAKHY.

I. Hexaii npaBa yactuHa piBHSIHHS (78) Ma€ BUTIIS

f(x)=e" R (x), (79)

ne oo € R, B, (x) — mHOrounesn crenens k .

3riIH0O 3 METOJIOM HEBU3HAYCHUX KOE(PIIIEHTIB YaCTUHHUU
pO3B’sA30K PiBHAHHS (78) LIyKaeTbCs Yy BUTIISIL

y* =x"R; (x)e™, (80)

J€ 7 — YHWCIO0, pIBHE KpaTHOCTI O gK KOpEHS XapaKTEpPUCTHUUYHOIO
piBHSAHHA BigmoOBimHOro ofHOpimHOro piBHAHHA (78), a R (x) -
MHOTOYWICH 13 HEBU3HAYCHUMHU KOCQillieHTaMu CTeneHs Kk, SKUH

k

Mictuth yci cremeni X Bim x* mo x0 =1. fAxmo O He € KopeHeM

XapaKTePUCTUUIHOIO PIBHAHHS, TO BBaXKaOTh ¥ = 0.
JIns 3HAXOJPKEHHSI HEBU3HAYEHUX KOEQIIIEHTIB MHOIoOYJIEHA

Ry (x) po3B’s30k (80) migcTaBisioTs y piBHAHHS (78).

II. Hexait mpaBa yactuHa piBHAHHS (78) Ma€ BUTIISIA
f(x)=e* (B, (x)sinPx+Q,,(x)cosPx), (81)

ne o,BeR, P (x) — muorounen n-ro crenens, 0,,(x¥) — MHOorowren
m-ro ctenensa. Oyukiig (79) € okpemum Bunaakom QyHkiii (81), skio
B=0.

3riIH0O 3 METOJOM HEBU3HAUYCHUX KOE(PIIIEHTIB YaCTUHHUN
pO3B’s30K piBHSAHHS (78) 3 MpaBorO YacTHHOO (81) mIyKaeThbCs y BUTIISIL

*

y =x"-e™ (S, (x)sinPx + T (x)cosfx), (82)
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ne r — 4mucio, piBHe kpaTHOcTi O+ IB sk KOpeHs XapakTepHUCTHYHOrO
piBHAHHS BifnoBigHOro omHopigHoro pisHsHHA (78). Sp(x) 1 T (x) —
MHOTO4JIeHH cTenmeHs Kk =max(n,m), sgxi  3amucyloTbcd 3

HEBM3HAUECHNMH KoedillieHTaMM # MicTATh yci cTemeni X Bim y*

Uucno O =0 +if Ha3suBaeTbCA KOHMPOTHUM YUCIOM NPABOL

A0

wacmunu. Sxmo O =0+i3 He € KopeHEeM XapaKTEPHCTHYHOTO
piBHSHHS, TO BBaxaroTh, mo »=0 1 y (82) MHOXHUK ' IOpIBHIOE
OJTMHHUILIIL.

JIns 3HAXO/KEHHST HEBU3HAYEHUX KOE(DIIIEHTIB MHOTOWICHIB
Si(x) 1 T;,(x) poss’s30k (82) migcTaBisioTs y piBHAHHA (78). Bursn
YaCTUHHOTO PO3B’sA3KYy (82) 30epiraerbcsi TaKOXK 1 B TOMYy pasi, KOJIH B
¢ynxuii (81) muorounen F,(x) =0 a6o 0,,(x)=0,

Metoa HeBU3HAUYECHUX KOE(DIIIEHTIB BUKOPUCTOBYETHCS JIUIIE TSI
JIHIAHUX PIBHSIHB 13 CTAIMMHU KOE(ILIEHTAMU 1 MPABOI0 YACTUHOIO BUAY
(80) abo (82). SAxmio mpaBa YacTUHA PIBHSHHA € CYMOIO (PYHKIINA BUIY

(80) abo (82), To YaCTUHHUI PO3B’SI30K PIBHIHHS 3T1THO 3 TEOPEMOIO 9
MO>KHA 3HAWUTHU K CyMY BIITOBITHIX YaCTUHHUX PO3B’SI3KIB.

Ipukaan 32. 3HailTi 3aranbHUN pO3B° 30K PIBHSIHHS
V' +y=4dcosx+ (x> +1)e".

Po3p’si3anns. CrioyaTky 3HAWAEMO 3arajlbHUM  PO3B’A30K

BiTIOB1THOTO OJTHOPITHOTO PIBHSHHS
y” + y — O )

XapakTepucTH4HE PiBHSHHSA k2 4] =() Mae KOpeHi k1,2 =17

3arajibHUi Po3B’ 30K OJHOPIAHOTO PIBHSHHS Ma€ BUTJIS
y=C;cosx+C,sinx,

[IpaBa yacTuHa PIBHSIHHS € CYMOIO MPAaBUX YACTHH CIEHI1AIIBHOTO

Buay (82) ta (80), ToMy, CKOPHUCTABUIMCh TEOPEMOIO 9, YaCTUHHHUI

PO3B’A30K HEOJHOPIIHOTO PIBHAHHS LIYKATUMEMO SIK CyMY YaCTHHHUX
PO3B’SA3KIB JIBOX PIBHSAHD
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y’,+y:4COSX 1 y"-|—y:(x2-|-1)ex,
Jlnist paBoi yactunu f (X) = 4cosx:
a:O’B:190:a+lB:la P}’l(x)zoan(x):49k:O

Yucao O =1 € KOpeHEM XapaKTEPUCTUUYHOIO PIBHSIHHS KPATHOCTI
V) . "
I, omke r=1. YacTuHHUNA pPO3B’SI30K PIBHIHHA ) + )V = 4cosx

IIYKaTUMEMO Y BUTJISIIL
yf = x(A4sinx + Bcosx).
3Haiinemo ( y;k )" Ta ( yl* )"
(3,) = Asinx + Bcosx + x(Acosx — Bsinx),
()" =2A4cosx —2Bsinx + x(-Asin x — Bcosx).

Jlis Bu3sHauenns xoediuieHTiB migcTaBuMo y; i ()" y piBHAHHSA
yv'+y=4cosx,
2A4cosx —2Bsinx +x(—A4sinx — Bcosx)+ x(Asinx + Bcosx) =4cosx,

2Acosx—2Bsinx=4cosx.
3 OCTaHHBOI PIBHOCTI 24=4, -2B=0_ 3inku A=2, B=0,

Orxe,

y{k =2xsinx.
Jlnsa mpaBoi wacTvHU f, (X) = (x2 +1)e* a=1,B=0r1a 6=1 ne
€ KOPEHEM XapaKTEPHCTUYHOrO piBHAHHA, (O, (X)= X +1, k=2.

YacTuHHUIA pO3B’SI30K pIiBHAHHA )" + y:(x2 +1)e* mykarumemo y

BUIIAA1
V= (Ax* + Bx+ C)e”.

3HaiigemMo ( y;k )" Ta ( yl* )"
(15) = (2A4x + B+ Ax* + Bx + C)e”,

(33)" = (24 +24x+ B +24x+ B+ Ax* + Bx + C)e* =
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=[(2A+2B+C)+(4A+B)x+Ax2}eX,

IMincraBumo ( y;)” i y; B piBHsHEA )" + y = (x% + 1)e™:
[(2A+2B+C)+(4A+B)x+Ax2 + Ax? +Bx+C}ex = (x> +1)e*,
[(2/1 +2B+2C)+(44+2B)x + 2Ax2]e" = (x2 + D).

[TominumMo mpaBy Ta JiBY YaCTUHY OCTaHHBOI PIBHOCTI Ha o™ :

(2A+2B+2C)+(4A+2B)x+2A4x> =x* +1.

[TpupiBHABIIM KOE(ILIEHTH 32 OJTHAKOBUX CTENEHIB X, JICTAHEMO:

A=t
2

b

2A+B=0, A+B+C=%.

1
3BIIKH AZE, B=-1, C=1,

2
%k x X
= =——x+1|e".
V2 >

) . — * *
Ormxe, 3aranbHui pO3B 30K PIBHAHHA ) =) + V| + ), , 200

2
. : X
y=Ccosx+C,sinx+2xsinx + 7—x+1 e

KonTpoJbHi 3anuTanHs

1.V 4omy cyrb wmeronmy Elnepa po3B’si3anHs JiHIHHHX
OJTHOPIAHUX AUQEPEHIIATPHUX PIBHSAHb APYTOro MOPSAIKY 31 CTaTUMU
KoeilieHTaMu?

2. Sk BU3HAYAETHCS 3araJibHUI PO3B’A30K JIIHIMHOTO OAHOPITHOTO
mudepeHIliaJbHOTO PIBHSAHHS ¥ -0 MOPSAJKY 31 CTAIUMHU KOeDIIli€EHTaMH
3aJIe)KHO B1J] pO3B’S3KIB BIAMOBIAHOTO XapaKTEPUCTUYHOTO PIBHIHHS?

3. ChopMmymroiiTe TeopeMy MPO CTPYKTYPY 3arajibHOTO PO3B’SI3KY
JIHIAHOTO HEOAHOPITHOTO AU EPEHIIaIbHOTO PIBHSIHHS.
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4.Y 4Yomy cyTh METOAY Bapiamii MOBUIBHUX CTalux (MeTomy
Jlarpamka)  3HAXOMKEHHS  YAaCTHHHOTO  PO3B’SI3KY  JIHIMHOTO
HEOTHOPIAHOTO JU(DEPEHIIaTbHOTO PIBHSIHHS?

5.Y 4yoMy CcyTh METOJAY HEBU3HAYEHUX  KOE(QIIIEHTIB
3HaXO/KEHHS YaCTHHHOTO PO3B’S3KYy JIHIHHOTO  HEOJHOPIIHOTO
audepeHIlaTbHOTO PIBHIHHS 3 TPABOIO0 YACTHHOIO CIIEHIAIbHOTO BUIY?

Bnpasu
1. Po3B’sikiTh AudepeHiaabHl pIBHIHHS:

a) y"=x" +sin2x; ) y"=2sin’x;

0) y"=xe"; K) xy'"zxsin5x+x3;
Inx

B) y"=cos3x+e"; m y'=—;
X

m X 1 "
r) y"=5"+—; M) y"=xlnx;
X
ny"=x+e; By =V
I+ x

e) xp"=1+x; 1y y"=xex2+e_x;

X) y"':x‘2+sin4x; p) y"sin3x:cosx;

3) ym:6x_|_3x; C) y"=4x3+lnx.

2. Po3B’sikiTh nudepeHiianbpHi piBHSIHHS, [0 HE MICTITh SBHO

byHK1io J

a) y"(x* +1)=2xy"; n) (x2 +5)y"-2xy'=0;
6) xy"-y'=1; k) y"cosx =3+ y")sinx;
B) xp" = y'+x; M 2xy'y' = () -1

r) (x=2)y"+y'=0; M) Xy"=y'+xsinx;

0 x*y"=(y"); H) xy'-y'=x"e";

e) y"In*x—xy'=0; m y'=y+x+l;
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x) Xy"—(x+Dy'+x+1=0; p) y"+2tgx y'=cos’ x;

) (F+A)y () +4=0;  Wy+I=0.

3. Po3B’sokiTh nudepeHiiaibHl PIBHSHHS, 10 HE MICTITh SIBHO
HE3aJICKHY 3MIHHY X :

a) y"=e’y"; w) y'=2y'(y+1);

6) yyn_(yv)z :O, K) yy"+(y')2 :1,

B) 3y1y":2y; JI) y y"+120;

r) () +2yy"=0; M)y () =267

0 y° +(p) = 2yp" =0 H)y"+L(y')2=0-

Y Y Yy ) y+2 )

n__ |1 VA u_2 v12 _ n2 .

e) y"=y'0+(»")"); m yy"-2yy'In® y=(y")";
" |2 1 _ . " _ |2 '

3) y"+(¥) +y'(y-1)=0; ) y'(y-D=Y -y"
4. 3HalaITh 3arajJbHUN PO3B’SA30K OJTHOPIJTHOTO

audepeHIlaTbHOTO PIBHIAHHS 31 CTaTUMU KoeirlieHTaMu:

a) y'+y—-6y=0; nm y'+12y'+36y=0;
6) y'-4y'=5y=0; M) Y'=y'=4y+4y=0;
B) V'+35y'+6y=0; ) y'—3y'-2y=0;

r) y'=5y'+4y=0; o) y"+3y"+y+3y=0;
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n y'=6y'+9y=0; m y"-16y'=0;

e)y"+10y'+25y=0; p) v +2y"=0;

x) 2y"+y'=6y=0; c) p! —4y"+3y"=0;

3) 3y'=2y+2y=0; 7y +2y"+y=0;

u) Y'+2y+2y=0; y) 16y +8y"+ y=0;

k) V'=2y+3y=0; x) ! +y"-5y"+3y=0.

5. Po3B’soxiTh 3aza4i Kouri:
a) y'-3y+2y=0,y(0)=-2,y'(0)=0;

6) y'=4y+y=0,y(0)=-Ly(0)=2;

B) y'-4y+8y=0,y(0)=2y'(0)=0;

r) y'+y'-6y=0,y(0)=1y'0)=-1;

n) y'=3y'=10y =0, y(0)=1y'(0) = -2;

e) y'=Ty'+12y =0, y(0)=0y'(0)=-3;

%) ¥"+8y'+16y =0, y(0)=1y'(0) = 4;

3) y'+2y'+17y=0,y(0)=0y'(0)=1;

n) y"=3y"+3y'=y=0,»0)=Ly'(0)=2, y"(0)=1;
k) y"+2y"=0,y(0)=1»'0)=0, y"(0)=1;

m y"+y'=0,y(0)=0,y'(0)=-L y"(0)=2;

M) y"=2y"+y'=0,y(0)=0, y'(0)=1 y"(0) =1,

H) y"-9y'=0, y(0)=0, »'(0) =1, y"(0) =3;

0) y"=2y"-y+2y=0,p0)=L y'(0)=0, y"(0) =-1;
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m y'" +2y"=0, y(0)=0, y'(0) =1, y"(0) =2, y"(0) = —1;

p) ¥ +4y"=0, p(0) =0, y'(0) =1, y"(0) = 4, y"(0) =1;

¢) y" +6y"+9y =0, p(0)=2, y'(0) =1, y"(0) =0, y"(0) = 4;
) " 42"y =0, p(0) =1, '(0) = -1, y"(0) =1, y"(0) = 6;
y) ! +2y"+y" =0, p(0) =1, y'(0)=~1, y"(0) =0, y"(0) = 2;

x) ! 42y 15" =0, ¥(0) =0, '(0) = 2, "(0) =1, y"(0) = 2.

6. 3HalaITh

audepeHIliaTbHUX PIBHSIHB 13

BUTIISILY:

a) y"—4y'+3y=(x+1)e3x;
0) y"-4y'+4y=xe";

B) y"-2y'+ y=4e" cosx;

r) y"-2y'+17y =e" sindx;
n) y'+4y=-cos2x;
e)y"+2y'+5y=(x+3)e";
K) p"+2y'+ y=e " (x +4x)
3) 9y"+6y'+y=—sinx;

n) y"+25y=10sin5x;

K) y"-5y'+4y=(x+2)e";

IIpaBOK0  YaCTHUHOIO

b
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3arajlbHUil  pO3B’SI30K  JIIHIMHUX  HEOJIHOPITHUX

CHEN1aJIbHOTO

) y"+6y'+9y:2(x—1)e_3x;
M) y"=2y'+10y =¢" sin3x;
H) y"—6y'+8y:(x2+x)e3x;
0) y'+y=(x—6)cosx;

m y"+9y = x? +4x;

p) 4y"—4y'+ y = (x +4)e”>;
¢) y"+y'=2y=4xe" +cosx;
T) y"—2y'—3y=e4x+6x;

4

y) y"+3y'—4y=e " +8xsinx;

X) y"+25y =xsin5x+4.



7. 3HalIiThH

a) y'+y=tgx:
X
" e .
0) y'=y=—"—7j;
e +1
" _ 2x X.
B) y"'—-y=e" cose;
" 4
r) )y +y=— ;
sin” x
" 1
Il)y+6y:—2;
4+ cos” 3x
e) y'+dy'=——;
sin2x
" " 2.
K) y'"+y'=1g7x;
" ' 2.
3) y'+y'=1g"x;
2x
" 1 e
u) y'-9y'= ;
1—e"
)yn_|_yv 1
K =
sin” x +3
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3arajlbHUil  pO3B’SI30K  JIIHIMHUX ~ HEOJIHOPITHUX
audepeHIiaTbHUX PIBHSIHD METOJIOM Bapiallli JOBIILHOT CTAJION:

m) y"-3y+2y =3x?;

M) y"-2y'+2y=e'tgx;

X

e
H) p'=3y+2y=—"r:;
l+e

In(l1+e")

e

o) y+y—-12y=
m p"—4y'+ 4y =e* (4x +1)%;

p) y"+3y'+2y =sin(e");

2
x“+4x+4
C) y"_zy'_‘_y: 3 ex’
X

1) y"-5y'+ 6y =arctg(e’);

4x

y) )’"_9J"+20J/:—_x;
16+¢

—X

e
X) y'+2y+y=——-.
x°+1



Po3zain 3. CACTEMU JUO®EPEHIIAJIBHUX PIBHSIHD
3.1. OCHOBHI NOHATTSA TA O3HAYCHHS

Osnauennsi. Cucmemoro ougepenyiarbHux pieHsaHb N-TO NOPSAOKY
Ha3UBAETHhCS CYKYMNHICTh AM(EpeHIlaTbHUX PIBHSIHb, KOXHE 3 SKHX
NOB’sI3ye He3alexHy 3MiHHy !, mykani Qyskiii V;(¢), V2 (©),...,, ()

Ta iXHI MOXimHI yl',yl”,...,yl(n), y'z,yg,...,ygn),...,y,'q,y,';,...,y,gn).

Cucrema mudepeHUIabHUX PIBHSHb 7 -TO  TOPAJKY 3alHUCYETHCA Y

BUTIAII

Fl-(t,yl,yz,...yn,yl’.y'z,...,y,’q,...,yl(n), ygn),...,y,(q”)) =0,

(83)
e I = 1,2,...,71_
Cucrema JII/ICl)epeHLIiaJ'IBHI/IX piBHHHB [NepImoro mnopsAaKy, Mo

MicTuTh 7 mykanux gynkuiit Vi (f), ¥, (£),...,y,(t), mae Burmssn

(Fl(t,yl,yz,...yn,y{.yé,...,y,;) =0,

Fs(t, 91, V50 Vs Vi Vo s ) =0,
2 12 n>>1->2 n (84)

61V Vs VY se 0 V) = 0.

Axmo cucrema (84) po3B’s3aHa BIAHOCHO MOXIJHUX HIyKaHUX
(GYHKITIH 1 Ma€ BUTIIS

-

dy

- = ta s IEERE ’

p HE Y1255 0)

dy,

- = t: s 9ecey )
1~ S 15 Y250 5 00) (85)
dy

| dtn :fn(taylayzo"'ayn)a

BOHA HA3UBAETHCA HOPMAIbHOIO CUCMEMON OUpepeHyianbHUux pDIiGHsHb,

abo cucmemoro 8 HOpMAaIbHIU hopmi.
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Osnavennsi. Po3zé’askom cucmemu pigHanb (85) Ha TPOMIKKY

(a;B) © R HasuBaeThes CyKymnHICTh HemepepBHO Mu(EPEHIIHOBHUX Ha
(o;B) dynxuiit y; =0;(7), i=1,2,...n, mo 3a70BONBHAIOTH KOKHE 3
PIBHSIHb CUCTEMU, TOOTO
do;
dt

s Beix £ € (a;P).

Ilouamxosi ymosu njist cuctemu (85) MarOTh BUTJIS

:f;'(taq)]s(pza“'(pn) i:172""n

0 0
yl(fo):yloa ) =yos s Yult) =y (86)

ae y{) , yg, e y,g — 3a/1aH1 JI1MCHI YHCIIa.

3aoauero Kowi nnsi cuctemu audepeHIiaibHUX pPIBHSAHB (85)
HA3MBAEThCS 3a]aya 3HAXOMKEHHS poss’sisky V; =O0;(7), i=12,...n,
CHUCTEMH, SIKHM 33JI0BOJIbHSIE TTOYATKOBI YMOBH (86).

Hexait ¢ynkuii f; (i=1,2,...,n) cucremu (85) BU3HAayeHi B
AESKId BILAKpUTIH obmacti D c R 3MiHm cBOiXx aprymeHris
V15 YVos--esVy. g cuctemu (85) cmpaBemmmBa TeopeMa Kol mpo
ICHYBaHHSI Ta €JJUHICTh PO3B’SA3KY.

Teopema (nmpo iCHyBaHHSI Ta €IMHICTL PO3B’A3KY). SKIIO B
cucremi (85) Bei Qynxuii f; (4, V1, V9,...,Y,) (i=12,...,n) nenepepsui
pa3oM 31 CBOIMHM YaCTMHHUMHM MOXITHUMH 3a V; y JAESKIN BIIKPUTIN

obmacti D — R™!, 1o nst nosinbHOT TouKHM M (ty, ylo , yg yenes y,g )eD

ichye  emmmmii  posB’sok V| = Q(0), Yy = a(0),..., ¥, = 0,(0)
CUCTEMH, BHU3HAUYCHUN Yy JEIKOMY OKOJII TOYKH [ € (o;B), sxwmit

3aJI0BOJIbHSIE TIOYATKOB1 YMOBH (86).

Hexait D R — o6nacts, y koxHiil To4L] SKOT BHKOHYIOTBCS

ymoBu Teopemu Komni mpo iCHyBaHHS Ta €AUHICTh PO3B’SI3KY s
cuctemu (85).
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OsnaveHHsl. 3acanvHum po3e’askom cucmemu (85) B obdmacti D
HA3WBAETHCS CYKYIHICTh ! Mu(epeHIIHoBHUX PYHKITIN

N =0,04,6,C,...,C)),
yz =(p2(t0,C1,C2,...,Cn),

(Pn(t07C]7C29 C )

K1 3aJIeKaTh B/l ¥ TIOBUIBHUX CTAJIUX 1 33JI0BOJIBHSIIOTHh TaKl YMOBH:
1) BOHU 3aJ0BOJIBHSIOTH YCl PIBHSHHS CHCTEMH 3a OyIb-SKHX

sgagens cramux C1,Cs,...,C,;

2) nast OyIp-sSIKMX TMOYaTKOBUX YMOB (86) MOKHa OJHO3HAYHO
BU3HAYUTH 3HAYeHHs cramux C) = Clo ,Cy = CS oot G = Cg TaKi, 110
dynxmii o, (4, Clo,Cg,...,C,(,l)), i=1,2,...,n,  3a10BONBHAIOTH IIi

IMOYaTKOB1 YMOBHU

¢ (ty,CL,CY,...,CYY =y,
0 ~0 0 0
) (Pz(fo,cl ,C2,...,Cn) :yz,

BBaXXa€ThCsl, M0 MOYATKOBI 3HAYEHHS [, ylo , yg,..., y2 HaJIeXKaTh

obmacti D, g€ cCHOpaBIKYEThCS TeopeMa ICHYBaHHS Ta €IMHOCTI
PO3B’SI3Ky CUCTEMH U epeHIiabHUX PIBHIHB (89).

Osnavennsi. Yacmunuum pose’sazxom cucmemu oughepeHyianrbHux
pi6HsAHb Ha3UBAETHCA PO3B’SI30K, OTPUMAHUM 13 3arajlbHOTO PO3B’SA3KY 3a

neBHux 3HaueHb koHcrant Cp,Cs,...,C, .

OnHuM 13 METOJIB  PO3B’SI3aHHS ~ HOPMAJIBHUX  CHUCTEM
audepeHlaTbHUX PIBHSIHb € MemoO GUKIIOYEHHs, SKUW TOJsArae y
3BEJICHHI HOpMaJIbHO1 cucTeMU 7 mudepeHItiagibHuX PIBHSHB J0 OJHOTO
audepeHIliagbHOTO PIBHSIHHS /2-TO MOPSAKY a00 M0 KITBKOX PIBHSHB,
MEHIIIOTO TOPSAKY, HDK #. [ mporo, HampuKIaz, MEpIIe PiBHSIHHSI
cucreMu (85) nudepeHIioTh MOCTII0BHO # — 1 pasiB i KOKHOro pasy
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dy; . : :
)i nmificTaBaAoTh ixHi Bupasu f; (4,1, V2,...¥,) i3

3aMICTh ITOXIJTHHUX

cucteMu (85). YHaCHI 10K TaKUX MiACTAHOBOK MaTUMEMO CUCTEMY

fdy
j:ﬂ(t,yl,yz,...,yn),
dz)’l
:F (Z,y ,y ,...,y )’
P dtz 2 12 n (87)
d"y
dtnl =F,(5, 01502505 Vn)-

3 mepmux #—1 pIBHAHb CHUCTEMH 3HAXOIATH V5, V3»---»V, 1

MIJICTaBISIIOTh B OCTaHHE PIBHAHHA. Y  MIJACYMKY JIICTaHEMO
audepeHLiaabHe PIBHSIHHS 1-TO TOPSAIKY

-1
dy, d” N

dl’l
yl :F t’yl’ seees 1
dt dt"

dt"

b

PO3B’S3aBIIN K€ 3HAXOJIUMO PO3B’SA3KKU HOPMaIbHOI cucTeMH (85).

Hpuxknax 33.  3HaliTu  3arajdbHUAd  PO3B’SI30K  CUCTEMHU
nudepeHIliaIbHUX PIBHIHB

-

dx
—=5x+4y,
dt
d
& 4x+5y.
L dt
Po3B’si3aHHs. 3acTocyeMo METO/ BUKJIFOUCHHSI.

[TpoaudepeHiiitoemMo nepiiie piIBHIHHS CUCTEMH 32 3MIHHOIO f:
X, =5x,+4y,.
TifcTaBMMO B IO PiBHICTH V; i3 APYTOTO PiBHAHHSA CHCTEMH:
" !/ 14 !/
x; =5x, +4(4x+5y) = x;,=5x,+16x+20y .

3aminumo ¢ynkuiro Y = V(f) ii BupasoM i3 HepHIoro piBHAHHS
CUCTEMHU:
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1,
y=Z('xt_5x)a (88)

xp =5x; +16x+5(x; —5x), x5, —10x; +9x =0.

Otpumanu JiHIAHE OIHOPIAHE PIBHSAHHS JPYroro MOPSIAKY 31
ctaruMu  KoedimieHTamu. Jlg  HWOro  po3B’S3aHHSA  CKJIAJIa€EMO
XapaKTEPUCTUYHE PIBHSAHHSA 1 3HAXOUMO HOr0 KOpEeHi:

k* —10k +9 =0,
k=1, ky, =09.
JliniiHO  HE3aJeXHI YacTHHHI PO3B’S3KM  MAlOTh  BUTJIS]
x(() =€, x,(t)= ¢’ . 3aranpHuil po3B’ 130K
x(t) = Cye' + Czegt.
Jlns 3HaxomkeHHs )(f) migcTaBUMO B pIBHAHHS (88) 3HaiiacHY
dynxmiro X(7) ta ii moxinay x'(z) = Clet + 9Cze9t :

JlictaneMo

V(1) = %(Cle’ +9C,¢" -5(Cie’ + C2e9’)) .

1
- Z(Cle’ +9Cye” =5Cie" -5Co€™ ) =

= _Clet + Czegt.
OT1xe, 3arajibHUi PO3B’A30K 33JJaHO1 CUCTEMU:
x(t)=Ce +Ce, y(t)=-Ce' +Cye’,

ne C;,C5 — noBinbHi AiiicHI CTai.
[le#t po3B’s30K MOKHA MOJATH Y BEKTOPHOMY BHTJISII1
x(7) e e
= Cl + Cz 9 )
(1) —¢' e’

IS
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t 9t

x1(1) e | (%0 e
= 1 =
n@) | -¢ () |
— ZIBa JIIHIAHO HE3aJIeXKH1 PO3B’A3KHU.
Hpuxnax 34.  3HaiTh  3arajdbHUA  PO3B’SI30K  CHUCTEMH
audepeHIianbHUX PIBHAHD
[ dx
— =2x+y+é,
) dt
d
—y:3x+4y+2et.
L dt

Po3p’si3anHss. PO3B’SHKEMO CHCTEMY METOJOM BHKJIIOYCHHS.
[IpoaudepeHiiitoemMo nepiiie piIBHIHHS CUCTEMHU

t
x"=2x+y'+e.
. . . ' V)
[TinctaBuMO B OTpUMaHe pIBHSHHS 3aMiCTh )V HOTO BHpa3 3

APYroro piBHSHHS CUCTEMHU:

x"=2x"+3x+4y+2e +¢,

x"=2x"+3x+4y+3€. (39)
OyHk1io VY 3HaAEMO 3 IEPIIOrO PIBHSIHHS CUCTEMU
y=x'-2x-¢ (90)

1 miacTaBuMo ii y Bupa3 (89):
x"=2x+3x+4(x'-2x—¢€")+3¢,
x"=6x'"-5x—¢,
x"—6x'+5x=—¢€" oD
OTtpumanu JiHIAHE HEOJHOpiIAHE AudepeHIliaIbHe PIBHSIHHS
APYroro MOpsAJKy 31 CTaquMu KoedilieHTaMu. (s BiANOBIAHOTO oMy

ogHOpigHOrO piBHAHHA X "—6x'+5x =0 3amuiremMo xapakTepUCTHUHUI

MHOTOYJICH 1 3HAWJIEMO MOT0 KOPEHI.

K2 —6k+5=0, k=1 k=5.

3arajapHHI PO3B’ 30K BIAMOBIAHOTO OJTHOPITHOTO PIBHSIHHS

)7=C1€t +C2€5t, C]7C2 ER.
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OcCkUIbKM TIpaBa YacTUHA HEOAHOPIAHOTO piBHsAHHS (91) Mae
Burimsig (79) ta a=1 € KopeHeM XapaKTEPHCTHYHOTO PIBHSIHHS
KPaTHOCTI OJIWH, TO YaCTUHHUN PO3B’SI30K IIHOT'O PIBHSIHHS ITyKaTUMEMO

y BUTJISAI
x* = Ate' -
|

[MigcraBuBmu x * y piBHsuus (91), orpumaemo A = Z
Takum uynHOM, 3aranbHUN PO3B’A30K piBHSAHHA (91) Mae BUTIIs
x=X+x*=Ce' +Cye”’ +%tet.
3 Bupazy (90) 3Haxoaumo
y=Cie' +5Cye" + %e’ + %tet —2(Cie + CzeSI + ite’) —e =

=-Cie' +3C,¢’ —ltet —Eet.
4 4

OT1xe, 3araJbHUN PO3B’ 30K 33JJaHO1 CUCTEMU:

1 1 3
X(0)=Cie' + Coe™ + e, y(1)==Cie' +3Ce e e,

e C]’CZ ER,

KoHTpoJibHi 3aniuTaHHSA

1. Ilo Ha3uBawTh cuUCTeMOI audEpeHIIaATbHUX PIBHSAHb /-TO
nopsiaKy?

2. Slky cucremy nudepeHIialbHUX PIBHSIHL HA3UBAIOTH CUCTEMOIO
B HOpMaJIbHI# opmi?

3. Ilo nasuBaroTh 3anauero Ko ansa cuctemu audepeHiiaibHuX
PIBHSIHB?

4. ChopmynoiiTe TeopeMy ICHYBaHHS Ta €IUHOCTI PO3B’SI3KY
cucteMu JaudepeHIiaTbHUX PIBHIHB MEPIIOTO MOPSIKY.

5. o HA3UBAKOTh 3arajJbHUM PO3B’A3KOM CHUCTEMU
nudepeHIliaJIbHUX PIBHSAHD MEPIIOTO MOPSIKY?

6. Y YoMy CyThb METOJAY BUKIIIOUECHHSI PO3B’sA3aHHS HOPMAJIbHOI
cucteMu AudepeHiaabHUX PIBHSHbD?
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3.2. Cucremu JiHITHUX JU(epeHNiaIbHUX PiBHIHb

Osnavyennsi. HopmanbHa cuctemMa audepeHIliaIbHUX PIBHSIHb
HA3UBAETBCS JIIHINHOIO, SKIIO KOXHE PIBHSIHHA CHCTEMHU JIHIMHE
BIJIHOCHO IIyKaHUX (YHKI[IN Ta IXHIX MOX1JHUX:

(1 =an (O +apOyy +...+a, (), + £,

\yilq = anl(t)yl +an2(t)y2 +"'+ann(t)y” +f”(t)’

(92)

e Clij(f) i f;(t) (i,j=12,...,n) — BusHaueni i HemepepBHi Ha
inrepani () dynxuii.
SIxmo Bel xoedinienTn 9;; — crani, To cucrema (92) HasuBaeTnes

JIHIUHON CUCEMOIO DIBHAHDb 31 CIMAIUMU KoepiyicHmamu.
Osnavennsi. JliHiliHa cuctema (92) Ha3UBAETBHCS O0OHOPIOHOMO,

axkmo ¢yukuii f;(7) (i=1,2,...,n) ToToXHO HOPIBHIOIOTH HYIIO HA

inTepsani (a;P):

(W =a (O +apOyy +...+ap, (D,

vy =ay Oy +an )y, +...+ay,(0)y,, ©3)

kyr’q = anl(t)yl +an2(t)y2 +"'+ann(t)yn'

JliHiliHy OAHOpPIIHY cUCTeMY OU(EpeHIialbHUX PIBHAHb MOKHA
3aMuCcaTy y BUTJISAII

d
j);: Ay, yeR", te(ap).

ne A(f) — xBagparHa MaTpuud NOPAAKY M, €lIEeMEHTH SKOi az‘j(t) (
i,j=12,...,n) pusnaueni # nenepepsHi, axuo f € (0;f3).

Muoxuna V  Bcix po3B’sa3kiB - omHOpimHOI cuctemu  (93),
BHU3HAUeHHX Ha iHTepBani (O;[3), e miniitHEM mpocTopoM.

DYyHOAMEHMANTbHOIO CUCTNEMOIO PO38 $13Ki6 OJHOPITHOI JIHINHOT
cucTeMu JUQepeHIlaIbHUX PIBHSAHb HA3WBAETHCA 0a3UC JIHIAHOTO
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IIPOCTOPY pO3B’s3KiB V', TOOTO 7 JHIHHO HE3aJCKHHMX PO3B’SI3KIB Ifi€l
CUCTEMH.
Marpuus Y (f), cTroBnunkamu sKoi € po3B’SI3KM, IO YTBOPIOIOTh

byHIaMEHTaIbHY CUCTEMY PO3B’SI3KiB, HA3UBAETHCS DYHOAMEHMANLHOIO

Mmampuyero.
dxkmo Y(f) — ¢ynnamentansHa Martpuns, a C — crana
HEBMPO[KEHA MaTpuug posmipy #xn, 1o Y(£)-C - rakox

dbyHaameHTaabHa MaTpHIl cuctemu (93).
OnHopinHa cuctema (93) 3aBxau Mae (yHIaMEHTAIbHY MaTPHIIIO,
1 Oy Ib-SIKHI pO3B’ 30K y(t) cucremu (93) moxHA TTOAATH y BUTJISAIL
Cl
C2
y()=Y@)-C, C=| .

C

n
ne C,C,,...,C, — crani, ToO6TO Oyab-s1KMii po3B 5130k V() € niniliHO0O

KOMOIHaII1€10 pO3B’sI3KiB (PYH/IaMEHTAIbHOI CUCTEMH:

(@) =Cy () + oy () +...+ Cp,(0).

Bynb-siki 72+ 1 po3B’si3kiB cuctemu (93) MiHIHHO 3aI€KHI.
Busnaunuxom Bponcvkozo CHUCTEMHU BEKTOP-(DYHKITIH

Q1 (1), @y (2),...,¢,(¢) Ha3UBAETHCS PYHKITis

O11(2) ... @,1(2) Py1 (1)

(pln(t)(pnn(t) (Pkn(t)

Posp’ sz ©1(1), ©5(7),...,0,(f) yTBOpIOIOTH (DYHIAMEHTANBHY
CHUCTEMY TOMAl1 1 JWIe TOMl, KOJU iX BU3HAYHUK BpOHCBHKOTO W(t)
BIIMIHHUM B1J] HYJIS JJIsI IesTKOTO [ € (a;B).

Sxo Bu3HAaYHUK BpoHChKOTO po3B’A3KiB cucteMu (93) mopiBHIOE

HYJII0O B OJIHIM TOYIl, TO BIH TOTOXXHO JOPIBHIOE HYIIO IS BCIX

te(a;p).
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Teopema. 3aransHuii po3B 30K V' JIHIAHOI OJHOPIAHOI CHCTEMHU
(93) nna f € (a;P) e niniiiHoro koMOiHaIi€r0 7 1i NiHIHO He3aIEKHHUX
YaCTUHHUX PO3B’SI3KIB V|, V25-++5),, IO YTBOPIOIOTH GyHAAMEHTAIBHY
CHUCTEMY PO3B’S3KIB:
n
y = Clyl + C2y2 +...+ Cl’lyn = Z Ciyi .
i=1
Jlinifina HeogHOpiAHA cucTema (92) y BEKTOpHO-MaTpU4IHii hopmi
3aMKUCY€EThCA Y BUTIISIAL

b _
= ADOy+ 0, (94)

ne A(f) — xBagpartHa MaTpuUs MOPAAKY ¥, eJIeMEHTH AKOi € (yHKIi
a; (1) (i,j=1,2,...,n), ¥ — BeKTOp 3 KOMIOHEHTAMH V|>V2»--+sVy,
S (t) — Bextop-dyHkIis 3 kommnonentamu f; (X).

Sxkmo Bimoma ¢yHmameHtanbHa Marpung Y ()  niHidiHOT
OJTHOP1AHOT CUCTEMHU

dy
o
” ®y ., (95)

To cucteMy (94) MOXXHa PO3B’SA3aTU 3a JOTIOMOTOI Memoody eapiayii
006ibHUX cmanux (memooy Jlacpanorca).

3rilHO 13 IITUM METOJIOM 3arajJbHUN pPO3B 30K cucremu (94)
ITYKAETHCS y BUTIISII

y=Y(0)c() .

Hesinomi kommonentu ¢;(f) (i=12,...,n) Bektopa c(?)

BU3HAYAIOTHCA 13 CUCTEMU PIBHSAHb

Y(x% oy

111 cuctema Mae equHmi po3B’ 30k, ockinpku detY (x) = 0.

CucteMy MOXHA TaKOX PpO3B’S3yBaTH IHIIUMH METOJIaMH,
30KpeMa METOJIOM BUKJIFOUCHHSI.

Teopema. 3arampHuil po3B’s30K JV  JIHINHOT HEOJAHOPIIHOI

cucremu (92) 3a fe(a;B) e cymoro 3aranbHOro po3B’A3Ky YV
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BIAMOBIHOT OfHOpiAHOI cuctemMu (93) Ta OyAb-SKOTO YaCTHHHOTO

% . .
PO3B 3Ky y HEOJHOPIIHOI CUCTEMHU:

_ % n %
y=y+y =2Cy+y.
i=1

SAx 1 gng miHIAHEX  AudepeHIliadbHuX PIBHSAHb 31 CTaluMU
koedinieHTamMu B pasi, koau B cucteMi (95) marpuns A(x) = A — crana,
a ¢yukuii f;(f) B mnpaBux yacTMHax € (QYHKIIAMH CIELialbHOIO

BUTJISIY, JJI1 3HAXO/DKEHHS YAaCTUHHOTO pPO3B’S3KYy HEOJHOPITHOI
CUCTEMHU MOKHA BUKOPUCTOBYBAaTH METOJ HEBU3HAYEHUX KOE(IIIEHTIB.

KonTpoJbHi 3anuTanHs

1. Slky cucremMy nudepeHIiabHUX  PIBHAHb  HA3WBAIOTh
JHIAHOIO?

2. SIky cucreMy Ha3MBalOTh JIHIKHOIO OJHOPIJHOI CHUCTEMOIO
audepeHIiaTbHUX PIBHSAHD?

3. lllo Ha3uBawTh (PYHIAMEHTAIBHOIO CHCTEMOIO PO3B’S3KiB
JIHIMHOT OJTHOPITHOI cUCTeMU AudepeHITiaIbHUX PIBHSIHb?

4. ChopmyinoiTe Teopemy MNpO 3arajibHUM PO3B’SI30K JIHINHOT
OJIHOPIAHOI cUCTeMU AU(EPEHIIaTbHUX PIBHSIHb.

5. ChopmymroiiTe Teopemy MpO 3araibHUN PO3B’A30K JITHIHHOL
HEOTHOPIAHOI cucTeMH Tu(epeHIIATbHUX PIBHIHb.

3.3. JliniiiHi ogHOPiAHI cucTeMu AU epeHliaTbHUX
PIBHSIHB 3i cTaJIMMHU KoedinieHTamMu

JliHiliHy OAHOpIAHY cucTeMy Au(epeHUIaJbHUX PIBHIHb 31
CTIMMH KOe(IlIEHTAMU

d
—yZAy, yeR”, (96)
dx

ne A — pnilicma crama KBampaTHa MaTpHIIA HOPSAKY », METOIOM

BUKJIIOYEHHSI MOKHA 3BECTH JI0 JIHIAHOTO PIBHAHHS 31 CTaJuMU
KoedilieHTaM1 BITHOCHO OJTHI€T HEB1IOMOI (PyHKITII.
Hapenemo 1HIINN METOJT pO3B’I3aHHS TAKUX CHUCTEM.
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Meton Eiisiepa. 3rigHo 13 IIMM METOJIOM PO3B’s3KH cucTeMu (96)

ITYKAIOThCS Y BUTTISIL

y:ekxv, v:(ocl,ocz,...,ocn)T. (97)

Bupas (97) € po3s’sskoM cuctemu (96) Toxi i nuine Tomi, Koau A
— BJIaCHE 3Ha4YeHHS MaTpuIli 4, a V — BIacHU BEKTOP, KU BiIMOBiTae
LIbOMY BJIACHOMY 3HAYEHHIO A .

SIkmo BnacHi 3HaueHHs Aq,A5,..., A, MaTpuni A momapHo pi3Hi, a
V1,V25.-.,V, — BIINOBIIHI iM BJIAaCHI BEKTOPH, TO 3araJibHUN PO3B’SI30K
cuctemu (96) Mae BUTIIST

AMx Aox

y = Gy + Cye vy 4.+ C ey,

ne Cy,C,,...,C, — noBinbHi cTai.
SIKIIO BJIACHOMY 3HAYEHHIO A KpaTHOCTI k Bimmosimae pisHO k

JHIMHO HE3aJIeKHUX BJIACHUX BEKTOPIB Vi,V3,...,V, TO cucrema (96)

A At

Ma€ k JiHIAHO HE3aJIeKHUX PO3B’SA3KIB BHIY € tvl,...,e Vi -

SIKIIO BIIACHOMY 3HAYEHHIO A KpaTHOCTI k Bimmosimae M, m <k
JIHIMHO  HE3AJIeKHUX  BJIACHUX BEKTOPIB, TO PO3B’SI3KH, IO

BI/IMOBIAIOTH I[bOMY BJIACHOMY 3HAYEHHIO, IITYKAIOTh y BUTJISI1
y=(hy+hx+...+h_, x" ™M™, (98)

ne hy.M,....h_,, — HeBinoMi BeKTOpH.

Jltst 3HAXOKCHHS KOOpJIMHAT  HEBIJOMHX BEKTOPIB
hy,M,....h_,, Bupas (98) mincraBngersca B cuctemy (96). ITotim
Koe(iIieHTH MOAIOHMUX 4YJEHIB y TMpaBiid 1 JIBIH YacTHHAX CUCTEMU
MPUPIBHIOIOTHCS 1 3 OTPUMAHUX PIBHSHb BU3HAYAIOTHCS KOEPIIIEHTH
HEB1JJOMUX BEKTOPIB.

Skmo cepex BIAacHUX 3HaYeHb MaTpuii A € KOMILJIEKCHO
cipskeri mapu umcen A=t Bi To HaBemeHWM crmoco6OM MOXKHA
noOyyBaTH BiAMOBiAHI iM KOMIUIEKCHI PO3B’S3KM Bupy Y =U+iV,

Jlilicha 1 ysBHA 4YaCTUHU IIMX KOMIUIEKCHUX PO3B’s3KIB OyayTh
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JIACHUMU JIHIAHO HE3aleXHUMU pPO3B’si3kamMu cuctemu (96), 1o

BIZIIIOB1IAIOTH BJIACHUM 3HAUYEHHSIM A=o+ Bi , TOOTO
y =Re( "), y, =Tm(e!* ),

ne V — BiacHuil BekTOp MaTpuili A, MKW BiAMOBiZae BIACHOMY
3HaueHHI0 A = O+ i
P03B’s13KH, 110 BiAMOBifa0Th KopeHto A = o —Bi, GymyTs niHiitHO

3aIeXKHAMH 3 PO3B’SI3KaMH, SIKi Bi/IOBiTar0Th KopeHo A = o+ Bi.

Ipukaan 35. Po3p’s3atu cuctemy audepeHIiiiaibHUX PiBHAHD

-

dx

E:_)H_S%
) (99)
@=x+3y

dt '

Po3p’si3anns. 3actocyeMo Meron Ednmepa. YacTuHHI pO3B’SI3KU

CHUCTEMU ITYKATUMEMO y BUTJIAI

At At

x=0tle y=0€2€

[limcTaBuBImK 11 PO3B’S3KHM B CHUCTEMY, JICTAHEMO CHCTEMY

JIHIMHUX PIBHSHHS BITHOCHO Ol 1 Oy :

(_1 _7\;)0,1 + 5(12 = O,

o+ (3 — 7\,)(12 =0. (100)

JliHiifHa OJHOpIJIHA CHCTEMa Ma€ HEHYJIbOBUM PO3B’SI30K, SIKIIO ii

BHU3HAYHHUK

-1-1 5 )
=A"-2L-8=0,
1 3-A
3Bincu maemo A =4, A, =-2, mo € pi3HUMH HiCHUMH
BJIACHUMM 3HAYEHHSMHM MAaTpPUIl CUCTEMU IU(EpeHIiabHUX PIBHSIHb
(99).
Sxmo A; =4, To po3mMpeHa MaTPUId CUCTEMH JiHIHHUX PiBHAHD

(100) Ta 3araapHUI PO3B’SI30K CUCTEMH MAIOTh BUTJIS/I
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_5 5 O D 1 _1 0 OLI = OL2,
1 —-11]0 0 010 ’ oy =0 € R.
1

3Bigcu V| = ] BJIACHUI BEKTOpP, IO BIAMNOBIJIA€ BIACHOMY

3HayeHHIO M =4,

YacTuHHMI pPO3B’S30K CUCTEMH IU(EpeHIIaIbHUX PIBHSAHB (99)

Ma€ BUTJIIAL

4¢ 4t
Xp=€ , V=€ .

SIkmo A, =—2, TO po3MMpeHAa MAaTPHI CHUCTEMH JiHIHHKX

piBHsHB (100) Ta 3aransHUNA PO3B’A30K CUCTEMU MAIOTh BUTJISI

1 5 O D 1 5 O OL1=—50L2,
1 51/0 0 010 ’ (X2:C2ER.

-5

3Bigcu V), = |

— BJIACHUH BEKTOP, IO BiAMOBIJA€ BIACHOMY

3HAYEHHIO Ay = —2.

YacTUHHMI pO3B’S30K CUCTEMH JIU(PEpPEHLIATbHUX PIBHSAHB (99)

Mae€ BUTJIA
X = —5¢7%, V= e
OCKUIbKH BU3HAUYHHK
841 e4t y
5 5| = 6e” %0,
—S5¢ e

TO OTpPUMaHl pO3B’SI3KM  JIHIMHO  HE3aJeXHI ¥  yTBOPIOIOTH
byHIaMEHTaIbHY  CHCTEMY. 3araqbHUA ~ PO3B’S30K  CHUCTEMH
nudepeHIliaIbHUX PIBHIHD MAa€ BUTIISI

_ 1 =5 _
— Ce?Mv +Cre My, =C e e 2h =
y 1 1 2 2 1 1 2 1

X
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Cle4t — 5C2e_2t
Cle4t + Cze_zt
a6o x = Cie" —5C,e™, y=Cie" + e, (.G, eR,

Hpuxnanx 36. Po3B’si3aTu cucremy nudepeHuiaibHUX piBHIHb

[ dx
—=4x—-y+z,
i d
dy

T —=3y-2z,
a7

dz
—=—4y+z
Y

Po3p’sizanHs.  3actocyemo  meton  Elnepa.  3anumemo
XapaKTEPUCTUYHE PIBHSHHA MaTpuili A cucteMu IuQepeHIiaTbHIuX
PIBHSIHB

4-n -1 1
det(A-AE)=| 0 3-A 2 [=@A-M)A-5A+1)=0,
0 -4  1-A
3BifcH MaeMo TpH pi3Hi AilicHi BiacHi 3Hadenns Ay =—1, A, =4,

A3 =5 marpuni A cuctemu qudepeHIiaTbHIX PiBHAHD.

3HaleMo BIACHHM BEKTOp MaTpuill A, 10 BiANOBIIa€ BIACHOMY
sHaueHHio A =—1. Jlng 1poro posp’sykeMO OJHOPIAHY CHCTEMY
niHiitaux piBasEb (A —ME)v =0
(4_}\41)0(,1 _O(,z + OC3 = O,
(3 - 7\,1)(12 - 2(13 - 0,
5 -1 110 5 -1 1|0 5 =3 010

0 4 =2(0(J]jo 2 1|0(j0 2 1(0}|0
0 4 210 0O 0 0/0 0O 0 0}0
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-

3
3 o =—0,,
1 —g 0 0 1 5 2 -3
010 2 1(0],ya,=c,€R, vy=| 5 | - pnacHuii BexTop.
0 0 0(0] |ay3=—20,. 10

.

Jns Ay, =4 maeMo cucTeMy JiHIHHUX OJHOPIJHUX PiBHSAHB

(A-2E)Ww=0,
0 -1 1]0 0 1 -11]0 0 1 -1{0
0 -1 =2{0(0JJ0 0 =3(0|0]0 O 1100
0 -4 3]0 0 0 -71|0 0 0 010
O 1 O 0 OtlzcleR, 1
110 0 1|0}, ,q0,=0, v, =| 0 | — Bnacuwmii BekTOp.
0 0 00 o4 =0. 0

Jlns A3 =5 maemo cucTeMy NiHIHHUX OJHOPITHUX PIBHAHB

(A-2EWw=0,
-1 -1 110 I 1 -1|0 1 0 =210
0O -2 =210|j0o 1 1{0{0j0 1 1 (0],
0 -4 410 0 0 010 0O 0 010
Oy =—03, V3 =|—l| - Bnacuuii BekTop.
OL3=C3€R. 1

3aranbHUil PO3B’SA30K CHUCTEMH JU(EepeHIlaIbHUX PIBHSHb Mae
BUTJISIT

X

A A

V= Cle_SKvl + Cze_2 vy +Cie’ vy =

z
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-3 1 2
=Cie | 5 |+Ce| 0|+ G| -1
10 0 1

abo
x==3Ce™ +Cye* + 20,
y= SCle_x - C3857“,
z= IOCle_k + C3657“, C,C,, G eR.

Ipukaan 37. Po3p’s3atu cucremy audepeHiialbHUX PIBHAHD

-

dx
—=4x-y,
i d
dy
—=x+2).
L dt d

Po3p’si3anns.  3acrocyemo — meron — Eiumepa.  3ammmemo
XapaKTEPUCTUYHE DPIBHSHHS 1 3HAWJAEMO BIIACHI 3Ha4YeHHsS maTpwii A

CUCTEMHU
4-20 -1

det(A—kE)z‘ o

|=X2—6X+9=(x—3)2=0,

Maemo A =3 — BracHe 3HaUEHHS KPATHOCTI 2.
Po3B’s13km cuctemu gudepeHUIAbHUX PIBHSAHD LIYKATUMEMO Y
BUIIA1

x=(4+Bt)e”, y=(C+Dpe.
[TincraBnsroun QyHKINT B CHCTEMY, ICTAHEMO

B+3(A+ Bt)=4(A+ Bt)—(C + Dr),
D+3(C+ Dt)=A+ Bt+2(C+ Dr).

[IpupiBHSABIIM BiANMOBIAHI KOE(DIIIEHTH, OTPUMAEMO CHUCTEMY

JIHIMHUX PIBHAHB BIJIHOCHO HEBIJJOMHUX A,B,C,D:
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A-B-C=0, 1 -1 -1 O OD 1 0 -1 -1|0
B-D=0. 0O I 0 -1/0 01 0 -1(0)

(A=C+D,
B=D, 3 ,

< C _ cl E R, — 3arajJibHHMH PO3B A30K.
D= d, e R

3BIJICH JIICTAHEMO JBa JIIHIMHO HE3aJICKH1 PO3B’I3KU, HATTPUKJIIA/;

A=1, B=0, C=1, D=0

A=1, B=1, C=0, D=1,
Maemo 11Ba JTHIHHO HE3aleKH]1 PO3B’SI3KH CUCTEMH
3t 3z,
xl =€ yl =€e .
X, =(1+ e, Vy = te”
3araibHUN PO3B’A30K CHUCTEMHU AU(DEpPEHIliaIbHUX PIBHSIHbL Mae

BUTJIS
3t 3t _ 3t 3t
x=Cie” +Cy(1+0)e™, y=Cie +Cyte™.

Ipukaan 38. Po3p’s3atu cucremy audepeHiianbHUX PiBHAHD

ﬁ—x+5
<a’t Vs
dy

== _x-3y.
L dt Y

Po3p’sizannsi.  3actocyemo  Meton  Eiinepa.  3anuiiemMo

XapaKTEepPUCTUYHE PIBHSHHS 1 3HAWJEMO BIAcHI 3HA4YeHHs MaTpuil A

CHUCTCMMU.

22 4+20+2=0.
-1 -3-

da@4—kE):‘

Maemo KOMITJIEKCHO CIPSIKEH1 BJIACH1 3HAYCHHS 7b1,2 =—1=i,
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[IIykaTuMemM0 pO3B’SI30K CHUCTEMH, IO BIJANOBIIA€ KOPEHIO
}\/1 == _1 + l :

— e (<14}

X ,  Yy=0ye

[lincrapnstoun B cucteMy audepeHiaIbHUX PiBHSAHB, TICTAHEMO

CUCTEMY JIIHINHUX PIBHSIHB BIJIHOCHO 3MIHHHX Olf, Oly:
(=1+i)oy =0y +50,, (=2+i)oy =S50, =0,
(-1+i)o, =—0y —3a,, oy +(2+i)a, =0.
—2+i =510 . 1 24i|0 o =—(2+i)a,,
1 2+i 10 0O 0 |0) o, =c¢, € R
OpmHUM 13 PO3B’SI3KIB CUCTEMH €
al :2+l, (X,z :—1,
TOMY
x = (2 + i)e(_l+l)t, y — _e(—l-l-l)t
— KOMIUIEKCHUHM PO3B’S30K II1€1 CUCTEMH, SIKUI 3alUIIEMO Y BUTJISII
x=(2+i)e " (cost+isint)=e ' (2cost —sint + i(cost + 2sin?)),
y =—e'(cost +isint).

Koedimientn cucremum — miiicHi uucna. Tomy aiiicHa 1 ysiBHa
YaCTMHH HABEJCHOTO PO3B’SI3KYy TAKOXK € pO3B’si3kamMH cuctemu. OTxe,
Ma€eMo JIBa TIMCHI PO3B’SI3KH:

x1(t) = e ' (cost —sin?), X, (1) = e~ (cost +2sint),
@)= —e ™! cost , Yy (1) = —e 'sint.

MoxHa mokaszaTu, IO i PO3B’SI3KW JIIHIWHO HE3alie)KHi. 3BIJCU
3arajJbHUN PO3B’A30K CUCTEMU JUDEpPEHIIATbHUX PIBHAHD MA€ BUTIISA

x=e ' ((C;+Cy)cost—(C; —2C,)sint),

y=—e'(C,cost+C,sint), €, C; eR.
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KonTpoJbHi 3anuTaHHs

1. o

Ha3WBAKOTb

JIHIAHOKO

OJTHOPIJTHOIO

audepeHIlaIbHUX PIBHSAHD 31 CTAIMMH KOE(ILIEHTAMU?

CHUCTCMOIO

2. Y 4yomy mnonsarae meton FEiinepa po3B’si3yBaHHSY JIHIMHHUX

OJIHOPITHUX  CHUCTEM

koedirmienTamu?

Bunpasu
1. Po3B’soxiTh CcHUCTEMU
BUKJIFOUCHHS ;

a) 3

=-2x+5y+2,

=—x+2y-5.

L dt

ﬁ—x—3 +e
a7

Q:3x+y—e

dt

2t
)

2t

2. Po3B’skxiTh cHCTEMU
Eiinepa

nudepeHIiaTbHIX

0) 4

pIBHSHDb 31

cTaJlIuMH

mudepeHIliaTbHUX PIBHAHb METOJIOM

-

dx dx
_:_2)/,
dt dt
d B)Y 4
YD _9y ay _
L dt L dt
(@—x_ oy
a0 i
d 1 4
2 _4x+5y. 2
L dt L dt
@:2x+3y—2,
t
>K)<d
Y 3x+2y+61
L dt
§=5x+4y—sint,
dt
e)<dy
— =2x+3y.
L dt d

nudepeHIlianbHUX PIBHIHb
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—X.
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\E:

0)

hiy)

[ dix
—=—x-2y,
i 4
dy
—=3x+4y.
dr 4
L

dt Y

dy
—=-2x+4y.
L dlt Y
[ dx
—=3x-y,
i 4
@:4x—2y.

4

@:4)@

dt
—y=x+2y—z,

4

dz
—=x—-y+2z
a7
dx
—=—x-2y+2z,
i d
dy

— =y+z,
ar

dz
—=-2y+4z.
a7
@=3x+2y+22,
dt
Yoz,
dt

dz -2z,

[ dx
4x -y, —=x-3),
y o V
B) 1
Y _
x+2y. —t—3x+y.
xX—y, @=2x—y,
dt
e)<d
x+3y. —);=5x—2y.
[ dx
—=3x-y, —=3x-35y,
y o y
3)
=4x—-y ﬂzx—y
dt
[ dx
—=3x-y-2z,
a7
Q:2x—2z,
t
%—x_
Y
ox —2x+y+z,
t
dy
a7
dz
—=4x-Ty+z
|l d
[ dx
—=3x-2y+z,
dr Y
dy
— =y+z,
ai°
%:—2y+4z.
t

114




Crnucok Jiiteparypu

1. /[ybosux B. Il. Buiia maremaTuka : HaBYaJIbHUW TMOCIOHUK /
Hyo6oBuk B. I1., FOpuk I. I. — KuiB : Buiia mkomna, 1993. — 648 c.

2. Isacuwen C. /[. 3Buyaiidi audepeHuianbHl pIBHAHHA: METOAU
pO3B’s3yBaHHS Ta  3aCTOCYBAaHHS :  HaBYAJIbHMM  MOCIOHUK  /
IBacumien C. [I., JlaBpenuyk B. II., Typumna H.I. — Kuis: KIII
M. Iropsa Cikopcebkoro, 2018. — 329 c.

3. Konaco I M. JlubepeHiianbHl pIBHSHHS . HaBYaJIbHUU
noCIOHUK it 1Hx)eHepHux crerianbHocteid. — KuiB : KIII M. Irops
Cikopcbkoro, 2018. — 126 c.

4. Oguyunnixos I1. I1. Buila matemMartvka : mMAPyYHHK. Y 2 4. —
Y. 2. Jludepenuianbai piBHAHHS. OmnepaiiiiHe uuciieHHs. Psaum Ta ix
3actocyBaHHs. Criikicth 3a JlamyHoBuM. PiBHSIHHS MaTeMaTH4HOI
¢b3uku. OnTtumizamis 1 kepyBaHHSA. Teopis HMoOBipHOCTeH. YMcioBi
Mmetonu. — Kuis : Texuika, 2004. — 792 c.

5. I[lepecmiok M. O. 30ipHuK 3an1a4 3 qudepeHiaibHUX PIBHIHD :
HaBuyajgpHUi mociOHuk / Ilepectiok M. O., Cpimyk M. . — Kuis:
TBIMC, 2004. — 224 c.

6. Camotinenxo A. M. JludepeHiiianbHi pIBHSIHHS y NPUKIaAaxX i
3a/1avax : HaBYajabHUM nocioHuk / Camoinenko A. M., Kpusomes C. A.,

ITepectiok M. O. — KuiB : Buma mkona, 1994. — 455 c.

115



HaBuanpHe BugaHHs

BOHJIAPEHKO Haranis B’suecnapiBHa,
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[Tinmucano no apyky 05.01.2026. ®opmat 60 X 846
VM. npyk. apk. 6,74. O6n.-Bun. akp. 7,25.
Tupax 25 npum. Bua. Ne 1/1-26. 3am. Ne 1/1-26.

Bupasers i BUTOTOBITIOBAY
KuiBchkuii HalioHaNBHUM yHIBEpCUTET OyNIBHUITBA 1 apXITEKTypH

[Tpocnexr [MoBitpsHux cun Ykpainu, 31, Kuis, 03037

CBigouTBO PO BHECEHHS 10 [lepKaBHOTO peecTpy CyO’ €KTiB
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