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Summary. This article describes the basic principles of rod spatial building constructions modeling 
by means of discrete geometry. The mathematical dependence that form the basis of this approach 
are the differential regularities between the geometric and physical parameters of the modeled con-
structions, as well as the parameters of the external loads which determine the final shape of the 
model. 
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INTRODUCTION 

 
As is well known, the most common ap-

proach to the projecting of any building con-
struction can be conditionally divided into 
three stages:  

1) determination of the shape of future 
construction;  

2) calculation of the internal efforts, acting 
in the construction as a result of action of dif-
ferent loadings;  

3) selection of structural elements that 
could be able to withstand the load acting 
therein. Only after that, it is possible to carry 
out the architectural and construction draw-
ings. 

Very often, the disadvantage of this ap-
proach is the need for frequent repeating of 
the first and second stages in order to clarify 
the shape, since the architect, which invents 
the concept of a new nonstandard construc-
tion, not always can to predict appearance in 
it of excess tensions. These tensions may 
cause a malfunction of the whole construc-
tion, and even its destruction. Partially de-
scribed disadvantage is a consequence of the 
rapid development of numerical methods for 

calculation of building constructions. Nu-
merical methods allow us to define the inter-
nal forces in constructions and even entire 
buildings of almost any complexity level (in-
cluding underground constructions). As a re-
sult, the architects more and more neglect the 
preliminary analysis of designed shapes and 
rely on engineering solutions of constructors. 

However, require special attention spatial 
rod constructions. In recent years, exactly rod 
construction form the basis for designing of 
most large-span erection truss as well as shell 
coatings and steel cable roof. Moreover, they 
are successfully used as load-bearing skele-
tons of buildings and structures. Obviously, 
that engineering of rod structures requires a 
special responsibility and accuracy in per-
forming the calculations. 

That is why in the design of rod construc-
tions it makes sense to perform the opera-
tions of pre-shaping taking into account the 
external influences that will act on these con-
struction. Apart from external loads, must be 
taken into account the expected internal 
forces in the rods of the model. 

As an effective tool to perform this pre-
shaping can be used the methods of geomet-
ric modeling. The modeling process in this 
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case reduces to constructing of a discrete 
geometric model of the rod construction tak-
ing into account all the external loads and 
boundary conditions, as well as of its subse-
quent analysis and correction. 

 
 

PURPOSE OF WORK 
 

Separate methods of discrete geometric 
modeling (such as static-geometrical method 
[1]) allow us to obtain the desired shape of 
rod constructions based on information about 
their topology, the value of nodal loads and 
features of allocation of internal forces in the 
elements of the model. However, the result-
ing shape of the model do not always corre-
spond to the expected outward appearance, as 
it is often the architects have to observe the 
features of space-planning solutions of the 
design object and the style of already existing 
buildings. In consequence of this the shape of 
the model must be adjusted "by hand", which 
entails the impossibility of the use of geomet-
ric modeling methods and the need to use 
one of the well-known numerical methods 
(such as finite element method, finite differ-
ence method, and others [2–7]) to further de-
fine the internal forces in the system. 

All of the above defines the main goals of 
this work:  

1) to introduce universal algorithm of rod 
constructions forming providing the possibil-
ity of local changes in its geometry, using the 
same modeling methodology, 

2) to demonstrate the mathematical regu-
larities necessary for the implementation of 
this algorithm. 

 
 

ANALYSIS OF MAIN PREVIOUS  
RESEARCHES 

 
One of the most variative and suitable for 

shaping of rod constructions methods of dis-
crete modeling is a static-geometrical method 
(SGM). SGM based on constructing of inter-
pretative models of multi-unit non-extensible 
or non-compressible elastic threads and nets. 
The main idea is that vector loads Pi 
(i  =1,2,…,n), which are put in nodal points, 

define the shape of discrete model (Fig. 1). 
It is assumed directly proportional rela-

tionship between the length of the individual 
straight line segments of threads or nets δi,j 
and the absolute values of internal forces in 
them Ri,j: 

 
( )ji1n0jikR jijiji ≠+=±=δ ;,,,,,, ,  (1) 

 
where: ±ki,j – adopted proportionality coeffi-
cient («+» – stretching, «–» – compression). 

 

 
Fig. 1. The multi-unit elastic thread 

 
The vector equation of static equilibrium 

of the i-th node of two-dimensional elastic 
thread with n free loaded nodes is as follows 
(Fig. 2): 

 
.,, 0PRR i1ii1ii =++ +−   (2) 

 

 
Fig. 2. The equilibrium of the i-th node which 

cut out from multi-unit elastic thread 
 

In the projections, the system of equilib-
rium equations of SGM for the i-th node of 
multi-unit thread with the same for all seg-
ments coefficients +k has the following form: 
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,kPsss2 is1i1ii −=++⋅− +−   (3) 

 
where: s – generalizing designation of coor-
dinates. 

Forming process basically boils down to 
the selection of the external loads. Typically, 
load vectors have a formal mathematical 
sense and are the parameters of variation. 

However, the method does not require the 
formalization of these parameters and, if nec-
essary, they may correspond to the actual 
physical vector quantities. 

This approach was suggested to use in [8]. 
This eliminates the need to establish a con-
stant coefficient of proportionality, and it can 
be changed in each element of discrete 
model.  

If we know the laws or properties of the 
investigated process or object, it can be in-
terpreted by a set of vertices, which corre-
spond to the parameters of the process or ob-
ject in specific points of the space and form a 
grid. Then the equilibrium state of i-th vertex 
of the grid, which connected to its other n 
vertices, in accordance with the SGM can be 
described by the following system of equa-
tions: 

 

.,, is

n

1j
jjii

n

1j
ji Psksk −=⋅+⋅








− ∑∑

==

 (4) 

 
This system can be used for static and dy-

namic processes and objects modeling, since 
the coefficient ki,j and the components of the 
external influence Ps i may be the non-linear 
functions not only on the coordinates of ver-
tices of the grid, but also on additional pa-
rameters, for example, measures such as 
time. In [8] was proposed to use a general-
ized form of SGM for modeling of heat and 
mass exchange process occurring during the 
heating of the porous building materials with 
electrocution, as well as for the numerical 
modeling of the elements of stress-strain 
state of building structures, which are under 
the influence of external loads. 

However, it should be noted that in the 
above-mentioned work the solutions of prac-
tical problems have been implemented on the 
basis of the control of parameters ki,j using 

additional discrete models, which character-
ize the current physical state of the model in 
its different areas. In this approach hasn’t 
been proposed to construct a unified geomet-
ric model of the area of the medium or ob-
ject, allowing at the same time to describe the 
physical state of the elements of the model 
and the character of external influence on its 
nodes. 

The mathematical regularities between the 
geometric and physical parameters of the 
network structures and the characteristics of 
acting on the nodes of model loads were pre-
sented in [9]. The influences of external 
loads, in accordance with [9], presented in 
the form of a vector fieldℑі. In this case, the 
fieldℑі must be a scalar and have a scalar 
potential ϕі at each point of the needed area 
of space: 

 
).,,()( iiiii zyxs ς=ϕ=ϕ  (5) 

 
The valuesℑі and ϕі are related by the 

following relationship: 
 

.iiis s∂ϕ∂=ℑ    (6) 

 
The complete system of equations, which 

describe the static equilibrium of the i-th 
node of 3-dimensional network structure, and 
deformed-stress state the acceding to this 
node bonds is as follows: 
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   (7) 

 
where: ρі(xі, yі, zі) – distribution function of 
the density of the field sources, 
 d – constant of that reflects empirical prop-
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erties of the environment in which is located 
a rod structure, in the case when it interprets 
the physical process,  
Gі – constant of integration. 

This system can be written in a more con-
venient form, if the relations of effort and 
bond lengths will be replaced by parameters 
of the state of bonds (or rigidity parameters 
of bonds) ℵi,j: 

 
.,,, jijiji R δ=ℵ    (8) 

 
Here we intentionally replace the coeffi-

cient ki,j to state parameter ℵi,j, since the first 
one is the constant in the process of influence 
on the construction by various loads, while 
the second one can change its value, as in the 
real working conditions of rod constructions. 

As a result of this replacement, the system 
(7) takes the following form: 
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The system (9) is important because it 

gives an opportunity not only to find the po-
sition of free nodes of rod constructions, but 
also allows to use additional characteristics 
of the field of external influence (such as the 
scalar potential ϕі and the density of the field 
sources ρі) to correct positions of the nodes 
and rigidity parameters of rods. 

 
 
PARAMETRIC EQUATIONS OF THE 

RODS 
 
It is obvious that control of the shape of 

the rod construction should be carried out by 

the system solution. 
To allow adjustment of the model shape is 

necessary that the quantity of equations con-
taining parameters of variation, corresponds 
to the amount of rods of the model. A 
method of producing of parametric equations 
depend on whether the quantity of rods ex-
ceeds the quantity of its nodes in the 
model [10]. Besides, there are two types of 
parametric equations describing the state of 
the two types of rods: 

1) the rods, which connect the two free 
(loaded) node of the model (I type), 

2) the rods, which connect one free and 
one fixed (basic or reference) node of the 
model (II type). 

If the number of nodes in the model ex-
ceeds the number of its rods, parametric 
equations have the form: 

1) for the rod SaSb of I type: 
 

+ℵ⋅δ⋅+ℵ⋅δ∑
−

=
ba

2
ba

1m

1i
ia

2
ia 2 ,,,,  

( ) ,0D b,aba

1n

1j
j,b

2
j,b =++−ℵ⋅+∑

−

=
ϕϕδ  

(10) 

 
2) for the rod SaSref of II type: 
 

+ϕ−ℵ⋅δ⋅+ℵ⋅δ∑
−

=
arefa

2
refa

1m

1i
ia

2
ia 2 ,,,,  

( )+⋅+⋅+⋅+ refrefzrefrefyrefrefx zRyRxR  

,, 0D refa =+  

(11) 

 
where: m and n – number of nodes adjacent 
to the a-th and b-th (or ref-th) nodes. 

If the number of nodes in the model is less 
than the amount of its rods, parametric equa-
tions have the form: 

1) for the rod SaSb of I type: 
 

( )([∑
−

=
+⋅−+δ

1m
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2
ai xxx,  
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2
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( ) ( ) ) ]+ℵ⋅⋅−+⋅−+ jbabjabj zzzyyy ,  

(12) 
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( )+⋅ℑ+⋅ℑ+⋅ℑ+ abzabyabx zyx  

( )−⋅ℑ+⋅ℑ+⋅ℑ+ bazbaybax zyx  

( ) ;, 0D baba =+ϕ+ϕ−  

 
2) for the rod SaSref of II type: 
 

( )([∑
−

=
+⋅−+δ

1m

1i
refai

2
ai xxx,  

( ) ( ) ) ]+ℵ⋅⋅−+⋅−+ iarefairefai zzzyyy ,  

( )+⋅ℑ+⋅ℑ+⋅ℑ+ refazrefayrefax zyx  

( )+⋅+⋅+⋅+ arefzarefyarefx zRyRxR  

( )−⋅+⋅+⋅+ refrefzrefrefyrefrefx zRyRxR  

., 0D refaa =+ϕ−  

(13) 

 
In the formulas (10) – (13): Sa and Sb – arbi-
trarily connected free a-th and b-th nodes, 
Sref – some basic node of the model,Rref – 
the vector of support reaction in the reference 
node Sref; Da,b и Da,ref – the total integration 
constants. 

The equations (10) – (13) have been ob-
tained by differentiating the equations of the 
1-st – 3-rd type from the system (9), as well 
as using algebraic operations on the equa-
tions of the 4-th type from the same system 
(9) [9, 10]. 

These equations have a several disadvan-
tages. Thus, the identities (10) and (11) are 
bounded in the use of topological features of 
the rod system. With solving the system of 
equations (12) and (13) the matrix of coeffi-
cients always have zero diagonal. If the 
model has a large quantity of elements, then 
under certain its topological features the de-
terminant the matrix of coefficients can tend 
to zero. In this case, the system of these 
equations will be degenerate. 

The solution of the above-mentioned 
problems can be a replacement of diagonal 
elements or the non-zero. Since equations 
(10) and (11) have a simpler form of nota-
tion, it makes sense to modify exactly them. 

To do this, we add to the equations (10) 
and (11) the following identities: 

 
( ) ,,,, 0H2 baba

2
ba =−ℵ⋅δ⋅−χ       (14) 

 
( ) ,,,, 0H2 refarefa

2
refa =−ℵ⋅δ⋅−χ   (15) 

 
where: χ – some non-zero constant. 

As a result, we obtain: 
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(16) 

 

+ϕ−ℵ⋅δ⋅χ+ℵ⋅δ∑
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=
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2
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2
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(17) 

where: 
 

,,,, bababa HDB −=   (18) 

 
.,,, refarefarefa HDB −=  (19) 

 
In (14), (15), (18) and (19): Ha,b and Ha,ref – 
constants, determined by the value of χ. 

The ability to perform such a procedure is 
explained as follows. 

In the simplest case, the process of cor-
recting the position of the model’s nodes 
should be to replace the current values of 
node potentials to such that belong to a 
known isosurface of the scalar potential 
field ϕ. Form of these isosurfaces must take 
certain set of nodes and rods in the correcting 
of construction process. As a result should be 
selected optimal distribution of internal 
forces and the state parameters of the model. 
In the beginning of the selection we need to 
calculate the values of the integration con-
stants Bi,j for all rods of the model, taking 
into account the initial internal forces Ri,j. Af-
ter that, it becomes possible to solve the in-
verse problem of determining the internal 
forces taking into account the previous val-
ues of the constants of integration and the 
corrected (at the current stage of the iterative 
computation) values of the scalar potential ϕ.  

Clearly that the inclusion of additional 
terms in the parametric equations at the pre-
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vious stage of the calculation will only lead 
to a change in the value of the constants Bi,j 
in the next step of calculation, in no way af-
fecting the character of the potential ϕ. This 
may change the rate of convergence of the it-
erative calculation. As a result, the zero di-
agonal elements of the matrix of coefficients 
will be replaced by χ⋅δi,j. 

 
 

ALGORITHM OF THE ROD  
STRUCTURES SHAPE CONTROL 

 
Recorded using the above equation, we 

formulate the order of adjustment of the 
shape of the rod structure [11]. The appropri-
ate algorithm can be summarized to the serial 
repetition of iterative cycles, each of which is 
carried out before reaching the established 
calculation errors. In matrix form, this algo-
rithm has the following form: 

 

[ ] [ ] [ ] [ ]( )
{ } ( )[ ] { } { }(

( )[ ] { }
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Here: [s] – matrix of coordinates (with 

dimension k×3, where k – the quantity of 
nodes of the model): 

 
[ ] [ ],ZYXs =   (21) 

 
where: {X}, { Y} and {Z} – the column vec-
tors of coordinates of the nodes, which have 
the form: 
 

{ } [ ],... k21
T xxxX =  (22) 

 
{ } [ ],... k21

T yyyY =   (23) 
 

{ } [ ],z...zzZ k21
T =  (24) 

where: [g] – matrix of the boundary condi-
tions (with dimension k×3): 
 

[ ] [ ],zyx gggg =  (25) 

 
where: {gx}, { gy} и {gz} – the column vec-

tors of the boundary conditions, which have 
the following form: 
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where: [ℑ] – matrix of external influences 
(with dimension k×3): 

 

[ ] [ ]zyx ℑℑℑ=ℑ , (29) 

 
where: {ℑx}, { ℑy} and {ℑz} – the column 
vectors of the components of external influ-
ences, which have the following form: 

 

{ } [ ],...
kx2x1x

T

x ℑℑℑ=ℑ    (30) 

 

{ } [ ],...
ky2y1y

T

y ℑℑℑ=ℑ      (31) 
 

{ } [ ],... kz2z1z

T

z ℑℑℑ=ℑ        (32) 
 
where: [ℵ] – matrix of stiffness parameters 
of rod structure (with dimension k×k), di-
agonal elements of this matrix contain the 
negative sums of stiffness parameters of the 
rods connecting to those nodes of the model, 
for which are made up the corresponding 
equations (according to the topology), the 
other elements contain stiffness parameters 
of bonds, that connect the corresponding to 
indexes nodes with the nodes, which corre-
sponding to the diagonal elements in that 
row, or zeros (operation "or" will be denoted 
by «∨»), such a matrix has the following 
form: 
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where: {ℵ} – column vector of stiffness pa-
rameters of rod structure, which has the fol-
lowing form: 
 

{ } [ ],...
hb,a2b,a1b,a

T ℵℵℵ=ℵ   (34) 

 
where: h – the quantity of rods of the model; 
{ ϕ} – column vector of nodal values of the 
scalar potential, which has the following 
form: 
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{ B} – column vector of constants Ba,b, which 
has the following form: 
 

{ } [ ],B...BBB
hb,a2b,a1b,a

T =  (36) 

 
[δ2] – matrix of geometric parameters of rod 
structure (with dimension h×h), the diagonal 
elements of which contain products of con-
stants χ and squares of the lengths of those 
bonds for which are made up the equations, 
corresponding to the specific row of the ma-
trix; the other elements include squares 
lengths of bond, corresponding to the indices 
of the given cell of this matrix, or zeros; such 
a matrix has the following form: 
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{ ϕ/} – column vector of expected nodal pa-
rameters of the scalar potential, which have 
the form of similar to {ϕ}, p – index corre-

sponding to the current step of the iterative 
calculation.   

The system (20) can be described by the 
following order of operations: 

1. Constructing of a system of equilibrium 
equations of the rod construction nodes, 

2. Calculation of current nodal coordinates 
of the rod construction per approximately 
given initial conditions (which include the 
initial values of external loads and stiffness 
parameters of rods), 

3. Constructing of parametric equations of 
bonds of the rod construction, 

4. Determination of the current value of 
the scalar potential field of external influ-
ences, 

5. Determination of the constants Bi,j from 
the parametric equations of bonds with the 
current model coordinates and scalar poten-
tials,  

6. Solution of the system of parametric 
equations with respect to stiffness parameters 
with pre-replacement of values of the current 
potential on the potential values, which are 
desired, and taking into account the previ-
ously calculated values of the constants Bi,j, 

7. Substituting of founded stiffness pa-
rameters into the system of equilibrium of the 
rod construction nodes; solution of this sys-
tem relative to coordinates of the nodes of 
the model, 

8. Repeating of the steps 3 – 7 until a 
specified level of absolute or relative errors 
of calculation is reached. 

It should be noted, that in modeling of rod 
architectural constructions the external loads 
can be invariable in all nodes of a model, ir-
respective of the coordinates nodes. At the 
same time, scalar potential field may not re-
flect the potential gravitational field of the 
Earth (as one might think). This is com-
pletely acceptable from a mathematical point 
of view, as in the continuum (theoretically) 
can exist any number of scalar fields. Some 
of them can be mutually neutralized. There-
fore, if the construction has to take the form 
of iso-surface of one of a pair of these "mu-
tually neutral" fields, the nodes of the model 
will not take the mechanical action of the 
gradient vector from not one of these fields. 

That is why the offered algorithm for con-
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trol of the rod construction parameters allows 
giving it almost any shape, admissible of its 
topology. 

 
 

CONCLUSIONS 
 
On the basis of the generalized form of the 

static-geometric method of discrete geome-
try, was developed a new approach to solve 
the problems of shaping of rod spatial con-
structions. This approach allows not only to 
determine the preliminary shape of a de-
signed construction by given conditions of 
external influence, but also, if necessary, to 
correct it by a system solution of parametric 
equations of rods of the model. 

The proposed formulas allows determin-
ing the internal forces in the rods of the 
building structure. This makes it possible si-
multaneously to attribute this method to in-
struments of architectural forming and to in-
struments of numerical simulation. 
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ПРИНЦИПЫ ДИСКРЕТНОГО  
МОДЕЛИРОВАНИЯ СТЕРЖНЕВЫХ  

КОНСТРУКЦИЙ ОБЪЕКТОВ  
АРХИТЕКТУРЫ 

 
Аннотация. В публикации раскрываются 

основные принципы моделирования стержне-
вых пространственных строительных конст-
рукций средствами дискретной геометрии. 
Приведены математические зависимости, со-
ставляющие основу данного подхода и пред-
ставляющие собой дифференциальные зако-
номерности между геометрическими и физи-
ческими параметрами моделируемых конст-
рукций, а также параметрами внешних нагру-
зок, определяющих конечную форму модели. 
Ключевые слова: геометрическое моде-

лирование, дискретная модель, сетчатые 
структуры, стержневые конструкции, диффе-
ренциальные закономерности. 

 


