ISSN 2410-2547. Onip matepiaiis i Teopis cnopya. 2015. Ne 94 155

YK 539.3

O MMAPAJLJIEJIBHBIX PELLIATEJISIX B
KOHEYHORJEMEHTHBIX TIPOTPAMMHBIX KOMITIJIEKCAX,
OPUEHTHUPOBAHHBIX HA MHOT'OSIIEPHBIE KOMIIbIOTEPBI
C OBILIEHN ONMEPATUBHOM NAMATBIO
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JI-p. TEXH. HAYK

"Tadeusz Kosciuszko Cracow University of Technology

PaccMaTpuBarOTCs MPAMBIE METOJIBI PEIIEHUS CHCTEM JIMHEWHBIX anre0panyecKuX ypaBHEHHI
C CHMMETPHYHBIMH Pa3peKEHHBIMH MATPUIAMH, BO3HHUKAIONIMMHU TP MPUMEHEHHH METO/IA
KOHEYHBIX DJIEMEHTOB K 3a/a4aM CTPOMTENHHOM MEXaHUKH M MEXAHUKH Je(pOPMHPOBAHHOIO
TBepaoro Tena. OCHOBHOE BHHMAHHWE  VIOEISETCS  METONaM  JOCTHIXKEHHS  BBICOKOM
MPOM3BOJUTENLHOCTH HA MHOTOSIEPHBIX KOMITBIOTEPAX C OOIIEH OIEPATHBHOM IaMSTHIO
(sharedmemorycomputers).

KiroueBbie cJ0Ba: MHOrO()POHTAIBHBI METOM, CYIEPY3JI0BOH METOH, METOI KOHEYHBIX
SIIEMEHTOB, Tpad) CMEKHOCTH, BBICOKAs [TPOU3BOUTENLHOCTD, TAPAIIIETbHBIE BEITUCICHHS.

BBenenue. UHTeHCHBHOE pa3BUTHE MHOTOSJEPHBIX  KOMIIBIOTEPOB
MIOPOXKAAEeT HEOOXOMMMOCTh COBEpIICHCTBOBAHMS pellaTeneii — Momyie
KOHEYHORJIEMEHTHBIX MIPOrPAMMHBIX KOMILJIEKCOB, OTBETCTBEHHBIX 32 PELICHHE
CUCTEM JIMHEHHBIX areOpanvdecKuX YpaBHEHHI C pa3pe:KEHHBIMH MATPUIIAMH.

B nmanHO! paboTe MBI OFPAaHUYUMCS PACCMOTPEHUEM TIPSIMBIX METOJIOB IS
CUMMETPHUUHBIX PA3PEKEHHBIX MATPHILI, BOZHUKAIOIIMX NPU MPUMEHEHUH METOIa
KOHEYHBIX DJJIEMEHTOB K 3aJadaM CTPOUTENIbHOM MEXaHHMKA M MEXaHUKU
nedopmupyeMoro TBepaoro Tena. OCHOBHOE BHUMaHHE OyZET YIEIeHO MeTo/laM
JIOCTHKEHHUSI BBICOKOW MPOU3BOJUTEIILHOCTH HAa MHOTOSIIEPHBIX KOMITBIOTEPAX,
MacCCOBO HCMOJIb3YEMBIX MPU PEIICHUH TAaKUX 33/1a4.

«Y3KUM MECTOM» TaKOM apXUTEKTypbl SIBIISIETCS  OrpaHUYeHHAas
MPOMYCKHAs CIMOCOOHOCTh CHCTEMBI OINCPATHBHOM MaMSATH, pa3aeiseMon
HECKOJIIbKUMHU  mporeccopamu.  KioyoM K~ JJOCTHKEHHIO  BBICOKOM
MIPOU3BOMUTCIBPHOCTH ¥ CTAOWIBHOW  YCKOPSAEMOCTH TIPU  YBEIUYCHUU
KOJIMYECTBA IIPOLIECCOPOB SIBIISIETCSI pallMOHAIILHOE HCIOJIB30BaHUE OBICTPOM
mamMsATH K3l mporeccopoB. OObeM 3TOM MaMATH OrPAaHUYEH, ITOITOMY
aJrOPUTM, MPEOOPa30BHIBAIOIINI OOJBIION 00BEM ITAHHBIX, JOMKCH «YMETH)
JIaHHBIe, OJUH pa3 IOMEIIEHHbIE B KJII, MHOTOKPATHO HCIONb30BaTh —
peaM30BBIBATh KOHICMIUIO «cachereuse». Jlasieko He KaAbI airoputTM
MOXET C O3TUM CopaBUThbcA. [lo9TOMy BO3HMKAaeT BOMPOC: a K KaKuM
BBIYUCITUTETIFHBIM aJITOPUTMaM JIOJDKHA OBITH CBENlCHA NaHHAs 3ajada (eciu
9TO BO3MOXKHO), YTOOBI YCKOPSAEMOCTh OblTa cTaOWIbHOW? OIHUM U3 TaKUX
aJTOPUTMOB SIBJIIETCS MATPUYHOC YMHOKCHHE IUTOTHBIX MATpHIl dgemm —
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generalmatrixmultiplication. Takum o6pa3om, Bo3HHKaeT mpobiemMa CBeAECHUs
Ppas3JIoKeHus pa3pexeHHOH MaTpHIIBI BBICOKOT'O TopsKa K
MOCJIE/IOBATEIFHOCTH ~ YMHOXKEHHH M CIOKEHHH  IUIOTHBIX — MaTpUI
OTHOCHTEJIEHO HEOOJIBIIONW Pa3MEepHOCTH.

JInst  TIOBBIIEHWS  NPOM3BOMMTENBHOCTH  BBIYMCIUTENBHBIX — aJTOPUTMOB
WCHOJB3YeTCsl TakKe BEKTOPM3alMsl BBIYKMCICHWI, OCHOBaHHAas Ha  TOM,
YTOCOBPEMEHHBIE POLIECCOPBI MHOTOSIZIEPHBIX KOMITBIOTEPOB HMEIOT CIEIUAIBHBIE
PETUCTpBI, TO3BOJSIIOIINE 33 OIWH IMKJI TPOLECCOopa BBINOJHUTH HECKOIBKO
CIOKEHMM WM yYMHOXEHHMH. OnHako Uil UCHONB30BaHUSI 3THX PErHCTPOB
HE00XO0MMO pa3palboTarh CrieMaIbHbIN aJlTOPUTM, TTIOCKOJIBKY OOBIYHBIN aJITOPHTM
JUTSl BEKTOPU3AIIMH BBIYHCIICHHH Yallle BCEro OKa3bIBAaETCsl HEMPUTOAHBIM.

MocTranoBka 3amaum. MaremaTudyeckas  (OPMYIUPOBKA  3a7adul
TIPE/ICTaBIISETCS TaK:

KX=B, (1
rne K— paspexeHHass cuMMmerpuyHasi MaTpula kecTkocTH, X n B — maker
HEHM3BECTHBHIX M IAaKeT BEKTOPOB NMpaBoil YacT (Harpy3ok). PemeHne naHHOM
3aJ1auy NPSIMBIM METOJIOM COCTOUT B pa3yioxkeHHH ((hakTopu3aIyn) MaTpHUIIbI

T
K=L-S"-L', 2)
rae L — paspexeHHast HIDKHSS TPEYroibHas MaTpuia, S’ — IMaroHasb 3HAKOB.
3aTeM BBINOIHSETCS NpsiMasi IOCTAaHOBKA

LY=B — Y, A3)
JIHarOHaJIbHOE MacIITaOUpOBaHHE

SZ=-Y - Z, (4)
1 00paTHasH ITOJICTAHOBKA

L'X=7Z - X. %)

Yacro Bmecto LSLT Pa3JIOKEHUsI UCIOIB3YETCs LDLT, rre D -
JMaroHanbHast Matpuna [1].

IIpsimble MeToabl 11 paspeskeHHbIX MarTpun. OnHONM M3 HEpBBIX
(yHIaMEHTaNbHBIX ITyOJIMKAalMi, ITOCBSAIIEHHBIX METOJAM pEIICHHsS CHCTEM
JUHEHHBIX — anreOpamdeckux — ypaBHenmit  (CJIAY) ¢ cHUMMeTpHYHBIMA
pa3peXeHHBIMH MaTpHliaMH, siBisercs MoHorpadus [2]. OnumcaHHble B He
MeTonbl  ynopsimoueHus 3(P(EKTHBHO yMEHBIIAIOT KOJIWYECTBO HEHYJIEBBIX
JJIEMEHTOB B HIDKHEH TpeyromsHOW Matpuie L, a mpencraBieHHble peliaTenu
UJICATbHO OOXOIAT Omepalyy C HyJIEBBIMU JJIEMEHTAMU Pa3pEKEHHBIX MaTpHIL.
OpHako HeOoCTaTKaMM 3THUX pelIaTerell SBISeTCs OTCYTCTBHUE BHUPTYyaIN3alluH
(3TH MeTOIBI PabOTAIOT TOJIBKO B OTEPATHBHOM MAMSTH) ¥ pacTiapajIeIMBaHus], a
TaKKe HHU3Kas MPOW3BOIAMTEIBHOCTh, OOYCIIOBJIEHHAs TEM, YTO BO BHYTPEHHHX
LUKIaX BBIMOIHSIOTCS — CKAJISIPHO-BEKTOPHbIE  ONEpallMM —  BBIYUCIICHUE
CKQJSIPHOTO NPOM3BENICHUS] BEKTOPOB WM YMHOXKEHHE BEKTOpa Ha CKaLsp. OTH
ITOPUTMBI COZIEPXKAT KONMMYecTBO JaHHBIX O(7) M BBINONHSIOT KOJINYECTBO
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omepanmii Takke O(n) [3]. TloaToMy peann3oBaTh KOHIICTIIHIO cachereuse st
TaKuX aJITOPUTMOB TIPUHIMITHAIGHO HEBOSMOKHO, W JIAHHBIE aAJITOPUTMBI
paboTalOT CO CKOPOCTHIO MEIEHHOM CHCTEMBI MaMsITH, a TPOLIECCOP BBINOIHSET
OONBIIOE KOJIMYECTBO MYCTHIX IMKIOB. Kpome TOro, XpaHeHHE 3JIEMEHTOB
Pa3peXeHHOW MaTpuIlbl CTONOEeI-To-cToNoIy B okartoM ¢Qopmare [2] He
TI03BOJISIET 3 PEKTUBHO IMPUMEHNUTH BEKTOPH3ALIMIO BEIYUCITCHUH.

MHuorodponTtanbubie MeToabl. B xoHne 90-x — Havane 2000-x mmpokoe
MPUMEHCHHUE MOMYYIIH MHOro(pOHTaIbHBIC pemiatenu [S5], [6], KoTopble
YCTpaHWIN TI€pPEYHCIICHHbIE BbIe HexocTtaTkiu. OHM HMCHONB3YIOT JH000e
YIIOpSIOUEHNE, CTPOSAT JIEPEBO HMCKIIOUEHHMS W HaxomsIT Ha 3TOM JepeBe
cynepysibl. JlepeBo MCKIIIOYEHHUS! — 3TO CTPYKTYpa JaHHbBIX, [TPEACTABIISIOMIAST
TIOCIJIE/IOBATENIFHOCTE  (haKTOPU3AIMU CTOJNOIOB pa3pe)keHHOM MaTpHlbl |
3aBHCHMOCTh MEXAy CToJI0NaMu — Kakod M3 CTOJIOLIOB MaTpHIpl,
PAacCIIONOKEHHBIX CIpaBa OT TEKYIIEro, OyJIeT MM IONpPAaBISATHCS B INEPBYIO
ouepens. Kaxias BepmmMHa Takoro JepeBa COOTBETCTBYET —CTOJNOIY
pa3peXeHHOW MaTpHlbl, a Kaxaoe pedpo — 3aBUCUMOCTH MEXAY ABYMS
cronbuamu. Eciu MHOXECTBO BepHIMH JepeBa HWCKIIOUEHHs MPUHAIICKUT
OIHOHM M TOH K€ BETBM M MUMEIOT IOCIIEIOBATENILHYI0 HyMEpAIMIo, TO TaKue
BEpUIMHBI 00BEANHSIOTCS B cymnepysen. Kaxnomy cynepysity B pa3pexeHHOH
MaTpHIle COOTBETCTBYET IUIOTHBIH OJIOK NpW TJaBHOM AMAroHaid, 4YTO
MO3BOJISIET OOBEMHHUTH COOTBETCTBYIOLIME CTOJOIBI MAaTpUIBI B OJIOK TpH
MOSIBJIGHMM MHWHHMMAJIBHOTO KOJHMYECTBa HYJEBBIX JJIEMEHTOB B OIIOKe,
PAacIIONOKEHHOM HIDKE JMAarOHaJIbHOTO OJIOKax.

OObenuHeHHe CTOJOIOB B OJOKM SBISIETCSl KIIIOYEBHIM MOMEHTOM B
YBEJIMYEHUH TPOU3BOJIUTENBHOCTH. B paspekeHHON MaTpuile MBI HE MOXEM
O00BEAMHATH CTONOLBI TPOU3BOJIBHBIM CIIOCOOOM, IOCKOJIBKY TIPH 3TOM
MIPOUCXOUT Jo0aBieHne OONBIIOro KOJMYECTBA HYJIEBBIX 3JIEMEHTOB. MeTox
CyIepy3JI0B TO3BOJISIET C/EIaTh 3TO OoJiee paliOHaIBHO.

Jls 00beqMHEHHBIX CTOJIONOB NP (hPaKTOPU3AIMK MATPHUIIEI TPUMEHSIETCS
aITOPUTM MaTPUYHOTO YMHOXEHUS dgemm. B oTan4me oT ymoMsHYTHIX BBIIIE
aITOPUTMOB YMHOXKEHHSI BEKTOpAa Ha CKaJslp W BBIYMCIEHUS CKaJISIPHOTO
NIPOM3BEACHUS BEKTOPOB, AITOPUTM MAaTPUYHOTO YMHOXKEHHS XPaHUT
KOIMYECTBO  JAHHBIX Topska  O(n°) M BBHINONHAET — KONHYECTBO
apudMeTHUecKuX onepaiuii mopsaka O(n’), 4TO MO3BOJSET A(QHEKTHBHO
UCIIONIB30BaTh MaMsATh Kd3II mporeccopa U peructpsl. CoBpeMeHHbIE
peanuzanuu  dgemm, HanpuMmep|7],BKIIOYAOT BEKTOPH3AIMIO BBIYHCICHUH,
“cachereuse”, “registerreuse” (maHHblE, OOUH Pa3 3arpyXEHHbIE B PETHCTPHI
mpoleccopa, JOJDKHBI — MCHOJNB30BAThCS  KaK MOXKHO — Oolbliee  9HCIIO
pas3),nepeyrnakoBKy NaHHBIX, YMEHBIIAION[YI0 KOJIMYECTBO KAII-TIPOMAXOB, a
TaKke MaKCUMaJlbHOE HCIOJb30BaHHWE KOHBeliepoB mpoueccopa [4], [8].
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[MosTomy naHHast peanu3alys MaTPUYHOIO YMHOXEHHUS paboTaeT co
CKOPOCTBIO OBICTPOrO TPOIECCOpPa, @ HE MEIJIEHHOW CHCTEMBI ITaMsITH.

3areM B COOTBETCTBUM C IIOJYYEHHBIM CYIIEPY3JIIOBBIM JIEPEBOM
WCKIIIOYEHUH  TIPOM3BOAMTCS  (akTopu3anms. B 1oTHyro  Matpwuiy,
Ha3bIBAEMYyI0 (POHTAJIBHOW, CUYMTHIBAIOTCS CTOJNOIBI WCXOIHOW MAaTpHIb,
HOMepa KOTOPBIX COOTBETCTBYIOT HOMEpaM BEPILIUH, O0bETMHEHHBIX B JaHHOM
cynepysie. HyneBble CTpOKM BO (DpOHTAIBHYIO MAaTpUIy HE BKIIOYAIOTCS.
Kaxmoit crpoke M KaxaoMy CTONOIY (POHTATBHOM MaTpHWIIBI CTaBUTCS B
COOTBETCTBHE HOMEp INI00ALHOTO ypaBHEHUsT MaTpulpl xkectkocTH K. 3atem
K o00pa3oBaHHOW TakuM o00pa3oM (poHTATBHON MaTpuIle HT00aBISIOTCS
MaTpHIBI TIONPABOK C CYNEPY3JIOB — MPEIIIECTBEHHUKOB JaHHOTO CyIepy3ia.
IMpn osToM anreOpamyecku CYMMHPYIOTCS DJIEMEHTHI MAaTpUIl, HMEIOLINX
OMHAKOBEIC  TJIOOANBHBIC WHAEKCHL. Eciam  cymepy3enl HE  HMeET
NIPE/INIECTBEHHUKOB, TO (pOHTaNbHAs MaTpula o0pa3yercs TONBKO U3
9JIEMEHTOB COOTBETCTBYIOIIMX CTOJIOLOB HMCXOIHOW MAaTpHUIBI JKECTKOCTH.
IMonpoOHoCTH M3NMOXKEHHI B [5], [6].

B pesynbrate Ha KaxJ0M miare (PpOHTAIEHON (paKTOPU3aLUH BHITOIHSIETCS
YaCTHYHOE Pa3yioKeHHe (PPOHTAIHLHONW MaTPHUIIBI

A W)L 0} (50) (o) W
WM, \WU)J\0L){ o 1

rne riiobanbHble HOMepa CToNOOoB 00KOB A, W COOTBETCTBYIOT HOMEpam
BEpIIMH JaHHOTO CYyIepy3Jia, MpUYeM IJ100aJbHbIe HOMEpa CTPOK M CTOJIOLOB
070Ka A COOTBETCTBYIOT HOMEpaM CTPOK M CTOJIOLIOB IUIOTHOTO OJIOKa MpH
[JIABHOW IMaroHau HIKHEN TpeyronbHol MaTpullsl L; anemenTsl MaTpuist M
o0pa3yloTcsi TpH CYMMHPOBAaHMM MaTpHIl TIONPABOK CYNEpPy3JIoB —
TIPE/IIECTBEHHUKOB (IIpY UX OTCYTCTBUH 3TO HyneBas Marpuia); U — marpuua
MOMPaBOK JUIs JAHHOTO cymepysna; L' — MmioTHas HWKHSAS TpeyroibHas
MaTpuIia, S — quaroHaib 3HaKoB, I- emuHnYHas MaTpuna. U3 (6) ciemyer:

1. A=Ls(L) - LS
2. LR=W/' - R
3. SW/ =R > W
4. U=M-WSW’.
Ha TNIEPBOM 3TaIe (l)aKTOpI/ByeTCH Z[I/IaFOHaJ'IBHHﬁ 6J'IOK U OINpCACIAOTCA

610k L' u amaronans 3HakoB S. Ha BTOpOM 3Tamne omnpesernsercs 6ok R u3
peuternst CJIAY ¢ HmkHell TpeyrompHoW matpuneid L'. Ha Tperbem sTame

) (6)

(7

BBITIOJTHACTCS UArOHAJIEHOE MacITaOUpoBaHue U onpenensercs ook W. U
Ha YETBEPTOM — BBIUUCIIACTCS BBIpaXKeHUE, Mojjo0Hoe nomonHenuto [lypa.
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Ha Bcex »sTamax BBINONHSIOTCS ONEpalliM C IUIOTHBIMH MaTpHIaMH,
NPUYEM  COOTBETCTBYIOIIME MPOLEAYpPHl MPEICTaBICHBl OHOIHMOTEKaMHU
MPOLEAYpP BBICOKOW Npou3BoAUTENbHOCTH, Hampumep [7]. KomnuuectBo
apu(METHUECKUX OIEepaldid, BBINONHAEMBIX Ha TMOCIEAHEM JTale, Ha
HECKOJIBKO TIOPSIIKOB OOJIbIlle, YeM Ha BCEX MpeblAyIliux dTamnax. VIMeHHO
3/leCb OCOOCHHO BaXXKHO JIOCTHYb BBICOKOW IPOM3BOAMTEIHHOCTH, YTO
OCYIIECTBIISIETCS] IPUMEHEHHEM aJITOPUTMa MATPHYHOTO YMHOXKEHHUS dgemm.

Crnenyer oTMeTuTh padoty [9], B KOTOpPOI HCIONB3YeTCS IBYXYPOBHEBAS
cxema pacnapajuienuBaHusi. [lepBblii ypoBEeHb OCHOBaH Ha TOM, YTO JUIA
pa3peXeHHBIX MaTPHIl BEICOKOTO MOPS/IKA CYIEPy3JI0BOE IEPEBO MCKIFOUEHUH
CYIIECTBEHHO  pa3BeTBieHO. Kakmas BEeTBb O3TOro  JepeBa  MOXKET
00pabaThIBaThCSl HAa OT/AENBHOM Tporieccope. I[1ockonbKy 00beM BBIYMCICHUH
JUI KaXXJIOW BETBM CYIIECTBEHHO PAa3JIMYHBIA, HA 3TOM YpPOBHE HE YIaeTcs
JIOCTHYb CcOAlaHCUPOBAHHOCTH HArpy3kn Ha mporeccopbl. Kpome Toro,
BEPXHSS YacTh CYINEPY3JIOBOrO JepeBa HCKIIOUYEHHH pa3BeTBIIEHA ClIabo |
COJIEP)KUT (POHTANILHBIE MAaTPHUIBI OTHOCHTENILHO OOJBINONH pa3MepHOCTH.
[losTomy Ha BTOpOM ypOBHE pacmapaielnBaeTcs  (paKTopH3aLus
(pOHTATIBLHBIX MATPHIIL.

[IpencraBneHHble METOABI  OTHOCATCS K  KJaccy — anreOpanyeckux
pemareneil. ITo 03Ha4YaeT, YTO BXOJHON MH(pOpMAIMe sBIseTcss coOpaHHas
Matpuria xectkoctd K, xpanmmas cronberr mo crondiry B cxxkatoMm ¢opmare.
Hukaxoii apyroit napopmarmu He Tpedyercs.

B 1999-2000 romax aBTOpOoM [aHHOW CTaThu ObUT pa3paboraH
MynbTH(GpOHTANBHEI MeTon noakoHcTpykimii BSMFM (block substructure
multifrontal method), npencrasmnstomuii coboil cynepaieMEeHTHBIN MOIXOJ C
aBTOMAaTUYECKUM pa3J/IelIeHNeM HMCXOJHOH KOHEYHORJIEMEHTHOM MOJEeNU Ha
nonkoHcTpykiuu  [4], [10], [11].McxomHoii wHpopMmammed Ui TaHHOTO
METoJla SIBJISETCSl CIHMCOK Y3JIOB JUISl KaXXIOrO KOHEYHOI'O 3JEeMEHTa. 3aTeM
cTpouTcs Tpad CMEKHOCTH Uil Y3JI0B, OJIHO3HAYHO MPEICTaBIISIOMINA
TOIOJIOTUIO pacyeTHOW Moxenu. Jlanee BBINOJHSAETCS YMOPSIOYEHUE ITOTO
rpaga. OOBIYHO B KaXXJOM y3J€ MBI MMEEM HECKOJIBKO ypaBHEHHH, ITO3TOMY
Kaxxiasi BepIIMHa rpada CMEXHOCTH Uil Y3JIOB COOTBETCTBYET IUIOTHOMY
070Ky B paspexxeHHOW Matpuue. Kpome Toro, rpad cMeXHOCTH ISl y3JI0B
COJIEP’KUT B HECKOJIBKO pa3 MeHbIIe HH(POPMAINH, YeM Ipad) CMEKXHOCTH JUIs
pa3peXeHHOW MaTpHIlbl, HCITOJIb3YEMBIH B anredpandeckux Meroaax. [loaromy
aJITOPUTMBI YIIOPSIIOYEHHUS B IIPEJICTABIIIEMOM METO/Ie paboTal0T 3HAYUTEITLHO
ObicTpee M TPUBOIIT K HECKOIBKO MEHBIIEMY KOJIMYECTBY HEHYJIEBBIX
3JIEMEHTOB B (pakTOpU30BaHHOI Matpuiie [20].

AJTOpPUTM YTIOPSIIOYEHUS ONpPEENsieT MOCIeJ0BATEIbHOCTh UCKITIOUEHHS
Y3JI0B PAaCUYE€THOW MOJENH, T/ TIOJ HCKIIOYEHHEM Yy3Jla MBI IIOHUMaeM
WCKITIOUYEHHE TPYIIIBHl YPaBHEHHUH, CBSI3aHHBIX C 3TUM Y3J10M. [[jist Toro, yToOb!
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WCKITIOUUTD y3€J, HeOOXOJUMO, YTOOBI BCE KOHEYHBIE 3JIEMEHTHI, CXO/ISIINECS
B JIaHHOM Yy3Jlle, ObUIM TOAaHBl Ha cOOpKy. Takue y3ibl MBI Ha3bIBaeM
coOpaHHbIMU. Kakiplli KOHEUHBIH 3JEMEHT MOXKET y4JacTBOBAaTh B COOpKe
TOJBKO O/IMH pa3. Kpome Toro, uckimroyaeMblil y3ell MOXKET BXOIUTH B COCTaB
YaCTHYHO COOpaHHBIX MOAKOHCTPYKIMI Ha MpeAblIymuX marax. [loatomy Bce
MIOAKOHCTPYKIMH, 00pa3oBaBILIMECs Ha MPEIbAYIIUX MIarax M cojeprkarine
WCKITIOYAEMBbIi Ha TAaHHOM IlIare y3eJj, TakKe yJacTBYIOT B COOpKe.

Bemonssiercst  cuMBonmdeckass  (haKTOpU3aIMs, KOTOpas, ONUpasch Ha
TIOCIIE/IOBATENFHOCTh  UCKITIOYAEMBIX  Y3JIOB, CITUCKM Y3JIOB JUIS  KaXKIIOTO
KOHEYHOr'0 3JIEMEHTa M KaXXJ0i paHee cOOpaHHOM MOJKOHCTPYKIWH, (GopMHUpyeT
JIepeBO  (POHTOB, KAKABI y3elN KOTOPOIO COOTBETCTBYET  OTJIEIBHOU
TIOIKOHCTPYKIMK C TIPEIBIIYIINX [IAroB, MPUYeM HCKIIOYEHHBIE paHee Y3Jbl B
COOTBETCTBYIOIIME CIHCKU Y3JIOB HE BXOIST. BepmHbl (GpoHTAIEHOrO nepeBa
MIEPEHYMEPOBBIBAIOTCS ~ TaK, 4YTOOBl MHWHHMH3MPOBAaTh O0bEM  MaMSITH,
TpeZIHA3HAYEHHONW U1 XpaHeHHWs MaTpull TIONpPaBOK M, CIIEJJOBAaTENIBHO,
KOJIMYECTBO MEJUICHHBIX OIepaliii CYMTHIBAHWS DJIEMEHTOB 3THX MaTpHll U3
maMsaTH WM ¢ Jucka. Jlamee mpowcXxoamT OObENMHEHHE BEpIIMH  Ha
TIOCIIE/IOBATENBHBIX YYacTKaX ()pOHTAJIBHOTO JepeBa, YTO JaeT BO3MOKHOCTh Ha
KQK/IOM I1are YBEIUYMTh KOJMYECTBO IIONHOCTBIO COOpPAaHHBIX YpaBHEHHH C
LIENTBIO0 MOBBILIEHUS IPOM3BOANTEILHOCTH BBIYMCIICHHUH.

@poHTaNbHAsS MaTpulla Ha KakaoM Imare (opMHupyeTcss W3 ypaBHEHHH,
COOTBETCTBYIOIIMX HE MCKIIOYEHHBIM y37laM TEKYIIEH IOIKOHCTPYKIUH.
[NomHOCTRIO CcOOpaHHBIC ypaBHeHMS 00pasyror Omokun A u W B (6). Jamee
npuMeHsieTcst iporenypa (7), mprdeM OJIOKH MOTHOCTHEO COOPAHHBIX YPaBHCHUIA
KOIMPYIOTCSA B CHEIUANBHBIN Oydep, W ux (akTopu3almisi OCYIIECTBISCTCS B
COOTBETCTBYIOIIMX €My ajpecax mnamatd. llpu meperomHeHmu 3toT Oydep
BBITpY)Kaercs Ha JucK. B ciydae nedunmra onepatmBHOM mamsith Marpuna U
TaKKe 3aIliChIBACTCS Ha JIMCK, OTKY/a B MOCIEICTBHM CUHUTBHIBACTCS MPU COOpKE
(DpOHTOB, COOTBETCTBYIOIINX Y3JIOBBIM BEpIIMHAM (DpOHTAIBLHOrO jaepeBa. Jlst
OONBIINX 33714, Pa3MEPHOCTh KOTOPBHIX 3HAYHUTENIHHO IPEBBINIAET BO3MOXXHOCTH
ONEpaTHBHOM NaMATH, (PaKTOPU30BaHHAS MaTpUIlAa 00pa3yeTcs Ha JUCKE B CAMOM

KOHIIE Da3JOKEHUss B BUIE IUIOTHBIX MaTpuuHbix Onokos L', W. Tlpu

BBINIOJTHEHUH TIPSIMOW  [TOJICTAaHOBKY, TMAarOHAJIIHOTO MAacIUTaOMPOBaHUS U
00paTHOM TIOJICTAHOBKM JTH OJOKM C TIOMOIIBIO TJIOOAIBHBIX HMHIEKCOB
HCTIONB3YIOTCS O€3 paclakoBKH B TI100abHY0 MaTpuity L.

Oka3anoch, 4TO @JITOPUTMBI JUIsl IUIOTHBIX MATpPHUIl Pa3sMEPHOCTHIO N,
peanu3oBaHHBIE B OMONMOTEKax BBICOKOW IPOM3BOJUTENHHOCTH, JaXKe B
Cllydae CHMMETPHYHBIX MATpHUIl TPEOYIOT XpaHeHHs 1’ 3JeMEeHTOB. [1oaTomy
BMECTO HCIIOJIb30BaHUs mporenypbl dgemm Ha stane 4 BoipakeHus (7)0bU10
pa3paboTaHO CBOE MHKPOSJAPO — NPOrPAaMMHBIH KO HHU3KOTO YpPOBHSA,
HAIpPsIMYIO WCIIONIB3YIOLIHH BEKTOPH3ALHIO BBIYHMCIICHUN u
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pacriapajuienyvBaHue, 4TO IO3BOJIMIIO U KaKIOH (POHTANLHOM MaTpHUIIbI
xpaunts n(n+1)/2=n*2 osnemenrtos. Jlerann wusnoxensl B [4]. JlaHHBIH
pemaTens BHEIpEH B mporpamMmHbiii kommuieke SCAD (www.scadsoft.com) u
ycnenHo ucnons3yercs Tam ¢ 2002 .

Cynepy3noBbie MeTOAbI. Takxke Kak 1 MHOrO()pOHTAIEHBIE CYIEPYy3JIOBbIE
(supernodal) meromer [12], [13], [14]oTHOCATCS K KJIACCY MPSIMBIX METOJIOB JUISI
paspexxeHHbIX Marpull. llpexkae Bcero crpoutcs rpad CMEKHOCTH Uit
pa3peXeHHOW MaTpHIlbl )KECTKOCTH. 3aTeM MPOU3BOAUTCS YIIOPSIOYCHUE TEM
WIM WHBIM  METOJOM, IIOCJI€ 4Yero BBIMOJHAETCS  CHMBOJIMYECKAs
(daxkTopuzanyMs,  ONpENENsIomasi  MOJOKEHHS  HEHYJIEBBIX  DJIEMEHTOB
(akTopuzoBaHHOW MarTpuipl. CHMBONIMYECKas (QaKTOpH3alUs MPOU3BOIUTCS
Ha Tpade cmexHocTH [2], mMOATOMY Jaxe Ui MaTpPHUIl PasMEPHOCTHIO
HECKOJIbKO MHJUIMOHOB YPaBHEHWH JJIMTCS BCEro HECKOIBKO CeKyHHI. B
pe3ynbTare co3jaercss HeHyjeBas CTpPYKTypa (aKTOpHU30BaHHOW MaTpHIIBI,
OIIpeIeNIsIoNIast MO3UIMN BCEX €€ HEHYJIEBBIX DJIEMEHTOB.

3aTeM CTpOUTCs AePEBO UCKITIOUEHHH, Ha KOTOPOM OTIPEJIENSIIOTCS CYIIEpY3IIbL.
Kaxnomy cymepy3ily COOTBETCTBYET IUTOTHBIM OJIOK TMPH TJIIABHOW JHArOHAJH
(bakTOpH30BaHHOM Matpuilbl. BblJeneHne TIUIOTHBIX OJIOKOB TpW  TJIABHOM
JIMaroHaJIM ONpeAeNsieT eJieHne Beei MaTpuiibl Ha Onoku. K momydeHHol Takum
00pa3oM OJIOYHOH CTPYKTYpe MAaTpHIIbl NMPHMEHSETCS TOT WIM WHOH alrOpUTM
(akTopuzalMy, TpPHYEM BMECTO OINEpanuii C OTHEIbHBIMU  3JIEMEHTaMHU
BBITIOJHSFOTCS. MaTpHYHBIE OMepayy Haja Onokamu. Bemymieit mpouemypoii npu
(bakToprzanmy OJIOYHOW MAaTpHILbl SIBISIETCS MaTPUYHOE YMHOKEHUE dgemm.
Takum 00pa3oM OCYIIECTBIAETCS 3aMeHa THUIMYHBIX JUISl HAUBHBIX aJTOPUTMOB
(bakTOpH3aIMK HU3KOMPOU3BOAMTENBHBIX CKAJSIPHO-BEKTOPHBIX OINEpalii  BO
BHYTPEHHEM IMKJIE Ha BEICOKONIPOM3BOANTEIILHOE MaTPHYHOE YMHOKEHHE.

OpHuM 13 Hanbosee BBICOKOIIPOU3BOUTENBHBIX U XOPOIIO YCKOPSIEMBIX C
YBEJIMYEHUEM KOJIMYECTBA IPOIECCOpoB B apxurekrype SMP (symmetrical
multiprocessing), K KOTOpOW OTHOCSTCSI MHOTOSIEpHBIE KOMITBIOTEPHI,
siBsiercst cynepysnoBoit meroq PARDISO [15], BkiroueHHBIH B OMOIHOTEKY
InteIMKL [7]. Tlo cpaBHeHWIO C CYHIECTBYIOIIMMH MHOTO(POHTAIHHBIMU
METOJaMH JIIsI KOMIBIOTEpOB ¢ obmiei mamsteio PARDISO nmemoHcTpHpyeT
CYIIECTBEHHO 0Ooyiee BBICOKYIO NPOU3BOJIUTENBHOCT W YCKOPSIEMOCTb.
OObsicHsieTCST 3TO TEM, 4YTO MHOTO(QPOHTAJIbHBIE METOIBl  COIEpIKaT
N30BITOYHBIE TIEPECHUIKH JTAHHBIX «TIAMSITh — AMSTh», KOTOPBIE CYIIECTBEHHO
OIpaHMYMBAIOT MX IPOM3BOAUTENh HOCTh M YCKOPSIEMOCTh TPH YBEITHYECHUH
KOJIMYECTBA TPOIIECCOPOB Ha KOMIBIOTEPAX C 00IIel MaMsThIO.

B PARDISO peanuzoBaHO ABYXypOBHEBOE pacnapaiienuBanue. [lepBbiit
YPOBEHb CBSI3aH C Pa3BETBIECHHEM CYIEPY3JIOBOTO jAepeBa McKimoueHuid. [Ipu
9TOM IOTOKH, 3aKOHYHMBIIHME CBOIO pabOTy Ha MEpBOM YpOBHE, HE JTOXKHAAsCH
OKOHYaHUSI paboThl coceleil, HAaYMHAIOT IIONpPAaBIATh  OJOK-CTONOIEL,
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pa3MeIIeHHEIC MpaBee (BTOPOH yPOBEHb pacnapauienuBanusi). OpuruHaIbHBIA
ITOPUTM  JIByXYPOBHEBOI'O pachapajUlelBaHus OOecreynBaeT Xopollee
cOanaHCHpOBaHUE BBIYMCIUTEIBHON HArpy3KH Ha IIPOLECCOpPHl Jake IpH
OONIBIIOM KOJMYECTBE IIOTOKOB, YTO OOECIEYMBAET YCTOWYUBBIA pPOCT
TIPONU3BOJIUTENEHOCTH NIPU YBEITMUEHNH KOJIMYECTBA MPOIIECCOPOB.

Opnako cymectBeHHbIM HenocratkoM PARDISO sBnsercss To, 4To
pemiarens paboTaeT TONBKO B ONEPATUBHOM HamsaTH. POpManbHO HMeeTcs
pexum OOC (out of core), B KOTOPOM TMOJAKIIOYAETCS TUCKOBAs IMAMSTh.
OpHaKo MCCIIeIOBaHuUs aBTOpA JaHHOW CTAThH, a TAKXKe U JPyTUe ITyOIIMKainy,
Hanpumep[ 16], moka3sIBarOT, uTo s HeOonpmux 3amad PARDISOB pexume
OOC paboraer 3HAYUTEIHHO MeIIeHHEe MHOTO(POHTAIBHOTO METOAA, a IS
OONBIINX —TIPUBOIUT K aBapUITHOMY 3aBEpIICHUIO. YKa3aHHBIH HEJOCTAaTOK
nenaer PARDISO, xak u apyrue cymnepysioBble METOABI, MpPEICTaBICHHbIE
OnbIoTeKaMu BBICOKOM TIPOU3BOANTEILHOCTH, MIPaKTHYECKH
HEMPUMEHUMBIMU JUIsl PEIICHHs] OONBIIMX KOHEYHOIEMEHTHBIX 3a/1ad Ha
0(PMCHBIX KOMITBIOTEPAXC OrpaHMYEHHBIM 00BEMOM OIEPATUBHOM MTaMSITH.

Pemratens  PARFES (parallel finite element solver) [17], [18], [19]
SBISIETCS ~ TaKKe  CYyNMepy3JIOBHIM ~ METOAOM  C  OJIHOYPOBHEBBIM
pacriapajuielBaHieM, KOTOPOe IT03BOJISIET Peann3oBaTh 3 (HEeKTUBHBIA 00MEH
C TUCKOM, €CJIM Pa3MEpHOCTh 3a7a4H NPEBBIIIAECT 00BEM ONEPATHBHOM MaMsITH.

B kauectBe Bxoanoi nnpopmann PARFES ucnone3yer rpad cMexHOCTH
JUISL Y3JI0B KOHEYHOIJIEMEHTHON MOJeNnu. BEINonHsIeTcst ynopsjo4eHie 3Toro
rpada u CTpPOUTCS JIEPEeBO UCKIIOUEHHUH. 3aTeM OIpEAENIOTCS CYIepysJibl, B
pe3yabTaTe Yero CTONOIBI Pa3peKCHHOW MATPHUILI OOBEIHHSIIOTCS B OJOKH.
TunmuHast crpykTypa Onok-cronOna mpencraBieHa Ha puc. 2. Bce Onok-
CTOJIONBI MMEIOT IJIOTHBIE OJIOKM ITpY TJIaBHOW JuaroHaiau. BHennaroHansHbIe
OJOKM MOryT OBITh MYCTHIMH, IOJHOCTHIO 3allOJHEHHBIMH M YacTHYHO
3arnojHeHHbIMHU. Il mMycThIX OJIOKOB MaMsATh HE paclpenensercs, a Juis
YaCTHYHO 3aIIOJHEHHBIX OJIOKOB XPAHSTCS TOJIBKO HEHYJIEBBIE CTPOKH.

B 3aBucuMocTH OT pa3MepHOCTH pelaeMoi 3a1adu 1 o0beMa OIepaTUBHOM
MAMSTH aBTOMATUYECKU BEIOMPACTCS OIMH U3 TPEX PexkuMoB (pakropusarmu: CM,
OOC un OOCI. Ecnu 3ama4a MOKeT OBITh MOMHOCTHIO PEIIeHa B ONEPATUBHON
namsTH, HazHavaetcst pekuM CM (core memory). Pexxim OOC Ha3Hawaercs Jyist
3a1a4 «cpenHeil pazmepHocT». [Ipr 3TOM NMPOM3BOAMTENBHOCTE U YCKOPSIMOCTh
pelaresnst CHIKAIOTCS HE3HAYMTENIbHO MO CpaBHEHMIO ¢ pexumMoM CM,
TIOCKOJIbKY KOJIMYECTBO OOMEHOB C JIMCKOM OTHOCHTENIBHO HEBENWKO. Eciu sxe
Pa3MepHOCTh 3a/iauM He T03BOJIseT ucnonb3oBath pexxnm OOC, To Ha3HavyaeTcs
pexmm OOC1. KommdectBO OOMEHOB C JIMCKOM CYIIECTBEHHO BO3PACTacT,
TIPOM3BOIUTENILHOCT M YCKOPSIEMOCTh 3HAYNTEIIBHO CHIDKAIOTCS, OJIHAKO JAHHBIN
PESXUM ITO3BOJISIET peliaTh OOJBIINE 33/1a4K Ha KOMITBIOTEpaX ¢ MaJbM 00bEMOM
orepaTUBHON namsitu [18].
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[Tpu cOopke r00aIbHON MaTPHIBI KECTKOCTH B pexkxnme CM HeHyJseBble
3JIEMEHTHI pacmojiaratorcs B Oiokax. B pexxumax OOC u OOC1 cobpanHas
MaTpHIa B CKaToM (opmare 3amuchiBaeTcs Ha JHCK.

IMpn uncnenHoi ¢akropusanuu npuMensiercs: Oxounslii  looking-left
anroput™ Xonenkoro [17] (puc. 1).

1. dojb =1, N,, tne N, — KOTHU4eCTBO OJOK-CTOIOIIOB.

2. B pexumax OOC / OOC1 pacnpenenurb namsTb it OJOKOB OJIOK-
CTPOKWjbY 3allOJIHUTH AJIEMEHTaMHU HCXOJHOW Marpuipl. B pexume CM
MPOMYCTUTH 3TOT IIAT.

3. BomonHuTh MTONPaBKY 01ok-cTos01a jb 0JI0K-CcTOIOIIAMY,
pachonoKeHHBIMH clieBa:
A jp =Agp jp — 2 Lib,kakbLC-b,kb; ib>jb, ib €Ly, (puc. 2). 3xmech

kbelList[ jb]
ib, jb, kb — wHmEKcHl OJOKOB OJIOK-CTPOK, L, — HEHYJEBas CTPYKTypa
Omok-ctonba kb. B monpaBke MPUHUMAIOT YYacTHE TOJIBKO Te OJIOK-
CTOJIONBI, KOTOpHIE TMOMNpABIAIOT OJoK-cTonOen jb: kbEList[jb]. B
pexxume OOC] kaxplit Oiok-cronben kb, monpasistomuil 6y10k-cToaoer
b, cuuThIBaETCS C AMCKA.
4. ®axTopH30BaTh AUATOHANBHBII OJIOK OJI0K-cTONONA /B!

A =L S L ip > Ly s S -

5. [IlpeobpasoBatp Omokm  Onok-cronbma jb, pa3MemieHHbIE  TI0J
AuaronanbueM Onokom: L ;S L, = Ay — Ly, .

6. B pexume OOC / OOCI1 3amucath (GpakTOpU30BaHHEIA OJOK-CTONOCI Ha
mack: L, , —> disk,ib> jb,ibe L, . OcBOOOIMTL 3aHUMAEMYI0 MM
namaTh. B pexume CM nponycTuTs 3TOT Liar.

7. end do

Puc. 1. brounsrii anroput™ looking-left pakropuzannu

Bonee 99% Brruncienuil ocymectsusiercss Ha ytane 3. [ToaTomy UMEHHO OH
pacmapajieluBaercsi B TIEPBYIO ouepeb. Hns obecrieueHust
cOaTaHCHUPOBAaHHOCTH  BBIYMCIUTEIBHOW  HAarpy3kh  Ha  IIPOLECCOPEI
UCTIONIB3YETCs CIIEIMAIbHBINA all’TOPUTM OTOOpa)KeHUsl 3a/laHui Ha roToku [17].
[Ipu 3ToM 11eTast OJIOK-CTPOKa Jyis OJOK-CTONOOB kb & List[jb] oroOpaxaercs
HAa OAMH W TOT K€ IIOTOK, YTO TIO3BOJNISIET W30eXaTh NpPUMEHEHUs
CHHXPOHH3AIIWH TIPU 3aIMCH PE3YIILTATOB MOMPABOK B OJIOKH OJI0K-CcTON0IA jb.
3areM oONpedessiIoTcsl Beca — KOJMYECTBO HEHYJEBBIX JJIEMEHTOB B KaXKIOH
6mok-cTpoke. Homepa GJIOK-CTPOK COPTHPYIOTCS B TOpsiAKE yOBIBAaHHS BECOB,
TIOCJIE YEero MOOYEpeqHO IMPUIMCHIBAIOTCS TOMY ITIOTOKY, KOTOPBHI MMEEeT Ha
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JIAaHHBIH MOMEHT MHUHUMAaJIBHYI0 CyMMY BECOB, a BEC IpPUIMCAHHOW OJOK-
CTpOKH J00aBisieTcss K CyMME BECOB IIOTOKAa. B pesymbrare Ui KakJoro
NOTOKA CO3aloTcs odepeau 3azxad O, TAe ip — HoMep noroka. Kaxabli
3JIEMEHT OUYEPEAN COCTOUT M3 yKaszaTenei OMOKOB Ly, Ljnw 1 HOMepa kb
JMarOHAJIM 3HAKOB Sy.

3aTeM  OCYIIECTBISieTCS —IpoLeAypa, H3o0pakeHHass Ha puc.3. B
MIApaJUIENIbHOM PErHOHE BBINONHSIOTCA ip MOTOKOB. KaKIplii TIOTOK HCIIONHSET
MK while o TeX Top, moka odepens QO[ip] He okaxercs mycrod. B kaxkmoii
UTEpaIy JaHHOTO IHMKIa 13 ouepenyt Oip] BEIOMpaeTcs OMmKaImiA SIEMEHT U
cpa3y BelUepKHBaeTcs (3HaK / , myHKT 3). Ionyuus ykazatenn Ha O10KH L i, Lip
1 HOMep kb, BBITIONHSIEM MaTPHYHOE YMHOMKEHHE (ITyHKT 4 ¥ puc. 2 — HU3).

kb jb
777 ) A
Lipwp [ ;,,,,/,,,,f jb,kb
N e L
iy [ .
e | Abe
e 1 N1
1 N
4 _ L]
b L jo.xs "
j
Lpuo [ éé -= /5 ) / A kb

]

N
§
.

Puc. 2. ITonpaBxka 6110k-cTonba jb 6110K-cTONOIOM kb, pacrionoxeHHbIM clieBa. Henynesbie
CTPOKH B 610Kax 3amTprxoBansl. CepaM [BETOM ITOKa3aHBbI MONPABJIseMbIe MOAOIOKH B OJIOK-
crpoke jb. BHH3y 1OKa3aH IpuMep yIIaKOBKU [PU YMHOXECHHH GJIOKOB

1. HA4aJI0 MapaIeTFHOTO PETHOHA: Ip € [O, ProcNumb— 1]

2. while(ouepensQ[ip] He mycTa)

3. {Libw» Linws, kb} < QOlip]; Olip] < (Olip]\{Lib s Lit 10 kb})
4. Aib,jb = Aib,jb - Lib,kbskbLCb,kb;

5. endwhile

6.KOHEII apalIebHOr0 PEruoHa

Puc. 3. Anroput™ napajuiebHO| 1monpasku (cM. puc. 1, myHKT 3)
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Hackompko OblcTpo OyzmeT BBINONHATHCS MATPUYHOE YMHOXKEHHE,
HACTONBKO OBICTpO OyzeT ¢akTopu3oBaHa Marpuua. [10CKONBKY Ui MaTpuil
HeOOJIBIION pa3MEpHOCTH TPOLEAypa MaTPUIHOIO YMHOXKEHUS CYIIECTBEHHO
CHWXAET IPOM3BOAMUTEIBHOCTb, [UIi YaCTUYHO 3aIOJHEHHBIX OJIOKOB
BEITIOJTHSCTCS YITAKOBKA (pUC. 2, HU3).

IMpn wucnonmp3oBanuu mnpouenypsl dgemm un3 Oubmmorexkn IntelMKL
npousBogutenbHocTs PARFES na mponeccopax AMDOpteron apxutekTypbl
Bulldozer oka3zanace camxennoi. [Ipouenypa dgemm wu3 oudanoreku ACML
(AMD core math library), agantupoBanHast mnoj mnpoueccopsl AMD, B
OTAEIBHBIX TECTaXx MAaTPUYHOTO YMHOXKEHHUS IIOKa3bIBa€T  XOpOIIUE
pe3yNbTaThl, OJHAKO TPH €€ HCIOJB30BAHUM B OJHOIIOTOYHOM DEXHME B
anroputMe PARFES, npeacraBieHHOM Ha puc. 3, NpUBOAUT K JAerpajalluu
MIPOU3BOUTEIBHOCTH. BeposaTHO, 3aMbicen pa3padoTunkoB ACML paccunran
Ha TO, YTO IIPU MHOTOINOTOYHBIX BBIYMCIEHHAX Ha mpoueccopax AMD
HEOOXOAMMO HCIIOIb30BaTh MHOTOIOTOYHYIO BEPCHIO TPOLEAYPHI dgemm.
Opnako anroputM PARFES (puc. 3) TpeOyeT HCHONB30BaHUS TNPOLEAYPHI
MaTPUYHOTO YMHOXKEHHUS B OJHOIIOTOYHOM PEXHMME BO n30ekaHne KOH(INKTA
MEXIy pacnapajuleIiBaHHEM BHEUIHUMH paclapauleIMBaHUEM BHYTPH
MHOTOIIOTOYHOM TpONeAypsl dgemm, B pe3ylbTaTe Yero IMPOUCXOAUT
JIeTpaaalust MPOU3BOJUTEIIEHOCTH BBIYHCIICHHH.

IMosTomy Obuta pa3paboTaHa CBOSL HH3KOYpPOBHEBas  IIPOIEAypa
microkern_8x4 AVX ¢ 1enapi0 00ECHEYUTh BEKTOPU3ALUIO BBIYHCIICHUM,
«registerreuse» W ONTHUMH3UPOBATHL KOHBEHeps! mporieccopa [19]. Oxkazanocs,
YTO JaHHas TpOIeaypa HE YCTYNaeT B IPOM3BOAMUTENHLHOCTH TNPOLERype
dgemm w3 outbanorexku IntelMKL.

C 2014 r. PARFES Bruttouen B Habop pemarteneid SCAD 21.

Ymncnennsle pe3yiabTatsl. B npumepe 1 npusoaurcs cpaBHenue PARFES,
BSMFM, PARDISO w3 oOubmuoreku IntelIMKL  10.2.2.025. wu
MHOTO()POHTAIBHOTO pemiarens Boeingsparsesolver HUMEHUTOTO
nporpammuoro kommiekca ANSYS  15.0 (tabn. 1,2). HccnenoBaHus
MIPOBO/IMIINCh Ha Kommblotepe ¢ 4-saepHbIM mporeccopoM IntelCore™ i7-
27600QM, 2.4/3.4 [Ty, RAM DDR3 8GB, OS Windows 7 (64 bit)
Professional, SP1. [{ns Toro, 4ToOBI 00CCIIEUUTh WUACHTUYHOCTH PACUCTHBIX
MoOJIeJIeH, TPHUIOTABIUBAEMBIX PAa3JIMUHBIMHU IPOTPAMMHBIMU KOMILJIEKCAMHU
ANSYS 15.0 u SCAD 21.1,6puta co3gaHa MofenbHasl 3ajada — IIpocTas
MOJIEJIb, TOITOJIOTMYECKH TOAO0OHAass MHOTOATaXHOMY 3JaHHI0O C HECYIINMH
cTeHaMu. PasmepHocTs 3aaun cocrasiuser 1 236 246 ypaBHeHUI.

Bce pemarenn pabortamy B OnepaTHBHONW HAaMSATH INPHU HCHOJNB30BAHUH
4yerelpex NOoToKOB  (ProcNumb=4). Pemarens ANSYS  3amuceiBaeT
Pa3IOKEHHYI0 MaTpHIly Ha JIUCK, I03TOMY B KOJOHKE «pexxuM pabotsl ¢ OI»
TIOCTABIIEH IPOYEPK.
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Jns pemarenss ANSYS 15.0 mpuBomuTcsi uyucTOE€ BpeMs YHUCIEHHOU
¢axropuzaumu. s mynstudpoHTansHoro pemarenss BSFMF npusenennoe
BpeMsI COZIEPKUT €llle U MPOJOKUTEIBHOCTD MpOoIecca arperauy, KOTOpbIi
HEOTJEJIUM OT YHCIEHHOH (haKTOpW3alMyd M COCTaBJISAET ISl JIAHHOW 3aJlauu
5 ¢. Takum 00pa3oM, MPON3BOIUTENLHOCTD 3THX JBYX pelIaTesneil oTmyaercs
HE3HAYUTEIIBHO.

Tabnuna 1

[IpomOmKUTENBHOCTD YHCICHHON (haKTOPHU3AIMH JIJIS PAa3TTUIHBIX
peuiareneii, 3aaaya 1, pasmepHocTh pacueTHOU Mozenu — 1 236 246

ypaBHEHU
IIponomxurensHo Pa3zmep M Pexum
Meron CTb YHCIICHHOH | (aKTOPH30BaHHON cron paboTEI ¢

¢axropmszammy, ¢ |  Matpunsl, GB YHOPALOTCHHA OIT
ANSYS 15.0 50 4.145 ? -
BSMFM 63 3.175 METIS CM
PARDISO 26.5 3.679 METIS CM
PARFES 28.8 3.771 METIS CM

Meron ynopsiioueHus, UCHoNb3yeMbld pematenem ANSYS, HeusBecTeH,
TI03TOMY B COOTBETCTBYIOIIEH 1O3MIMHK B Tabnuie 1 crout 3HaK Borpoca. OHako
pa3mep (akTopu3oBaHHOM MaTpHIEl B MB 0OKazaics OoMbIle, YeM JUTs periaTes
BSMFM. OcranbHble peraTteny ucnonb3oBainu ynopsaouenre METIS [20].

PARFES n PARDISO noxka3anu npakTHYeCKU OJMHAKOBOE BPEMSL.

B mpumepe 2 paccmaTtpuBaercs MNOAOOHBIH OOBEKT, HO C OOJBIIUM
KOJIM4eCTBOM 3Taxkel. PazmepHocTh 3amaun coctasiuser 2 360 106 ypaBHeHuit.
Pe3ynbraThl mpuBeneHs! B Tabnume 2.

Tabmnuua 2

[IpomomKUTENEHOCTh YUCICHHOW (haKTOPH3AIMH JIJIS PA3ITUYHBIX PelaTeieH,
3aj7a4a 2, pa3MepHOCTh pacueTHor Monenu — 2 360 106 ypaBHeHui

IIponomxuTensHOCTh Pa3zmep Meron Pexum
Merton YUCIIEHHON (hakTOpPH30BaHHOMW | yropsiioue- | paboTHI ¢
(dakropuzanuy, ¢ Matpuipl, GB HUS OIl
ANSYS 15.0 240 8.777 ? —
BSMFM 285 6.561 MMD 00C
PARDISO | He xBataer oosema OIT 7.513 METIS OC
(error -2)
OmwmoKa 3amucu/ 7.530 METIS 00C
YTEHHS TPU 0OpaIeHnH
K ¢aiity maraeix OOC
(error -11)
PARFES 125 7.349 MMD 00C
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Msuoro¢ponransHblil pematens BSFMF paboran HeckonbKo 1omblie, 9em
pematens ANSYS 15.0. Coopka MaTpuIlbl xecTKOCTH coctaBmia 20 c.

PARDISO B pexume OC He XxBaTHIO 00beMa ONEPaTUBHON MaMATH, a B
pexxume OOC mpoumsonuia ommbOka BBopa-BeiBoga. PARFES pemmn sty
3a/1ady MPUMEPHO B J[Ba pasa ObicTpee, ueM pemratenis ANSY'S 15.0.

O0a mpuBENEHHBIX IpPUMEpa IOKa3bIBAIOT, YTO PACCMOTPEHHBIE
CymNepy3JoBble METOAbl ISl KOMIBIOTEPOB C OOIIeH NaMsaThio paboTaroT
CYIIECTBEHHO OBICTpEe, YeM JaHHbIE MHOTO(pOHTAaIBHBIE.

B nmpumepe 3 paccmarpuBaercs 3aiada u3 xoyiekuuu 3aaad SCAD Soft.
Pacuernast Moziens npencrasieHa Ha puc. 4 u cogepxut 2 989 476 ypaBHeHUI.
JlanHas 3ajaya OKazajach OYEHb TPYIHOW ISl MPSIMBIX METOJOB, OCKOJIBKY
TPYHT MOZENIHUpYeTcsl OOBEMHBI-
MU KOHEYHBIMH 3JIEMEHTaMH, KO-
TOpBIE TTOPOXKIAIOT OTHOCHUTEIh-
HO BBICOKYIO IUIOTHOCTH paspe-
YKEHHOH MaTpuIbl, pa3Mep KOTo-
poii mocie (akTOpHU3aLNK COCTa-
Bisietr 37 GB (MeTox ymopsiaove-
nus — METIS).

Jlannas 3amaya pemianack
PARFES Ha 16-s1epHOM KOM-
nelotepe ¢ nporeccopom AMD
Opteron 6276 CPU 2.3/3.2 I'Ty,
64 GB DDR3 RAM, OS
Windows Server 2008 R2
Enterprise SP1, 64 bit.PARFES
paboran B pexmme CM. Ha
puc. 5 mpencraBieH — rpaduk
YCKOPSIEMOCTH TIPU YBEJIUUEHUU

Puc. 4. Pacuernas monens 3aja4u 0

B3aMMOJICHCTBUY 3/1aHMsI M ocHOBaHMs (2 989 476
KOJIMYECTBA 3arpyKCHHBIX sCp ypaBHenHit)

nporeccopa.
WneanvHas yckopsieMOCTh INpeACTaBiIeHa Ha rpaduke NpsMOW JIMHUEH H
npoxoauT yepe3 Touku {0; 0}, {1, 1}, {2, 2} u T.n. Ee cMbIc oueBHzeH — eciu

3ajaya penraercs Ha JBYyX IIpoIleccopax, TO B Hieale NPOU3BOIUTEIHEHOCTD
pemaTens JNODKHA OBITH B JBa pa3a BBINIC, YeM B CIydae HCIOIh30BAHUS
OJIHOTO TpoIIeccopa, eciid Ha 4 — To B 4 pasa BhIIIE, U T.]I.

OpHako AaHHBIA mporeccop momaepxkuBaer pexxum Turbo Core — oH
YMEHbIIIaeT TakTOBYIO uactory ¢ 3.217Ty no 2.377Ty npu yBenudyeHUH
KOJIMYECTBA 3arpyXKEHHBIX sjep. [lodToMy wumeanbHas yCKOPSIEMOCTh Ha
JIAHHOM TIpOIleccope (PM3UUECKU HE JOCTHXKHMA, W 3TOT (DaKT MpeICTaBIICH
KpuBOH id tb — xBajpaTHOW mapaboioi, mpoxojsmeii yepe3 touku {0, 0},
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{1, 1} (na ogHOM 3arpyXeHHOM siZ[pe MpOIEeccop pPadoTaeT ¢ MaKCHMaJIbHOM
takToBoW uwacroroir) u {16, 11.5}. TlocienHee 4YHWCIO TONYy4eHO U3
CcOOOpakeHHH, 4TO IpU 3arpy3ke 16-TH siAep NpoIeccop CHU3UT TaKTOBYIO
4acToTy A0 MUHMManbHOM — 2.3 /7Ty. Ha ocHOBaHMH 3TOro cocTaBieHa
nporopuust: 16-2.3/3.2 =11.5.

16 ‘

127" —ideal -
a --+id_tb e
E g —PARFES _e*”
b e
Q. -
& “ /

4 2o

—"-
0
0 4 8 12 16

number of processors p

Puc. 5. Yckopsiemocts PARFES ¢ yBenuuenuem konuuecTsa MpoLeccopoB

Kpusas PARFES cootBeTcTBYyeT peanbHbIM BhlUMcIeHUsIM. Kaxaas Touxa
onpenensnack kak S,= 11/T),, rie p — KOTMYECTBO 3arpyXKeHHbIX snep, S, —
yckopsieMocTb (speedup), 7 — BpeMs (hakTopHU3aIiy MaTPHUIIEI Ha OJHOM SJIpe,
a T, —na p ajapax.

Ho 4-x 3arpyxennsix saep PARFES neMoHcTpupyeT uaeaabHYyrO
ycKopsieMocCTb. Jlanee IMPOUCXOIUT CHIDKEHNE TAaKTOBOM YacTOTHI IpoIeccopa,
YTO YMEHBIIAET YCKOPSEMOCTh, KOTOpas, HECMOTpPSi Ha 0JTO, OCTaeTcs
cTaOwipHOW BIDIOTH JO 16 smep. Takum  o0pa3oMm, OIHOYPOBHEBOE
pacriapajuielBaHie MOXKET 00€CTIeUUTh CTA0MIBHYIO YCKOPSIEMOCTD AaXKe MpU
OOJIBIIOM KOJIMYECTBE IOTOKOB, YTO SIBJSIETCS 3aCiyrod NpencTaBIEHHOTO
BBIIIIE JITOPUTMA ITAHUPOBAHMS 33JJaHUH Ha TIOTOKH.

Ha 16 3arpyxenHbIX siapax ¢akTopuzanust MaTpuipsl amtace 1194 c.
[TonHoe Bpems pemenus 3agaun —1803 c.

Pemenune sroit 3amaum mpejicraBieHo Takke B [19]. B gaHHO#N cTaThe
TIPUBE/ICHBI JIaHHBIE JUIst MOIU(UIIPOBAHHOTO MUKpOsIIIpa
microkern 8x4 AVX, ornuyaromierocss OT HCIOJIB3YyeMOr0 B YIMOMSHYTOH
pabore mpHMeHeHHeM WHCTpYKIMi mpoueccopa FMA4, mosBonsiomux B
OHOM KOMaHJE BHIIIOJHUTH OJHOBPEMEHHO YMHOXXCHHE M CIIOKEHHE, UTO
COKpallaeT KOJIUUECTBO LIUKIIOB Mpoleccopa ¢ 8 10 5 Ha Imporeccopax JaHHON
apxuTekTypsl. COOTBETCTBEHHO /ISl JaHHOM 3aJadd  BO3pocia |
pou3BoAUTENbHOCT pematens ¢ 34 843MFLOPS no 45 51SMFLOPS.

3axumouenue. [lonyueHHble pe3yabTaThl CBHUIETENBCTBYIOT O TOM, YTO Ha
MHOTOSIZIEPHBIX KOMITHIOTEpaX C OOIIel OrepaTHBHONW HaMsIThIO CYIepy3JIOBbIE
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METOAbI PCEHICHUSA CHUCTEM JIMHEMHBIX aJ'IFeraI/I‘IeCKI/]X ypaBHeHI/Iﬁ MCTOHa
KOHEUHBIX JIEMEHTOB SIBJISFOTCS Ooee 3(1)(1)GKTI/IBHI>IMI/I, M M}IOFO(l)pOHTaJ'ILHLIe.

B

Pemnratenns PARFES coderaeT BRICOKYIO MPOU3BOIUTEIHLHOCT TPU padoTe
OMEpaTUBHOW TNaMSTH, YCTOMUMBYIO YCKOPSEMOCTb MPHU YBEITUYEHUH

KOJIMYCCTBA 3arpyXCHHBIX AAC€p W BO3MOXHOCTH IMOJAKIIIOUCHUA IOUCKa Jid
peUICHUA OOJIBIINX 3ala4d Ha KOMIBIOTEpaX C€ OrpaHUYCHHBIM 00BeMOM
OHepaTHBHOﬁ naMsTu.
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Dianxo C.IO.
PO IMAPAJIEJIBHI BUPIITYBAYI B CKIHEYHOSJIEMEHTHUX NPOI'PAMHBIX
KOMIIIEKCAX, OPIEHTOBAHUX HA BATATOSIIEPHI KOMIT'IOTEPH 13
3AT'AJIBHOIO NAM'SITTIO

OOroBOpPIOIOTECSL NPSIMiI METOAM PO3B’SI3yBaHHS CHCTEM JIiHIHHHMX anreOpaidyHUX PIBHSHB 3
CHMETPHYHUMH PO3PIPKSHIMI MaTPULISIMH, III0 BUHUKAIOTH IPH 3aCTOCYBAaHHI METOLY CKiHUCHHUX
€JIIEMEHTIB JI0 3aBJaHb MEXaHiKi KOHCTPYKIifi Ta MeXaHiki Je(OpMOBAHOrO TBEPAOrO Tija.
I'onoBHA yBara NMPUIIISETHCS METOJAM JOCSATHEHHS BHCOKOI IPOIYKTHBHOCTI Ha 0araTosepHUX
KOMIT'FOTepax 3 3arajibHOI0 nam’sTTio (sharedmemorycomputers).

KirouoBi cioBa: GaratoppoHTaNbHUI METOHN, CYIEPBY3JIOBHH METOM, METOJ CKiHUEHHX
€IIEMEHTIB, Tpa¢) CyMIXKHOCTI, BHCOKA IIPOIyKTHBHICTb, HapaJlelIbHi 00YHCIIIOBAHHSI.

Fialko S.Yu.
ABOUT PARALLEL SOLVERS IN FINITE ELEMENT SOFTWARE, ORIENTED TO
SHARED MEMORY MULTIPROCESSOR COMPUTERS

Short abstract.The direct methods for solution of linearequation sets arising when the finite
element method is applied to problems of structural and solid mechanicsare considered. Main
attention is paid to achievement of high performance on multicore shared memory computers.

Extended abstract.The direct methods for solution of linearequation sets arising when the finite
element method is applied to problems of structural and solid mechanics are considered. Main attention is
paid to achievement of high performance on multicore shared memory computers.We confine ourselves
to the consideration of the multifrontal and supernodal methods, present a brief description and emphasize
their advantages and disadvantages for the considered class of problems on shared memory multicore
computers. We compare the performance of Boeing sparse direct solver implemented in famous ANSY'S
15.0 finite element software, supernodal solver PARDISO from Intel Math Kernel Library with block
substructure multifrontal solver BSMFM and supernodal parallel finite element solver PARFES,
implemented in SCAD software (www.scadsoft.com).

Then, we present the stable speed up and performance on computer with 16-core AMD
Opteron 6276 processordemonstrated by PARFES.

Keywords: multifrontal method, supernodal methods, finite element method, adjacency graph,
high performance, parallel computing.



