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Authors describe the derivation of equations to determine the deformation parameters of the
longitudinal axis of a thin rod for a given strain tensor continuum. A single wire of a steel rope is
subject to complex deformation when machining, its form and internal stresses are changing as a
result. Application of an equations which reflect the most general laws describing form changing
of a thin rod requires sophisticated analytical transformations and engaging visual picture of
spatial displacements of single points of a rod. It making difficult to conclude calculation
formulas. The problem is solved in the framework of a small displacement and deformation
hypothesis using tensor analysis. Formulas derived from the new equations coincide with the
known results previously obtained on the basis of Clebsch equations and principle of kinematic
analogy. On one hand, it confirms the validity of the proposed method and on the other hand it is
an additional verification of known formulas. Some examples have been given to illustrate the
efficiency of the general equations in tensor form: analyzing the sinusoid forming on a
deformable plane, as well as for calculating the deformations of thin helical elements while
stretching and twisting helical wire rope. Now there is no need to use a visual picture to describe
the displacement of the spatially curved axis of a wire, and all the analysis is carried out by a
uniform algorithm. The proposed method to calculate small deformations of a thin rod for a given
strain tensor of continuum might be further applied when improving the existing and developing
new software for the design of production processes in manufacturing of wire rope and cable.
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1. Introduction
A single wire of a steel rope is subject to complex deformation when
machining, its form and internal stresses are changing as a result. During
kinematic analysis of such operations one can apply vector equations [1-3]
relating the increments of elongation € and curvature vector 8Q with
displacement vector # and rotation angle ¢ of an arbitrary axis of a wire
(Clebsch equations)
dii _ == =
Z==QXT+e T,
ds ¢
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~ d(f)
Q= 75
where T - unit tangent vector, s - arc length of the longitudinal axis of a wire.

These equations reflect the most general laws describing form changing of
a thin rod. However, their application requires sophisticated analytical
transformations and engaging visual picture of spatial displacements of single
points of a rod, making it difficult to conclude calculation formulas.

The purpose of this article is to review the known formulas and propose the
additional ones for mathematical modelling of changes in the size and shape of
a spatial curve which is located in a continuous deformable solid (continuum).
The problem is solved in the framework of a small displacement and
deformation hypothesis using tensor analysis.

2. General equations to calculate small deformations of a thin rod for a
given strain tensor of continuum

Let us consider a continuous deformable solid (continuum), which is rigidly
connected to the coordinate system X{X;X; (Fig. 1). Spatial curve is given

inside of the body, it is described by parametric equations X/(s), where i

takes integer values from 1 to 3; s- scalar parameter (are length). Here and
below we use the tensor notation of a vector, as well as the rules of tensor
summation over repeated index.

deformable solid

Fig. 1. Deformation scheme of an infinitesimal segment of a spatial line
in the vicinity of a given point of a continuum



72 ISSN 2410-2547. Onip matepiainis i Teopis cnopyx. 2016. Ne 97

Assume that in the fixed coordinate system X{X;X3 the small deformation
tensor of a continuum is set as follows

’

ou
&i}:ﬁz%}+®fja (1
J

where u; — displacement vector of an arbitrary point of a continuum; ej; —

symmetric tensor of pure deformation; mlfj — antisymmetric tensor of
continuum rotation in the vicinity of a given point [4, 5].

One needs to obtain the formula to calculate the deformation parameters of
the spatial line: elongation € and increment of the curvature vector 8€2; at an
arbitrary point M.

Let us introduce a natural coordinate system X;X,X; (Fig. 1) with unit

vectors T;, n;, b, (tangent, normal and binormal to a given curve). The unit

i°
vectors of the natural trihedron are determined by the known formulas [5]

’r __ dxi’ ’r _ 1 dTZ’ ’r _ 1 dnl, ’
= oy e Moy e T ) @

where Q5, € — curvature and rotation angle per unit length of a spatial line.

Having known vector components T;, n;/, b/ projected on a fixed
coordinate system one can write down the matrix of the linear transformation

4; to move from the fixed coordinate system X{X7X3 to the natural one
T T
Ay =|nl nyn3|. 3)
b by b3
Using the matrix (3) let us determine the strain tensor components in the
natural coordinate system

&= AwAubly s e =Agdyel, ©y= Ay 4,00 C))

Elongation of a given line in the vicinity of an arbitrary point M is evidently

equal to elongation of a continuum in the axis X direction, i.e. €=¢;;. Then
taking into account (4) and (3), we obtain the known formula [5]:

&= Ay Ayer; =T Ten =TT - ®)

To analyse the changes in the curvature vector 8€; of a given line let us

consider the rotation scheme of an infinitesimal tangent vector dx; in the

vicinity of an arbitrary point M (Fig. 1). The small angle of rotation around the
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axis X is due to rotation of continuum as a whole rigid and is determined by
tensor w;; [4, 5]

1 1 _ _
8¢, = ~H 8k = —5(3123(’323 + 31320332) =03 =03,
where €, ;, — Kronecker symbol.
1jk ym

Taking into account (3) and (4) the last expression can be transformed as
follows

8(p1 = A3iA2i('0i,j = bl’n;(l)l’] . (6)
The small angle of rotation of the vector dx; around the axis X, (Fig. 1)is
d . .
equal to the partial derivative 8¢, = _8_23 . According to definition of the total
1

d
strain tensor the following equality holds B_Z? =&, . Using (3) and (4) one can

obtain a formula
8¢, =83y =454 ,&); =D&} . (7

Similarly, considering rotation around the axis X3 on the Fig. 1, one can
get one more relationship

au ’ 2’ ’
3¢3 = a_xf =8y = Ay 4 ;&) =nt'E] . (®)

Then let us analyse the change in curvature and torsion of a rod. Curvature
vector of a space curve is determined by the rotation intensity of the natural
axis XX, X; when moving along the arc s . In the original (undeformed) state
of the continuum the natural axis rotates by the angle of d¢,, while moving
along the line for the length of ds, so that the vector is equal to the initial

ds -~

During the deformation the arc length @s of a spatial line increases by the
amount of &(ds)=¢€-ds whereas rotation angle of the natural trihedron is

curvature Qio

incremented by 8¢, . Then the new value of the line curvature is equal to

do;, | d(5¢;) d(5¢;)
O = do; d(o;, +59,) ds + ds Qi+ ds

1T ds] ds+e-ds I+e B I+e
Multiplying the numerator and denominator of the last equality by (1—¢)

and disregarding the second-order terms in comparison to ¢ one can obtain
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Q=0,(- e)+d( (pl).

Subtract from the last equality initial curvature €. , we obtain the formula

10 °
for calculating the change in curvature vector
_d@®y;)
ds
In the last formula the following notations are applied
o the change in vector of a spatial line curvature due to rotation together
with the continuum

SQ Q Q Qio = Squ) +89i8 . (10)

d@dg;) _ d(3o,
SQi(p = (d;pz) — (d;pz) +€iijj8(Pk ’ (11)
where % — local derivative of the vector 8¢;; €, 8¢, — vector

product of Q; and 8¢, ;

e the change in curvature vector due to strain deformation of the line
0Q;, =—¢€-Q,,. (12)
Set of formulas (2) and (5) - (12) is the general solution of the problem
which allows to define all the deformation parameters of a line, located in a
continuum.
3. Examples of using the general equations to solve applied problems

Example 1. The curve in the form of a sinusoid X{ = p, X; =sinp (p—a
5 scalar) is in the plane X[X)
+ # (Fig. 2). The deformation of

the plane is described by a
symmetric tensor (plane strain)

— g, 0
\ v o &l’]:((l)l . ),then ;=0
T 01/ % N X gy 22 ’
—
N

7 and e =&},
\ > One needs to obtain the

formulas for calculating the
deformation parameters of a

Xz’ll

*322 given line.
Sequentially ~ performing
Fig. 2. Plane deformation scheme of a sinusoid mathematical transformations

according to (2) and further (5)
- (12), in this example one can get the following set of finite relationships:
o for elongation
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8_811+C052p'€22 .
=

1+ cos? P
e for changing line in torsion and its curvature around the axis X,
891 = 5Q2 = O N

o for changing line curvature around the axis X3

sign(sin p)-sin3 p
- > 57 (e
(1+cos” p)
502, = sign(sin ;;)-sSin
(1+cos” p)
Example 2. Simultaneous tension and torsion of a helical wire rope.
In order to  describe
geometrical characteristics of a
longitudinal axis for an arbitrary
wire one applies parametric
equations of spiral line [1,3]
(Fig. 3):
X{=s-cosa,

oQ

3 +€5),

2
(—811 + 822 - COS p) .

X;=r-cosy,
X3 =r-siny, (13)

where y=3-sino, - angle
r

coordinate of spiral line points.
Substituting (13) in (2) one
can obtain the components for
unit vectors of natural trihedron
as projections on the fixed

Fig. 3. Coordinate system of a cross section
coordinate system X{X;X3 of a wire rope

(1) =(cos o, —sino-siny, sinocos y),
(n])=(0, —cosy, —siny),
(b/)=(sina, coso-siny, —cosoicos ).
Let the extensional strain and rotation angle to be set as &’ = const and

8Q, =const, respectively. According to [1] we use plain cross section

hypothesis, then a wire rope might be considered as a solid cylindrical body
with embedded thin spiral wires. It is not difficult to show that in this case
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components of displacement vector for an arbitrary point of a body are
determined by formulas [4]:
ul =€'X{, uy =0Q X/ X35, uz =8Q[X/X; (14)
Hence according to (1) one can put down deformation tensors of a
continuum in the fixed coordinate system
g 0 0
(&) =] -dQix; o -dQix7|,
0Q[X; 8Q{X] 0
-0Q[ X3 —-0Q[X;

’

2 2
(¢5)= -ang)(} 0 o |, (15)
—892{X§ . .
0 SQ;Xé —8Q X}
(wj)= % 0 —-8QX{
%—SQ{X{ 0

Then using (5) and taking into account (10) and (15) one gets the
elongation of an arbitrary point of a wire spiral axis

e="1/1}e] =cosza-8’+rsinacos0c5§2{. (16)

Using the expressions (6), (7), (8) it is possible to find rotation angles for an

infinitesimal segment of a spiral line
d¢, =b/n’;m]; = cosoX{0Q] ,
1 it i 1 1

8¢, =-bT'E" _——sinoccosoc-s+rcos20c8£2’, 17
2 ivjoi 1

093 = n1’ &}, = sinaX{8Q .
3 (Al 1 1

Substituting (17) into (10) and disregarding the curvature change due to
elongation of an axis we have the following formulas

d(d in>
3Q, :%:%cosa-&tcos“&-ﬁﬁ{,

sgzz%zo, (18)

8Q, = d(8¢3) __sin*acos’ o

y g+ sino.cos o1+ cos o) - 8Q .
s r
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4. Conclusions

1. Formulas derived from the new equations coincide with the known
results previously obtained on the basis of Clebsch equations and principle of
kinematic analogy. On one hand, it confirms the validity of the proposed
method and on the other hand it is an additional verification of known
formulas.

2. The examples mentioned above illustrate the efficiency of the general
equations in tensor form — now there is no need to use a visual picture to
describe the displacement of the spatially curved axis of a wire, and all the
analysis is carried out by a uniform algorithm.

3. The proposed method to calculate small deformations of a thin rod for a
given strain tensor of continuum might be further applied when improving the
existing and developing new software for the design of production processes in
manufacturing of wire rope and cable.
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Xpomos B.I'., Xpomos I.B., Xpomos O.B.
MOJEJIOBAHHS ®OPMO3MIHHU IPOCTOPOBOI'O TOHKOI'O CTEPXKHSI, 11O
3HAXOAUTHCS Y CYHIJIBHOMY JE®OPMIBHOMY CEPEJIOBUIII

Po3risinaeTbest BUBSIEHHS PIBHSHB JUIsl BU3HAYEHHs IapaMeTpiB JedopMarii MO3I0BKHBOI OcCi
TOHKOTrO CTEp)KHsI 10 33/laHOMy TEH30py JAedopmarlii CYLIbHOrO cepenoBuiia. HaBeneHi mpukiamau
BUKOPUCTAHHS 3araJIbHUX PIBHSHB JUIL aHaNi3y (hOPMO3MIHM CHHYCOIIM Ha NedopMiBHIl IuionmHi, a
TAKOXK U PO3PaxyHKY AedopMariii TOHKMX I'BHHTOBHX €IEMEHTIB IIPH OJHOYACHOMY PO3TSIYBaHHI i
Kpy4eHHi CIipajabHOro kaHary. OHHCaHui METOJ J03BOJISIE BUKIIOYUTH HEOOXITHICTH BHKOPHCTaHHS
HAOYHOI KapTUHH IIepeMillleHb IPOCTOpoBOi JiHIl i MOOyAyBAaTH 3arajlbHUM aIrOPUTM aHATITHIHUX
IePETBOPEHb JUIS PO3B’I3aHHS MPUKIIAJHHX 33124,

KurouoBi cioBa: tensop nedopmanii, cyminsHe e opMiBHE CepelOBUIIE, IIPOCTOPOBA JiHis,
TOHKHUIT CTepIKeHb, CIipaIbHUIT KaHAaT.

Xpomos B.I'., Xpomoe U.B., Xpomos O.B.
MOJAEJUPOBAHUE ®OPMOU3SMEHEHHUS NPOCTPAHCTBEHHOI'O TOHKOI'O
CTEPKHS, HAXOJSAIIEIOCS B CILIOIIHOM JE®OPMUPYEMOM CPEJIE
PaccmaTpuBaeTcst BBIBOJ] ypaBHEHHMIT 111 OMPEENICHHUs [TapaMeTpoB Ae(hopMaIiH MPOI0JIBHONW OCH
TOHKOrO CTEp)KHSI 110 3aJlaHHOMY TEH30py Je(opMaluy CIUIOMHON cpefbl. [IpuBeneHbl mpuMeps
HCTIOJIE30BaHMsI OOIIMX YpaBHEHUH JUisl aHaM3a (POPMOM3MEHEHHUSI CHHYCOMIBI Ha Je(hopMUpyeMOid
IUIOCKOCTH, @ TaKKe JUisl pacdera Je)OopMali TOHKMX BHUHTOBBIX 3JIEMEHTOB IPH OJHOBPEMEHHOM
PacCTSHKEHMH ¥ KPYYCHHHM CHMpAJbHOrO KaHata. ONHCAHHBII METOA MO3BOJIET HCKIFOYHMTH
HEOOXOJMMOCTh HCIIOJIb30BaHUsI HAIJIIIHOM KapTHHBI MEPeMELICHUI MPOCTPAHCTBEHHOW JIMHUH, U
MOCTPOUTH OOLIIHI aJITOPUTM aHAJMTHYECKUX MPeoOpa30BaHMIA [Tl PEILICHHUS TPUKJIAIHBIX 3a/1a4.
KawoueBble ciaoBa:  TeH30p  Jgedopmaiud, —CIUIOIHas — jaedopmupyemas — cpena,
MPOCTPAHCTBEHHAS JIMHUSI, TOHKUIl CTEPXKEHb, CIIUPAIbHBIIA KaHAT.
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