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KuiBcbkuil HalllOHAJIbHUM YHIBEPCUTET OYIIBHUIITBA 1 apXITEKTYpH

MOJIUPIKOBAHUM METO/J TPSIMUX, AJITOPUTM MOTI'O
3ACTOCYBAHHS, MOKJINBOCTI TA NIEPCIIEKTHUBH.

lIpusedeno ocrosui ioei ma moxicauBocmi MoOOUPDIKOBAHO2O MemOOy NPIAMUX,
051 po38’a3amHA 3a0ay meopii npysxcHocmi ma mepmonpydchocmi. Onucaua
npoyedypa 3HUNCEHHS BUMIPHOCMI 3a 0ONOMO2010 NpOoeKyilino2o memody bybHnosa-
llemposa. 3anpononosano yHigepcanbHuti nioxio 01 8paxy8aHHs SPAHUYHUX VMO8,
V3a2anbHeHo nioxio Ha obaacmi cK1aoHoi ceomempuynoi goopmu. I[Ipusedeni ocHoaHi
MEmpUyHi MeH30pYU, BU3HAYEeHA MempuKka esk1i0o8o2o npocmopy. [losedeno
MOIACIUBOCT MA NEPCNEKMUBU 3aNPONOHOBAHO20 MEMOOY.

Jlanuti memoo exnouac 6 cebe 08a nocrioosni emanu. Ha nepwomy emani, 3a
00NOMO2010 NPOEKYILIHO20 MEMOOY, BUKOHYEMBCSA ZHUNCEHHS SUMIPHOCMI BUXIOHUX
oughepenyianbHux piGHAHb, NOYAMKOBUX MA 2SPAHUYHUX YMO8. [na yvoeo
BUKOPUCIMOBYEMBCS CUCeEMA JIOKAIbHO-Oasuchux ¢yukyiu. Ha opyeomy emani
peoykosani  OugepeHyianvHi  pIGHAHHSA  3ANUCYIOMbCA )Y 6U2iA0l  36UUAIHUX
ougepenyianvhux pieuanv y gopmi Kowi, saki 3anexcams 8i0 00Hiel npocmoposoi
KOOpOUuHamu.

Peoykosana cucmema pienanb ma epaHudHuUXx yYM0O8 p038 A3YEMbCsl YUCETbHUM
memooom L'ipa. Cmamms € 02715008010 ma 6KIOUAE 8 cebe OCHOBHI 0COOIUBOCMI, WO
BUHUKAIOMb NPU 3ACMOCYBAHHI MOOUPDIKOBAHO2O0 MemOOy NpSAMUX ONs PI3HUX 3A0aY
meopii npyHCHOCMi, OUHAMIKU MA MEPMONPYIHCHOCII.

Kntouosi cnosa: mooughixosanuii memoo npsaAMux, meopis NpYIHCHOCHI,
MepMONpPyHCHicmb, 6A3UCHI DYHKYIL, NPOEeKYIUHUL Memoo, SPAHUYHI YMOBU, MemoO
lipa.
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[loOynoBa Ta BHUKOPHCTaHHA KOMOIHOBAaHMX METOMIB JJIi PO3B’SI3aHHS
MPaKTUYHUX 33Ja4 — OJUH 3 HAUMOLIMPEHIMNX Ta €PEeKTUBHUX HAYKOBHX IT1JIXOJIIB
OyniBenbHOT MexaHiKu. OCHOBOIO TaKUX MIJIXOJIB € 3HWKECHHS BUMIPHOCTI BUX1THOT
3alayl MO OJHIM YW JBOX MPOCTOPOBUX 3MIHHUX, WIO CHPOLIYE OTPUMAHHS
HEeOoOXITHUX pe3ynbTaTiB. Came Ha UbOMYy NUIAXYy OyIyBalucCh BIJOMI Teopii
(po3paxyHKOBI Mojeni) — Teopis 3rUHYy Oalikk, Teopis 3rMHY IUIACTUHH, TEOopis
000JOHOK Ta 1HII. JlJIs 3HUKEHHS BUMIPHOCTI BHUKOPHCTOBYBAJIUCH IIEBHI
NpuNyleHHd Ta rinore3u. Ha papyromy erami KOMOIHOBaHUX METOMIB CIOYATKY
3aCTOCOBYBAJIMChH aHAJIITUYHI METOJIH.

I3 po3ButkoM EBM, BUKOpUCTaHHS YHMCEIbHUX METOJIIB HAa JAPYroMy eTari
KOMOIHOBAHUX METOJIB JIJIsl PO3B’A3yBaHHs PEyKOBaHUX 3aJay CTaj0 HEBiJ €EMHOIO
YACTHUHOIO IIUX METO/IIB.

V Toil 3xe yac A1 3HUKEHHS! BUMIPHOCT] BUX1JTHUX PIBHSIHB BCE YACTIIIE CTAJIU
BUKOPHUCTOBYBATU aHAJITUYHI METO/IM, HANIpUKJIa Teopis obonoHok 1. H. Bekya [1],
npuyomMy B pobOoTi [2] Oyso aoBeAeHO €(PEeKTHBHICTh 3aCTOCYBAaHHSI CY4YaCHUX
YUCEILHUX METOIB Ha Apyromy erami metoaa Bekya. [Ipu nipoMy mijkpecieHo, 1o
ajanTallisi Cy4aCHHUX YMCEJIbHUX METO/IIB Ha APYroMy eTami € HeoOXIJIHO, aje He
3aBXK/I1 TPUBIAJIBHOIO.

OgnuMm 3  HalicrapiiMX KOMOIHOBAaHHMX METONIB € “MeToj MpsAMHX
3anpornoHoBanuii B 1933 porii JI.B. KantopoBuyem [3]. Bin HaOyB pOo3MOBCIOIKEHHS
B cepeanni XX ctomitts B poborax Binokyposa JLII. [4, 5], [lIkensoBa JI.T. [6-8],
['puropenka S.M. [9], I'puropenka O.41., Brnaiikosa I'.I'. [10, 11] Ta ix y4HiB.

3 TOYKH 30py TEHJACHIIH PO3BUTKY CyYaCHMX KOMOIHOBAHMX METO/IB,
KJIACUYHUN BapiaHT METOJy NPSIMUX CYTTEBO BIAPI3HAETHCS BIJl BKa3aHUX BHUIIE
HanpsMKiB. [lo-mepie, B KJIAaCMYHOMY BapiaHTI METOAY MPSIMHUX ISl 3HHXKCHHS
BUMIPHOCTI BUXIJIHMX PIBHSIHb 3aCTOCOBYIOTHCSl YHCEIbHUNA METOJl — a CaM€ METOJ
CKIHUEHHUX pi3HULb. Ha npyromy erami 3acTOCOBYIOTHCA AHAIITHYHI METOIU IS
pPO3B’sI3aHHS  PEAYKOBAHMUX  PIBHSAHb, 10 CYTTEBO OOMEXKYE MOMKJIMBOCTI
3aCTOCYBaHHA L[OTO MeToay. Taka MOCHIAOBHICTh 3HAYHO 3BYXKYE Kiac 3aaad, SKi
MOXYTh OyTH pO3B’si3aHl UMM MeTojoM. L1 yckilamHEeHHs MpU3BEIU 10 TOro, IO B
1HO3eMHIA MpakTUIll Ha3Ba “‘MeToJ] MpAMHUX~ BigoMa, aje MeToA  He
BUKOPUCTOBYBABCH.

VY 3B’S3Ky 3 NPUUHATOIO HE3BUYHOIO IMOCIIJOBHICTIO €TalliB KJIACUYHOTO
METOAY NpPSIMUX BUHUKAIOTh 3HA4HI NpoOiieMH npu (popMyBaHHI IPAHUYHUX YMOB
JUISl pETyKOBAaHUX PIBHSHB, OCOOIMBO SIKIIO BUXIJIHI TPAHUYHI YMOBH € MPUPOIHUMH.

JI1s HecTalloHapHUX 3a7a4 TeTUIONPOBIIHOCTI Ta TUHAMIKH, KJIACUYHUNA METO/T
NpsIMUX B3arajl He 3aCTOCOBYBABCS. A TOJIOBHUM HEIOJIKOM KIIACHYHOTO METoAa
NpsMUX, SK TOKa3ye NpakTUKa, € CKIAIHICTh 3aCTOCYBaHHA [JIsl pPO3B’sI3aHHA
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PEIYyKOBaHUX PIBHAHb CY4aCHUX YUCEIBLHUX METOJIIB, OCKUIBKH Il PIBHSHHS MarOTh
HECTaHJAPTHUM BUTJISI.

ABTOpaMH JaHOi POOOTH 3aMpPOINOHOBAHO 1 TIPOJIOBKYE PO3POOIISITUCS
MoAu(IKOBaHUIM BapiaHT MeToja mnpsmMux [12-16], cTpykTypa sKOro BiAIOBIiIa€
CydacHUM BHMOraMm JI0 KOMOIHOBaHUX MeTojiB. Ha mepmiomy eram MeToxy
BUKOHYETHCS 3HUKEHHS BUMIPHOCTI BUXIJHUX PIBHSHb HAa OCHOBI MPOEKIIITHOrO
Meton,  bybonoma-I'ambopkina-IlerpoBa. YV saxocti  0azucHuX  (QyHKINH
BUKOPUCTOBYIOTHCA JIOKAJILHO 30CepekeHl (PYHKIi, OB’ s13aHl 3 BUOOPOM MPSMUX.
Y poGoti [13] mpornoHyeTbesi TpU BapiaHTH Takux (QyHKIIH. Y HaWmpocTimomy
BUMAJIKY — 1€ “PyHKIii-kpuku” [17].

Sk 1 B KJJaCHYHOMY BapiaHTI METO/a MPSAMHX, HA 00JIaCTh, Yy SKi BU3HAYEHO
BUXIJHI PIBHSHHSA MaTeMaTU4YHOI (Pi3UKH, HAHOCATHCA N MPSMHUX 3 EBHUM KPOKOM.
Ha npsimux oOupatorbes 0azucHi QyHKIII. Y HaWMpOCTIIOMY BUNAAKY O0JacTh €
MPSIMOKYTHORO (puc.1):
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Puc.1. ba3ucHi pyHkmii

IIpsami Oynemo mosHauatH y =y; (i =1,N). BoHH IOCTIIOBHO HYMEpYIOThCS
Bix 1 1o N (abo Ny ). 3TiIHO OCHOBHOI 1JIei KJIACHMYHOTO METOAY MPSMHUX: B

JIBOBUMIPHINA 001acTi, B3JOBXK NPSMUX BIAMOBIJHA MPOCTOPOBA 3MiHHA (B JaHOMY
BUMAAKY X ) 3MIHIOETbCSI HEMIEPEPBHO, a 3MIHHA ) 3MIHIOEThCS AUCKpeTHO. CucTtema

OasucHux OQyHKOIA {@ ()} (i=1,N) IHTepImomIo€ 3HAYeHHS KOOPAMHATH ) Ha

MPOMIXKOK MIXK JIBOMa CYCIIHIMU NpSIMUMU. [HJEKC i CHiBMajae 3 HOMEPOM MPSMOT,
B3/IOBX $IKO1 3HAUCHHS 0a3uCHOi (YHKIIT JOPIBHIOE OJUHMIN, B3JOBXK OYIb-IKO1
1HIIOI IPsAMOi 3Ha4YeHHA 0a3MCHOI QYHKIIT ¢, TOPIBHIOE HYIIO, TOOTO

I, axkwoi=j

#i(y))= 0, akwoi # j
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3rajani Buile 0a3ucH1 PyHKIIII HE 3aJI0BOJILHSIIOTh TPAHUYHUM YMOBaM. AJie,
SK BijioMo 3 jitepatypu [17], 3actocyBanHs 6azucHux (yHKINA B MeToai byOHoBa-
INansopkina-Ilerposa [17] moTpedye, 1106 rpaHUyuHI YMOBH OYJIU TPUPOTHUMH.

Binomo, mio mnokambHO 30cepelkeHl (YHKIi HE MOXYTh YTBOPIOBaTH
OPTOHOPMOBAHUX OA3UCIB 1 3 TOYKU 30pY (PYHKIIOHAILHOTO aHAI3y € KOCOKYTHIMU
cuctemMaMu. 11100 BH3HAYMTH ONTHUMAJbHY MOCHIJOBHICTh PEAYKYBaHHS BUXITHUX
PIBHSIHB, HEOOX1HO JIOCTIUTH 11€ MUTAHHS 3 TOYKH 30pY (DYHKIIIOHAJILHOTO aHai3y.

OcHoBHa 171es MPOEKIIHHOTO METOAY MOJIATae B TOMY, 110 BUXiJHA IpaHUYHA
3a/laya, SKa pO3MVISIAETbCS B HECKIHUEHHOBHUMIPHOMY JIIHIHHOMY MPOCTOPI
3aMIHIOETHCSA HA 3a7a4y BU3HAUECHY Ha €JIeMEHTaX CKIHUYEHHOBUMIPHOIO JIIHIHHOTO
pocTopy, TOOTO 3a7a4a “NPOEKTYETHCS” HA CKIHUEHHOBUMIPHUU mipocTip [17].

Jlns BU3HAYEHHS 3raJlaHOr0 CKIHYEHHOBUMIPHOTO JIIHIHHOTO MPOCTOPY
BUOWpAEThC HWOro 0a3uc, a MOTIM €JIEeMEHTH CKIHYEHHOBUMIPHOIO JIHIHHOIO
MPOCTOPY MPEACTABISIIOTHCA JIHIMHUMHA KOMOIHAIISIMU 0a3UCHUX (QYHKIIIN:

N
f(x,y)= E a;(x) 9;(y) (1)

Ha enemeHTax CKIHYEHHOBHMIPHOTO JIIHIHHOTO TPOCTOPY BH3HAYAETHCS
BaXJIMBAa MaTeMaTHYHA [l — CKaJSIPHWHA JOOYTOK JBOX CJIEMEHTIB, SKa CIIOYaTKy

BU3HAYAETHCS I 0a3UCHUX (DYHKITISX:
h+
(@(.0;(0) =T 9(y)-0;(»)dy, 2)
-

MOTIM TEPEHOCUThCA Ha €JIEMEHTH JIHIMHOTO TMpOCTOpY, SKUM Ha3UBaIOTh
€BKJI1JOBUM MTPOCTOPOM.

B eBki1i10BOMY MpOCTOP1 3 ABIIAIOTHCS TEOMETPUYHI MOHATTS, SIKI XapaKTepHi
IUIsl BeKTOpiB. 3rafaHi Buile 0a3ucu KocokyTHi. [1[00 epekTUBHO KOPHCTYBATHUCH
KOCOKYTHUMH 0a3ucaMu B T€OMETPUYHOMY TPUBUMIPHOMY MPOCTOPI ICHY€E TEH30PHE
yucieHHs. ['0J0BHI 171€1 TEeH30pPHOTO YUCIIEHHSI MOXHA MOLIMPUTH HA e€JeMeHTu N -
BUMIPHOTO €BKJIiJI0OBOTO TIpocTopy [18].

[lepBUHHUM 1 BUXIJTHUM MOHSATTSIM TE€H30PHOI aireOpu € MOHSTTS OCHOBHOTO
a00 koBapiaHTHOTO 6a3ucy. lle Oynb-sikuii 6a3uc, TOOTO JIHINHO HE3aleKHa CUCTEMA
3 N (¢yHKIIH, OB’ A3aHUX 3 BUOPAHOIO CHUCTEMOIO MpsSMUX. EjleMeHTH OCHOBHOTO
0azucy  NOpUMHATO  TMO3HAYATH  HWXKHIMU  1HAeKcamMH  (“KOBapiaHTHUMH):

{0(0), 2:(1), 93(), ..., oy (M)}, 360 {@,}, (i =1,N). HeBix’eMHHUM MOHSTTAM JaHOTO
€KBIBaJICHTHOTO MPOCTOPY € B3a€EMHHI JO OCHOBHOTO a00 KOHTpBapiaHTHUU 0aswuc,

€JIEeMEHTH SKOTO TI03HAYalOThCs 1HAEKcaMu Bropi (“KoHTpBapiaHTHUMHK) 1
BU3HAYAIOTHCS CITIBBIAHOIIIEHHIMU

. r 1, axkwoi=j
(207 () =57 =

0, Akwo i # j 3)
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k1o 6a3uc € OpTOHOPMOBAHUM, TO B3a€EMHMM 0a3uC CITIBIIAJIa€ 3 OCHOBHUM.
B ycix iHmMX BUMaakax OCHOBHUM 1 B3a€MHUH — 1€ pi3HI 0a3UCH, TUIBKK MOTPIOHO
nam’siTaTd, 10 B3aEMHUM JI0 B3a€EMHOI0 0a3uCy € OCHOBHUHM, TOOTO MOHSTTS
B3a€EMHOCTI 0a3uciB — JABO3Ha4yHEe. Tomy sl OJHO3HAYHOCTI BUKJIAQJIOK HEOOXI1JTHO
NPUIHATH TEBHUM O0a3uc 3a OCHOBHUH. VY HalloMy BHUINAJKy 32 OCHOBHHM
NPUIAMAETBCA CUCTEMA HAMMpPOCTIMX Oa3uCHUX (QYHKIINA, SKI MarOTh HEHYJbOBI
3HAUEHHA B MOJIOCI HABKOJIO OAHIET mpsiMoi — “yHkuii-kpumku” (puc.l). Cruia
3a3HAYUTH, 110 QYHKIIT B3a€MHI J0 3rajjaHuX 0a3uciB MarOTh HEHYJbOB1 3HAUCHHS Ha
BCii oOmacti D .
[IpornionyeTtbCst HACTyMHa MOCIJOBHICTh moOy/10BU HEOOX1THUX
CHIBBIAHOILIEHB 3 BUKOPUCTAHHSIM TEH30PHUX OMNepalliid Ta TEH30PHOI CUMBOJIIKH:
1. [IpuiimMaeTbesa cucteMa GyHKIIA 32 OCHOBHUH (KOBapiaHTHHUM 06a3uc). Y naHii
po60TI — “DYHKIIT-KPUIIKK ™ OB’ s13aH1 3 BUOPAHUMHU MPSIMUMH.
2. 3HaxXOaAThCsl KOMIIOHEHTH JIBiYl KOBapiaHTHOTO METPUYHOIO0 TEH30pa B
€BKJI1JIOBOMY MPOCTOP1 3 BUOPAaHUM OCHOBHUM 0a3UCOM:
g; =(@,(»).0;(») 4)

BinnoBigHi 1HTerpaiv 0OYMCIIIOIOTHCS 3a MpaBuiioM BepemiariHa i B pe3ysbTari
OTPUMYEMO TPHOX J1arOHAJIbHY MAaTPHUII0 KOMIIOHEHT JaHOTO TeH30pa:
1/3 1/6 0 0

1/6 2/3 1/6 0
0 1/6 2/3 1/6| ()
0 0 1/6 1/3

TYyT A - cTajna BiACTaHb MK NPSIMUMHU

gy} =A- g, 0e 4y =

3. O0UHCTIOETHCST MATPHUIIST KOMIIOHEHT JBIYl KOHTPABapiaHTHOIO METPUYHOTO
TEH30pa, fIKa € 00EPHEHOI0 1O MATPHIll KOMIIOHEHT JIBi4l KOBAPIaHTHOI'O METPUYHOTO
TEH30pa:

(' D0 =g} =g = A ©)

bepyTbes 1o yBaru 1ie 1Ba BapiaHTH KOMIIOHEHT METPHUYHOTO TEH30pa JIPyroro
paHry, skl Ha3uBaKThCsA cuMBoslaMu Kponekepa:

@ ().0;(¥)=g'=6";
(0,(»).0’ M) =gi! =6/

Matoun cmiBBigHOMmEHHS (6) - (7) OUIBIIICT, HEOOXITHUX BEIWYUH MOKHA

(7)

OTpUMaTH He OyAyIoud B SIBHOMY BUIJISJIl B3a€EMHUN 0a3uC, OCKUIBKUA PO3KIAJ HOro
€JIEMEHTIB [0 OCHOBHOMY 0a3HCY JIETKO OTPUMYETHCSI:

o' M=g"-9,(») (8)
Mae wmiclie Tako 0OepHEHE CITiBBITHOIICHHS:
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o (V)=g; 9’ (y) )
Tyt 1 gani B IBOYJIGHHUX BUpPa3ax IO 1HJEKCY, 0 TMOBTOPIOETHCA, MEpe10adacThCs
I1JICYMOBYBaHHS B Me&Xax 3MIHU 3HA4Y€Hb LILOTO 1HJAEKCY (y3romkeHHs EiHiTeliHa).
CuiseigHomeHHst (8), (9) BaxIMBI TEH30pHI omepallii — MIAHATTS Ta OMYyCKaHHS
1HJIEKCY B1AMOBITHO.

Koxnit ¢yHkmii 3MiHHOI y , SKy BBaXaeMo 3ajJeXKHOI BT ) Ta
napaMeTpUYHO BiJ IHIIMX 3MIHHHMX, HANpHUKJIaJ — IOPOCTOPOBOI X Ta YacoBOi ¢ B
€BKJI1JJOBOMY IPOCTOP1 CTABUTHCS Y BIAMOBIAHICTh KOMIIOHEHTA BIIHOCHO BHOPaHOTO
0a3ucy, sika MO3HAYAETHCS TIEIO K JITEPOro, IO ¥ 3ahaHa (QyHKIIS, ajie 3 MEeBHUM
1HIEKCOM.

a) KosapiantHa kommoHeHTa f(x,y,t)—> f;(x,t) , fKa € Koe(piLleHTOM Yy

PO3KIIaIl BUX1HOT (DYHKIIIT 110 B3a€EMHOMY Oa3uCy

[0 = fi(x,0)-9'(y) (10)
a00 MOMEHTOM (1IHTETPaJIOM) BiTHOCHO OCHOBHOTO 0a3ucy
h+
S0 = (fy 0. @) = | f (3.0 00y a1
-

6) Kourpapapiantaa xommonenta f(x,v,t) — f'(x,t), sKka € koedilieHTOM Y

PO3KJIaJl BUXIAHOI PYHKIIITi IO OCHOBHOMY 0a3ucy

[y =110 9 () (12)
a00 MOMEHTOM (iHTErpaJioM) BIITHOCHO B3aEMHOTO 0a3UCy
. h* .
(fG2.0,0' )= T £(x3.0)- 0/ )y (13)

P
[Tepexia BiJ KOMIIOHEHT OJTHOTO THITY JIO 1HIIIOTO BUKOHYETHCS 3a JOTIOMOTOFO
TEH30PHUX OIlepallii miaHIMaHHS Ta OMYCKaHHS 1HIAEKCIB:

fEn=g"-fi(x0); (14)

fixt)=g;- [ (x0) (15)
BaxxinBoto € Takok omneparis 3aMiHH 1HACKCY:

o - f;=f; abo & - fi=f; (16)

VY 3agayax MaremMaTU4yHO1 (DI3UKH HEBIJIOMI BEJIMYMHH, 1110 OMUCYIOTH (P13UYHI
MPOIIECH, TTOAUISIOTh HAa THTEHCUBHI Ta €KCTEHCUBHI HEeB1JJOM1. [HTEHCHBHI HEB1IOMI B
TEOpii TEIUIONPOBIAHOCTI — 1€ TemmeparypHa (yHKIs, B Teopii MPY>KHOCTI —
KOMIIOHEHTH  BEKTOpa  InepemilieHb. EKCTEHCHMBHI ~ HEBiIoMI B Teopii
TEIJIONPOBITHOCTI — 1€ KOMIIOHEHTH BEKTOpa TEIIOBOIO MOTOKY, B TEOP1i MPYKHOCTI
— KOMIIOHEHTH TE€H30pa HamlpyXeHb. SIK MpaBuUilo, IHTEHCUBHI HEBIJOMI MatOTh OyTH
JB14l U epeHIIHOBaHUMHU, HATOMICTh €KCTEHCUBHI — TIJIBKU OJIMH pa3.
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Y komMOiHOBaHMX MOJIENsAX OYIiBEIbHOI MEXaHIKU I1HTEHCHBHI HEBIJIOMI B
TeOopli 3rUHYy IJIACTUH € KOoe(]illieHTaMu B PO3KJIAJl MO CTEMEHSIM BEPTUKAJIBbHOI
koopauHatd {l,y} , BepTUKanbHE NepeMimeHHA w(x,y,z)=Ww,(x,»)-1 , w, -
Koe(IlLieHT B IbOMY po3kiaji. ExCTeHCHBHI HEBIIOMI € MOMEHTaMHu (HaIpUKIA,
YU 3aIUCl HALIPYKEHHSI O, , HEBLIIOMUM € 1HTErpaJl 0 KOOPAUHATI z — 3THHAJIbHUI
MOMEHT). B iHIINX KOMOIHOBaHUX MOJENISAX OyAiBEIbHOI MEXaHIKH CHOCTEPIraeThCs
aHaJIOT14Ha CUTYyaIlis, B Teopii 000JOHOK MepeMileHHs B KoedillieHTax, eKCTEHCHUBHI
HEB1IOMI — B MOMeHTax - ., S, , Ta iHmi. IIpuBeneni QyHKIT € MOMEHTaMH PI3HHUX
MOPSIIKIB BiJl KOMIIOHEHT T€H30pa HAMpyXeHb BITHOCHO 0azucHUX PyHKIiH {1, y}.

[Ile Oinmbin 3arajgpHa CUTYalllsl B HAILIOMY BUMAAKY. TyT MOHSATTS KOE(illI€HTIB
Ta MOMEHTIB MoJiBiliHe. BennuunHa, mo € koedilieHTOM BiTHOCHO OCHOBHOT'O 0a3ucCy
B TOW ’X€ Yac € MOMEHTOM BIJHOCHO B3a€MHOro 1 HaBmaku, 100 yHHKHYTH
HEMOPO3yMiHb, TO KoedilieHTaMu OyJleMO Ha3uBaTH Ti BEJIMYMHU, SKI €
Koe(illieHTaMu BiJJHOCHO OCHOBHOT'O 0a3uCy, a MOMEHTaMH — MOMEHTU BIJIHOCHO
OCHOBHOTO 0a3ucy.
3a aHajoriero 10 Tpaaulliid OyAiBeNbHOI MeXaHIKH, PEIYKOBaHI PIBHSHHSI
MOXHa MMOOYTyBaTH Y YOTUPHOX BapiaHTax [16]:
1. 1HTEHCHBHI HEBIOMI — B Koe(illleHTaX, EKCTEHCUBHI — B MOMEHTaXx (SIK B
Oy/iBeNIbHIN MEXaHilll);
2. 1HTEHCHBHI HEB1JIOMI — B MOMEHTaX, €KCTCHCUBHI — B Koe(illi€HTaX;
3. 1HTEHCHBHI 1 EKCTEHCHUBHI HEBIJJOMI — B MOMEHTAX
4. 1HTEHCHBHI Ta EKCTEHCHBHI HEB1JIOMI — B Koe(DiIlieHTax

Sk mokasaB MOCBiJ, MEPIIMNA Ta JPYTrUi BaplaHTHU NPU3BOIATH 10 PEIyKOBAHUX
YMOB CKJQJHOTO BUIJISIAY 1 TOMY HE pallloHaJIbHI. Y YeTBEpTOMY BaplaHTi yci
HEB1JOMI1 BEJIMUMHU B KoedilieHTaX. Y 3B’sI3Ky 3 BHOOPOM OCHOBHOTO 6azucy [16] i
Koe(DILIEHTH MaIOTh MPOCTUH (PI3UYHMM 3MICT — 11€ 3HAYEHHS HEB1IOMUX (YHKIIA Ha
BIIMOBIIHUX MpsAMUX. ToMy JaHMil BapiaHT pEAYKOBaHUX PIBHSAHb 3PY4YHO
3aCTOCOBYBATH AJIA MOJANIBIINX PO3PAXYHKIB.

BaxxiMBUM NUTaHHSAM MpPU 3aCTOCYBaHHI MOJU(DIKOBAHOTO METOJA MNPSIMHUX €
dbopma 3anucy BUXITHUX PO3PAXYHKOBUX PIBHSIHb, IPAHUYHUX Ta TOYATKOBUX YMOB.
Bix 11poro 3anexuTh eQeKTUBHICTh MOOYJ0BU PEAYKOBAHUX PIBHSHB Ta BIAMOBIIHUX
IrpaHUYHUX Ta MOYATKOBUX YMOB. HeoOXi1HO 1100 B MojaiblioMy peayKoBaHi 3a1adi
MO>KHa OyJIO PO3B’SI3aTH CY4YaCHUMU YHCEIIbHUMH METOIaMHU.

[Ilo crocyerbcss ¢GopMuU BUXITHUX PIBHAHB, TO JOCBIJ 3aCTOCYBaHHS
MOAM(PIKOBAHOTO METOY MPSMUX CBIAUUTH MPO T€, 110 HAW3PYUHIIIE A 3HUKEHHS
BUMIPHOCTI MIIXOUTh MPOCKIIHHUN METO/, SKIIO0 BUXIAHI PIBHSHHS MAarOTh BUTJIS
CUCTEMHU JU(PEPEHLIATbHUX PIBHSAHb B YACTMHHUX MOXIJHUX MEPIIOTO MOPSAIAKY MO
MPOCTOPOBUX KOOpAMHATaX. Y LbOMY BHMAAKy T'PaHUYHI YMOBH MalOTh BHIJISA
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anreOpaiuHUX pIBHSAHB, a PEAYKOBaHI PO3B’s3yBabH1 PIBHSAHHS 3BOAATHCS 10 (GOpMHU
Kormi.
[Ilo6 3amucaty BUXIJHI PIBHSHHS B Oa)XaHOMYy BWIJISAl, B SKOCTI HEBIJOMHUX

MalTh OyTH 3amMcaHi yci I1HTEHCHMBHI Ta €KCTEHCHBHI BEJIMYUHH. Y

TeronposiaHocti ue 7, q,., qy:9:>Y TEOpIi NPYXKHOCTI - U, v, W, 0, 0,0, Ty T

VY 3amauax Teopii mpy>KHOCTI, KOMIIOHEHTH TeH30pa Jehopmaliiii BUKITIOYAIOTHCA 3
BUXIJTHUX PIBHSIHB 32 JJOTIOMOTOI0 aJireOpaiuHuX CHiBBIIHOIIEHB 3aKoHY [ yKa.

Sx BuUXITHI TpPaHWYHI YMOBH PO3IJISANAIOTHCS MPUPOJHI TPAHUYHI YMOBHU
3arajbHOTO THUITY, SIKI OTPUMYEMO 3 YMOB PiBHOBAaru MpUTPaHUYHOI 30HU Tina. J{s
PIBHSIHb TEIJIONPOBITHOCTI 1€ YMOBHM KOHBEKTHBHOTO TEIJIOOOMIHY 3arajibHOTO
BUTJISITY.

Hanpuxknan, y Bunaaky po3paxyHkoBoi ¢yHkiii 7'(x, y,z), BU3HaU4€HOI Ha 00J1acTi

D (puc.1), npu BuOpaHiii cucTeMi NpSIMUX TPAaHUYHI YMOBH I10 3MIHHIN X :
q5(0..0) = q¢ (3.1) = a7 (T (0. y.0) = 6 (y.1)). (17)
45 (Ly.1) = 4 (y.0) = o (T2 (1, y.1) = B (.1). (18)
Tyt qg,c(y,t) , 96(,) (»,1), qi’c(y,t), Q(f(y,t) - KOMIIOHEHTH BEKTOpa TEIIOBOTO
MOTOKY Ta TeMIlepaTypa 30BHINIHBOTO cepenoBuila 3 00Ky rpanuibs x =0 ta x =/
TijIa. a? Ta a} - Koe(imieHTH TerUIoBiAmaul Ha WX TpaHursx. Jms 3pydHoCTi

3aCTOCYBaHHA [MX TPaHUYHUX YMOB, WOAUIMMO JIBY Ta TMpaBy YaCTUHH

criBBigHoIIEeHb (17) Ta (18) BiAMOBIAHO HA KOSDIIIEHTH:
0

(00,90 -4} (,1)) =——L—=(T7(0,3,) - 6. (».1)),

012 19
1+(af) +()) (19)
| ol
/2 (qX(layat) - q)lc,c(yat)) = —TZ(T(layat) - ecl(yat)) (20)
VY TakoMy BUIJIS[I TPAHUYHI YMOBH JO3BOJISIIOTH BPAaXOBYBATH IPAHMYHI YMOBH
1 ar
nepuioro Ta apyroro poxay. Ilpu ap -0, ———=—1, — 0, maeMo
1+ (o) 1+ (ay)*
4,0.7,0)=q2(7.0), q,(L,y.t)=g}(»,1) - Tpamiami ymoBH npyroro posy;

. a
opu oy — o0 (IPaKTUYHO NPUKUMAETBCA JOCHUTh BEIHMKHM) —Tz -1,
1+ (a7)

1 :
——— 0, maemo 7(0,y,f) - TpaHUYHI YMOBH NEPIIOTO POIY.
/ 2
I+ (ar)

['paHn4Hi1 YMOBH 1O TUCKPETHIM KOOPJUHATI Y 3alUIIEMO Y BUTJISIII:
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q,(x.h" ) =q, (y.0) =ar (T (x,h,1) =6, (x,)),
q,(xh 0 =gy (v,0) = ar (TR0 =607 (x, ),

ne 6, (x,y) , 6;(x,y), q,(xh",t) , q,(x,h",t) - TemmepaTypa 30BHiUIHBOTO

cepeloBHINa 3 OOKy MOBepXHi y=h~ Ta y=Ah" BiAIOBIgHO.
T(x,h ,t) - 3HaueHHS TeMIeparypHoi (QyHKUii Ha mpsaMid 3 HomepoMm |,
T(x,h",f) - Ha mpsmiit 3 HOMepom N . Beememo mosmauenust T(x,h ,t)=T"(x,t),
T(x,h*,t)=T" (x,f) - nmaHi eJeMEHTH € KOHTPABAPiAHTHHMH KOMIIOHEHTAMH
(koedimienTaMu y  pO3KJIaAl MO  OCHOBHOMY  0asucy).  AHaJIOTIYHO
q,(x,h".0)=q,(x,1), q,(x.h* 1) =g, (x,1).
Bianosiani rpaHu4H1 YMOBH Oy/1€MO BUKOPUCTOBYBATH Y BUTJISIL
q,(x.0) = a;T' (x,0) + ¢, (1) — a7 6, (x.1), 21)
q, (x.t)=arT" (x,0) + q; (y.1) — a7 67 (x,1) (22)
VY BUMNAaJKy BUXIJTHHUX PO3PAXyHKOBHUX PIBHSHBL TEOPii MPYKHOCTI, MPUPOIHI
IPaHUYHI YMOBHU HaWOLIbII 3arajbHOr0 BUTJIAY OTPUMYEMO 3 PIBHSHb PIBHOBAru
MPUTPAHUYHOI 30HU Je(POPMOBAaHOrO Tina. B3aemosis moBepxHi TiNa 3 OTOYYIOUHM
CEPElIOBUILEM MOJICTIOEThCA MPYXKHUMU B’SI35IMM  33/1aHOi  JKOPCTKOCTI, 1100
BpaxoBYBaTH PO3MOIICHI MO MOBEPXHI TiJla KIHEMATHYHI BIUIMBY Ta MPUKIAACHI 0

MOBEPXHI1 TiJIa PO3MO/A1ICH] CUIIOB] BILUIUBH.
['panuyH1 yMOBH 1O 3MIiHHINA X TpUBEAECHI Ha puc.2

v(0.y.t)
u(0.y.t)

1((AAY]
u(ly,t)

74050 T @YD)

O-X(OJ :t) O-X(Iﬁ 3t)
K° k!

P AV~

Puc.2. I'pannyHi yMOBH 1O 3MIHHIH X

0 0 g1 I - somatie A0 A0 Al
Tyt kyy, kyy, kyyo ky, - KOPCTKOCTI OpPYKHHX B'si3eil; Ay, Ay, Ay,

I
Ay -
B1JIOMi 3HAY€HHsI KIHEMAaTUYHUX BIUJIMBIB; qu, qu, qix, qiy - CWJIOB1 HaBaHTa)KCHHS.

Vci BIUIMBY BIJHECEH] 0 OAWUHUII TUIOII.
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3 piBHSHB pIBHOBAru Au(EpeHIialbHOTO eJIEMEHTA MPUrpaHuyHO1 30HU
OTPUMYEMO CITiBBITHOIICHHS:

kgu(0,3,0) = 6,0, 3,0) =k AL (1,0 + 4 (1),
0 0 A0 0
kxyV(O, yat) - Txy (O, yat) = kxyAxy(y:t) + qu (y:t)a
kfcxu(l,y,t) +o.(l,y,t)= kfchix(y,t) + qix(y,t),
/ 1 ! /
k,(,y,0 ) +7,(,y,0) =k A (,0)+q,,(y,0).
JIns  MojanplIoro BUKOPUCTAHHS HaBEJEHI CHIBBITHOIICHHS HEOOXIIHO
MOAUINTUA Ha BIAMOBIAHI KOE(DILIEHTH, B PE3yNbTaTi MAEMO PIBHAHHS npu x =0 Ta

x=1[:
—)(“)"u(0 y)—;J 0,») ——f"AO (y)+;q0 ()
T2 SN E V7S SN B V7S RN/ B0
0 0
1 1
—————v(0,y) -——=7,,(0,y) =——=A} (y) + ——=4,, (),
1+ (k)Y L+ (k) L+ (k%) JIH &)
/ 1 k’ 23
=——u(l,y) - — o0, (L,y) =——=2—=A, () +——1,, (), (&)
1+ (k') 1+ (k') 1+ (k') 1+ (k')
l l
1 1
———v(l,y) - ———=1,(,y) = ——=A, () + ——=1, (V)
L+ (k. ) 1+ (kL)) 1+ (k. ) 1+ (kL)

['panuyHi yMOBM B TakOMY BUTJISAI OXOIUTIOIOTH KIHEMAaTHYHI YMOBHU (SIKILO
BIJIOBIJIHE k —» 00 ) Ta CTaTW4HI YMOBHU (SKIIO BiAmoBimHe k — 0 ). AHaIOTI4HO
NpUMMAIOThCSl TPAaHUYHI YMOBH B TPHUBUMIPHHUX IO MPOCTOPOBUX 3MIHHUX
PIBHSIHHSX.

['panuyni yMOBHM MO AMCKPETHIA 3MIHHIM BHUIUIMBAIOTH 3 PIBHSIHb PIBHOBAru
NPUTPAaHUYHOI 30HU Ipu Yy =h~ 1a h' (puc.3).

Puc. 3. I'panuuni ymoBuipu y =h~ ta h'
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Tyt niteporo k mo3HAauYEHI >KOPCTKOCTI MPY>KHUX B’s3€i, SK1 3a0€3MeUyIOTh

B3a€EMOJIII0 Tijia, IO PO3MISAAETHCSA, 3 30BHIMIHIM CEPEIOBUILEM, A - TMO3HAYCHI
KiHEMaTH4HI1 BIUIUBH, ¢ - CUJIOBI BILIMBH.

3 piBHSHDb PIBHOBAaru OTPUMY€EMO:
+7, (h D) +q, () + k(AL (x,0) —u(x,h 1) =0,

+o, (Xh ) +q,,(x,t)+k (A (x,0)—v(x,h 1)) =0,
—7, (R + q (x,0) + k(AT (x,8) —u(x,h",1) =0,
o, (x5, h" ) + g, (x,0) + k| (A, (x,1) = v(x,h",1)) = 0.

[Mpsma y=h" mno3Ha4yaeThcss HOMepoM 1, a mpsma y=h" HOMepoMm N , 1O

(24)

BIJINIOBI/Ia€ 3HAYEHHSM HEBIIOMUX (QYHKINA Ha IuX npsMux. OCKITBKH BIAMOBIIHI
3HAQUEHHs €JIEMEHTIB OCHOBHOIO 0asucy ¢, Ta ¢, IOpPIBHIOIOTH OJUHMISM, TO
HeBimoMi 7 (x,h,1), 7,.(x,h",0), o, (x,h 1), o, (xh",0), ulx,h 1), u(x,h,0),
v(x,h™,t), v(x,h",t) €, BIANOBIZHO, KOHTpPaBapiaHTHMMH KOMIIOHEHTAMH
(koedirieHTaMHu BITHOCHO OCHOBHOTO 0a3ucy) 1 Jajii OyIyTh MO3HAYATHUC: r;x(x, 1),

1 1
T;;[C(x,f), O'}l)y(x,f), GJIZ/(X,Z‘), u (-xat)a MN(X,t), v (X,t), VN(xat)'

OcTaTo4HO OTpUMaHI rpaHUYHI YMOBH 3aMIUCYEMO Y TAKOMY BUTJISIIL:
r;x (x,0)= ky_xu1 (x,0) =g, (x,0) =k AL (x,1),
1 -1 - L= A
Jyy(xat)_kyyv (xat) qyy(xat) k A (xat)a

Yy W (25)
T}]ZC (x,0) = —k;xuN(x,t) +q,, (x50 +k A (x,1),

N _ + N + + A+
o, (x,t)=—k, v'(x,t)+q,, (x,0)+k A (x,1).

[TouaTkoBl YyMOBHU MaroTh CTaHAApPTHUM BUTISA. JJis PIBHAHHS TEMJIONPOBITHOCTI
OJIHa TIOYAaTKOBa yMoOBa: nipu ¢ = ( BiJIOMO 3HAYEHHs TeMIepaTypHOi (PYyHKIIII B yCix
TOoYKax obnacti D :

T'(x,y,t) =T1(x, ) (26)

JIns MUHAMIYHUX PIBHSHB TEOPil MPY>KHOCTI B MOYATKOBUM MOMEHT 4Yacy MOBHUHHO
OyTH BIJOMHUM IMEpeMILIEHHsI B yCiX TOYkax oOjacTi D Ta mepiua MoXigHa Bij
nepeMilieHb Mo YacoBii KOOPJIMHATI B YCIX TOUKAx 001acTi:
u(x,y,0) = u,(x, ),
V(x,y,()) = VO('x’y)D
u'(x,,0) =, (x, ),
V(x, ,0) = v (x, ).
Jlani po3riasHEMO TMOCIHIJOBHICTH Ta OCOOJIMBOCTI MOOYAOBU pEeIyKOBAaHUX

(27)

(28)

PiBHSIHD (QJITOPUTM 3HIKEHHS BUMIPHOCTI BUXIIHUX piBHAHB). dopmanbHo, 100
moOyyBaTH pEAyKOBaHI PIBHSHHSA, HEOOXIJHO BHXITHI PIBHSHHS, TPaHWYHI Ta
MOYaTKOBI YMOBH CKAJIIPHO MOMHOXKUTH Ha OaszucHi PyHKuii (“crpoekTyBaTH’” Ha
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EBKJIIJOBUN TIPOCTIp). A TOYHIIIE, KOXKHIA HeBiAoMiN (YHKINT B yCIX PIBHSIHHSIX
MOCTaBUTH Y BIAMOBIAHICTh CYKYMHICTB ii “IPOEKIINA” Ha KOXKEH eJIeMEHT 0a3ucy, 1o
BU3HAYCHUI HA BIAPI3KY [O,l ] oci Ox.

OCkiTbKM BHILE 3a3HAYaJoCh, IO PEAYKOBaHI PIBHAHHS CJiJ OydyBaTu
“B koedimieHTax”, KOXHIA GQYHKIII CTaBUTH Y BIAMOBIAHICTh CYKYIHICTH ii
Koe(DiIieHTIB BIIHOCHO MPUHHATOTO OCHOBHOTO 0a3uCy.

Ha unpoMy erami BHUHUKAIOTH I[I€BHI OCOOJIMBOCTI TpH MPOEKTYBaHHI
PO3pPaxXyHKOBHX PIBHSIHb — CIIOYATKy MPOEKTYIOTh piBHSHHSI Dyp’e (s piBHIHD
TETJIONPOBITHOCTI) Ta 3akoHy ['yka (myis piBHSHB Teopii MPYKHOCTI). 3 pIBHSIHBb
BUKJTIOYAIOTHCS KOMIIOHEHTH TeH30pa Aedopmariiid, a moTiM, 3 TIEBHUMH 3MIHAMH,
HEOOX1THO MPOEKTYBATU PIBHSAHHS TEIIOBOTO OAJIaHCy Ta PIBHSHHS PIBHOBAry.

[IpocnigkyeMo 3a MOCTITOBHICTIO MaTEMaTHYHHX IEPETBOPEHb HA MPHUKIIAII
XapaKTEpPHUX PO3PAXYHKOBUX PIBHSAHb TEOPil TEIUIOMPOBIAHOCTI Ta Teopii
npy>kKHOCTI. J[J1s1 0THOTO 3 piBHSIHB 3aKOHY Dyp’€:

(qy(x,y,t) =-A %;y’t) @ (y)] = q,(x,1) = (—ﬂT %;y’t),w" (y)j

Ockinbku g (x,y,f) BXOOUTH /IO IBOTO PIiBHAHHS aireOpaivyHo, a 3aJeKHICTh Bij

3MIHHUX X,/ BBaXKa€ThCS MapaMETPUYHOIO, TO CKAIAPHUNA TOOYTOK I1€1 BEIMYUHUA HA

€JIEMEHT B3a€EMHOT0 0a3uCy € KOHTPaBapiaHTHOK KOMIIOHEHTOI (Koe(illieHTOM
B1JITHOCHO OCHOBHOT'O 0a3ucy).

OT(x,y,1) " AT (x,p,1) "o ;
[Tm (y)j = j (5P 0y = J o 00, ()e"s, =

h+
=T(x,0g" [ 0,1, (»)dy = ", T* (x.1)
J

TyT no3nayeHo

"
by, = [ 0,0, (»)dy, (29)
)
0,5 0,5 0 M 0 0 |
0,5 0 05 M 0 0
{b }_ 0 -05 0 M 0 0
el L L L O L L

0 0 0 M 0 05
0 0 0 M -05 05

[Ipn oOumcieHH1 I1HTErpagy IMONEpPEeIHBO HEOOX1MHO OylI0 3acToCyBaTH

oTepallifo0 OMyCKaHHS 1HJEKCY, 00 MepelTH BiJ B3a€EMHOTO 0a3UCy 10 OCHOBHOTO,
€JIEMEHTH SIKOTO Ay>ke mpocTi GyHKIIT (“PyHKIII-KpUIIKK ™).
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OcraTo4HO MaeEMO:
q,(x,1)==2,;8"b,, T (x,1) (30)
AHanoriuHo OyAyeThCsl pelyKOBaHE PIBHSHHS IJs OJHOTO 3 PIBHSHB TEOpIi
NPYXHOCTI:

(axx,y,t):(mzu) a“(’a‘;y 1) | Q%Y ’”,co%y)j:

» (31)

= ol (x,0)=(1+2u)

Q) oy e
Ox '

Tyt niBa yacTMHA pEayKOBAHOTO PIBHSAHHS OTpUMaHa aHayioriyHo Bupazy (30).

OCKUIBKM X 1 ¢ HEOOX1JHO PO3TJISAIATH B SIKOCTI MApaMETPiB, TO
h+

ou(x,y,t) . ou(x,y,t) ; o' ; ou' (x,t
[—( - ),¢(y))= [ 22Dy = [, ynypldy =220 (39
ox e ox 8xh, ox

Jlo piBHAHBb TEIJIOBOrO OajaHCy B Teopii TEIMJIOMPOBITHOCTI Ta PIBHSHB

pPIBHOBaru BXOJSTh €KCTEHCUBHI HEBIJOMI, SIKI MalOTh MEHITY AU(PEPEHIINOBAHICTh
HDK 1HTeHcHuBHI. lle Hakmamae HOBI OCOONMBOCTI Ha MPOIEC 3HUKEHHS BHUMIPHOCTI
BUXIIHUX PIBHSAHb. PO3riIsHEMO II€¢ NWTaHHS HA NPUKIAAI OJHOTO PIBHIHHS
pPIBHOBAru B JJBOBUMIPHIN 3a/1a4l JUHAMIYHOI T€OPil IPYKHOCTI:

[pazu(x,y,t) _ 0o (x,y,t) N 07, (x,,1) X (o) (oi(y)J N

dr’ ox oy
“u' i 0 Wt .

o 2o gx’t) _9o.xl) (%0 )a(ﬂl(J’) + X' (x,1)
dt ox oy

or,(x,y,t) " or, (x,.0) "ot (x,p,1) .
X , 1 — X 1 d — Xy i ) d
[ oy ®» (y)J ,;[ oy ®» (y) y [,[ o g ¢](y) Y

Jis  oOYHMCIIEHHS Takoro IHTETpajly HE MOXKHAa BHUKOPHUCTOBYBATU
GesmocepeIHbO PO3KIAJ eKCTCHCHBHOI BeJMYMHM 7, [16], HEOOXIZHO MONEpEnHBO

“NoM’IKIIUTH’ THTErpaj IHTErpyBaHHSAM YaCTUHAMU, TOOTO

T aT (x’y’t) ij ~h+ aT (X,y,t)
W SY ] d —_ ol | w0 . d _
hj oy & o0 ghj o e
07, (x, 1)
= dey:dV,u =§0J (y),V:Txy(x,y,t),du :goj/dyj

h+

ht ,
" - ijy(x,y,t)(Djdy =

e

- gij |:Txy(x9yat)(0j

=g {TW (5 h" 0@ (h) =7, (x,h ,0@,(h") - j 7. (5,09, (»)@;(»)dy
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VY nepeTBopeHOMY IHTETpai JJisi HOro OOUYHUCIICHHS BXKE MOKHA CKOPUCTATHUCS
po3KnanomMz, (X, y,z), y pe3ylibTari 10 peIyKOBAHOTO PIBHSHHS YBIAILIM 3HAYCHHS

yHKUIT 7, Ha TIEPIIA Ta OCTAHHIH NPSMIH:

T, (x,h 1) = riy (x,1),
33)

r, (A1) = T)]C; (x,1),
K1 HEOOX1JTHO 3aMiHUTH BIJMOBIIHUMHU 3HAYEHHSMM 3 TpaHUYHUX YMOB (25), a 'y
BUMAJKYy PEIyKOBaHUX PIBHSHB TEIJIOBOTO OalaHCy — 3 rpaHUYHUX YMOB (21, 22).
CaMme TakuM 4YHHOM Yy pEIyKOBAaHUX PIBHSIHHSAX TEIJIONPOBIIHOCTI Ta Teopii
MPY>KHOCTI BPAaXxOBYIOThCSI BIUIMBH, 1110 J1IOTHh 3 OOKY 30BHIIIHBOIO CEPEOBUINA Ha
OOKOBI MOBEPXHI T1JIA, [0 PO3TIATAETHCS.

['panuyHl Ta MOYATKOBI YMOBU Jisi PEAYKOBAaHUX PO3PAXYHKOBUX PIBHSHb
OyneMo oTpuMyBatu 3 BuxigHux rpanudnux (19, 20, 23) ta noyatkoBux ymoB (26,
27, 28), CKaJSIpHUM MHOKEHHSIM X Ha €JIeMEHTU B3aeEMHOTO 0azucy. OCKiIbKH BCI 111
YMOBU MAalOTh BUIJIAJ aireOpaidyHUX CIHIBBIJHOIIEHb, TO (OPMAJIBHO iX MOXKHA
noOyayBaTH, 3aMIHMBIIM  KOXHY  PO3PaxXyHKOBY (YHKIIIO y  BUXIJHUX
CIIBBITHOIICHHSAX KOHTpaBapiaHTHOI KOMIOHEeHTor 3 iHaekcom I[=(1,N) i B

pe3ynbTaTi OTPUMAEMO:
J1j1g piBHSIHB TETUIONPOBITHOCTI TTpH X =0

1 . . ol . .
' (0,) - q% () =——=L=—T"(0,1) - 0”'(1),

0
1 oy

W(Qi(laf)—%l{;(t)ZW(T(LU—@J(U, (35)

Jliia piBHSIHB TeOpii NPY>KHOCTI:

k° . K’ : 1 : 1 .
=y (0,1) = =2 A% (f) + ———A (1) + ———4% (1)
1+ (k) I+ (k) I+ (k) I+ (k)
36)
k° . 0 . 1 A 1 . (
————'(0,1) = ——=A (1) + ——=A (1) + ———1, (1)
1+ (k) L+ (k) L+ 7 L+ k)

MonudikoBanuii MeTOI NUPSIMHUX HECKJIAJHO TONIMPUTH HA 3aj1adyi, M0
BU3HAuUEHI B 00JacTAX MOCUTH ckiagHoi ¢opmu. Hexaih B gexapToBiil cucTemi
KOOPJIMHAT PO3TISAAEThCs MIOcKa ¢irypa (puc. 4) oOMexeHa IBOMA MPSIMHUMH,
napaiensHumMu 10 oci Ox, y=Ah, y=h" Ta ABOMa KpUBUMH JiHisMH Y = f,(X) Ta

y=/(x).
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y=h"

4 @/// @ 5 ; @7 (x.y)
4& & @7 (xy)
1 > /5 .

%mi q)/V-f ("‘;y,)
X I]@{’I oy (XY)

y=h"
Puc. 4.

Koxen ropusonTanpHuil mepepiz obnacti D, mo BiAnoBiiae (iKCOBaHOMY
3HAUYCHHIO X , PO3IIIMMO Ha OJHAKOBY KUIBKICTH (N —1) AUISTHOK OJHAKOBOI

Jo(0) = /(%)
N-1

TOBXHHU A(X) = . MHOXMHaA TOYOK 3 OJHAKOBUM HOMEPOM YTBOPUTH

reoMeTpuyHe Micue — KpuBy JiHIIO W, (x= f(x)+A(x)(i—1)), npuuomy
v, (x)= fi(x), w,(x)=f,(x) 1 came 3 UMM JIHIAMH 3B SDKEMO CHCTeMy Oa3MCHHX
¢byHkuid @,(x,y). Skmo obracts D NpsAMOKyTHa, TO CHUCTEMa ONMCAHUX JIHIN
MEPETBOPIOETHCSI HA CUCTEMY MPSMHUX, 3 YOIO BUILIMBAE, 10 3aCTOCYBAaHHS TaKUX
JHIA Ans o0jacTel CyTTEBO PO3LIMPIOE MOXKIMBOCTI MeToAy mpsimux. s Takux
oOxacrteli Oyaemo 30epiratu Ha3By METOAY “METOJ MPAMUX .

Cucrema 0asucHux (GYHKIIA 3al€KATh BiJ JUCKPETHOI Ta HEMEPEepPBHOI
3MiHHUX [16].
Ckansipauii 10OYTOK TIKPECITIOE 3aJeKHICTh TPAHUIIb IHTETPYBAHHS B1J] TapaMeTpa:

(S, =[ f()eg()dy

Oco0MMBICTIO 3HIKEHHS BUMIPHOCTI BUXIAHUX PIBHSHB JJIi BUOpaHUX oOJjlacTel €
dhopMyIia 3HHKEHHSI BUMIPHOCTI BUpa3y 3 MOX1JIHOW o x [12]:

h
ou(x,y)  ou(x,y) du. dh*(x) 5.y
o0 (ny) = [ ey = - s +
ox o Ox dx dx
) (37)
dh (x dA(x

+Julé‘il _Adl/u

dx dx
Marpuirto {dy} HaBeJIeHO B poOoTi [15].

MonudikoBanuii MeTO[ HOPSIMHX JIETKO TOLIMPIOETbCA HA  3HUKCHHS
BUMIPHOCTI PIBHSHb MaTe€MaTH4HO! ()I3MKH MO JIBOX IMPOCTOPOBUX KOOPAMHATAX.
Hexaif BuxinmHa 3agada BH3HAU€HAa B MPSAMOKYTHIM o001acTi, BIAHECEHOI [0
NPSIMOKYTHOI JEKapTOBOi cuUcTeMH KoopAuHaT Y0z, Ta € MOMJIMUBICTH 3HHU3UTH

BUMIPHICTh BUXIJIHMX PIBHSHb CTAI[lOHApPHOI a00 HECTaIllOHAPHOT TEIUIONPOBITHOCTI,
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CTATUYHUX YH JUHAMIYHUX PIBHAHb TI0 JBOX TIPOCTOPOBHX KOOPJAWHATAX,
HanpuKiaa, y Ta z B IPIMOKYTHIM obnacti D .

Ha obmacte D HaHocuThCA N, NpSIMUX, TapaienbHux jgo oci Oy ta N,

NpsIMUX, MapajeabHux 10 oci 0z.

+
z h'; Z)\
h7 h's |
|/
b+ * l\b-
y | A
< 7
* I ‘ A
y /| ¥ A,/l X
_ */l/\/)_ ___________ —
A.V h; b+ /|/* J
A pe
/|/ Z
/J/
Yy
Puc. 5.

VY 3B’s13Ky 13 3aCTOCYBAaHHAM 1HAEKCHOI (hOPMHM 3amucy MO JBOX KOOpIMHATAX,
3MIHHIM ) CTaBJISATBbCS y BIANOBIAHICTh 1HAEKCH I, j, &, B,y , SKI NPUNMAIOThH

3HaueHHA Big 1 g0 N , 3MiHHIN z—k,/,&,0,7. 3 KOXHOI CHCTEMOIO MPSIMHUX
3B’SDKEMO cucteMy “‘@yHKuIA-Kpumok” ¢,(y) Ta ¢,(z) BianosinHo. IloOGynyemo
cucremy N, x N_ GyHKIIA ABOX 3MIHHHX

Vi(0,2)=0,(»)%xp(2), i=LN,, k=LN.. (38)

@OyHKII11 BU3HAYEHI B €BKJI1IOBOMY IIPOCTOPI 13 CKATSIPHUM JOOYTKOM
e hy

(f(r.2).800.2)) = | [ f(3.2).g(y.2)dvdz

h, h;
z My
Bbyab-sxa ¢ynkuis, mo onucye gpizuyny xapakrepuctuky HIAC abo TemnoBoro
1oJisl, MOKe OyTH MpeACTaBIICHA Y BUTIIAIL

f.2)="o.(Me(2), (39)
abo F(x,y,z)=F"(x)¢,(»)¢,(2) (40)

OckiIbKM CcKaJsipHUM A00yTOK (DYHKIIIH, BU3HAYECHUX Y MPSAMOKYTHIM 001acTi, Mae
BHTJISI;

(S 2)w(r.2) ="M@ (2), d"0,(»)p(2) =

£ d” (o0, N (2).0(2) = [*d" g, 8>
To 3 HBOTO CIHIBBIIHOIICHHS BUIUIMBAE, IO 3HMKEHHS BUMIPHOCTI IO JBOX

(41)

3MIHHUX, SIK€ BU3HAYAETHhCS CKAISIPHUM JOOYTKOM pIBHAHBb Ha 0Oa3ucHI (QyHKIII,
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MO>XHa BUKOHYBATH CIIOYATKY MO OJIHIM KOOPAMHATI, a OTIM 3HUKYBAaTU BUMIPHICTh
PEAYKOBAHOTO PIBHSHHS MO 1HIIIM KOOPAHATI.

VY kjnacMyHOMY BapiaHTI METOJy MNPSAMHUX ICHY€ HECTaHAAPTHUHN MiAXIJT 10
pO3B’s3aHHS TPAaHUYHMX 33]1a4, BU3HAYEHHUX Y JIBOBUMIPHUX OOJACTSIX HEKAHOHIYHOT
dbopmH, 110 3HAYHO PO3IIUPIOE 3aCTOCYBAHHS KIACHYHOIO METOY MpsSMUX. AJie Len
MIIX11 CYyTTEBO 0a3yeThCsl HA MOKJIMBOCTI AaHAIITUYHO NOOYAyBaTH PyHIaMEHTAIbHY
CUCTEMY PO3B’S3KIB PEAYKOBAaHUX DPiBHSAHb. ABTOpaMH JaHOI poOOTH, B MyOiKaIii
[15], moka3aHo, sSIK TOMIMPUTH Ha Il CKJIaHI 3a7a41 MOAU(IKOBAHUM METOT MPSAMHUX.

VY 3raganiit poOOTI YuCeNIbHUN METO/T 0a3y€eThCs HA 3BEJICHHI TPAaHUYHOI 3a1a4l
no mneBHOi KinbkocTi 3agady Komn. Takum ymHoM OynyBanacs ¢dyHaameHTanbHa
CUCTEMa PO3B’SI3KIB OJHOPIAHUX PIBHSHbB, 3 SKHX YTBOPIOBANACh byHaameHTanbHa

MaTpus z(X;) Ta 4aCTKOBUHM pO3B’A30K HEOAHOPIAHUX PIBHAHB Zo. Jlj1 30epeskeHHs

CTIMKOCT1 OOYHCITIOBAIBLHOTO IPOIECY 3aCTOCOBYBaJlaCh OPTOTOHAJI3AIllsl B MEBHUX
TOYKaX BIJIpI3Ky BU3HAUCHHs. | caMe TyT BUHMKAJIW MEBHI YCKIaIHEHHS, K1 3HAYHO
noripuryBasii anroput™M. OCKUIBKM B TOYKaxX OpPTOrOHai3allii 3MiHIOBaBCs Oasuc,
CHUCTEeMa TOYaTKOBUX PO3B’A3KiB, TO BIJANOBIIHO B KOXHIA TOYIl OpTOrOHaIi3arlil
BI/IMOBITHO 3MIHIOBAJIMCS CTall IHTETPYBaHHS, K1 MOTIM 3HAXOJATHCS 3 TPAHUYHUX
yMoB. Lle npu3BoAMIIO 10 3HAYHOTO YCKIaJHEHHS O0UYUCIIIOBAILHOTO AJITOPUTMY .

CrpolnieHHsT MOXXJIMBE 32 PaXyHOK HOBOI'O aJITOPUTMY PO3B’SI3yBaHHS 3aJay
Komri. PenykoBani piBHsiHHSA € ‘““kopcTtkumu’ [19]. s po3s’s3yBanHs 3aaad Kol
VIS “9KOPCTKUX PIBHSIHb BUKOPUCTOBYIOTH MeTon ['ipa [19]. Ile GaraTtoToukoBuit
HESBHUI aJITOPUTM, SIKHI 3aBXKU CTIHKUI 1 301raeThes 3 MEBHOIO TOYHICTIO.

[Ipu 3acTocyBanni merony l'ipa mo nmoOynoBu (yHAaAMEHTANIbHOI MATPHIll Ta
MOYaTKOBOT'O PO3B’S3KYy HEOJHOPIAHOTO PIBHSIHHS HE 3MIHIOETHCS 0a3uC 1 BIJMOBIIHO
KOHCTaHTHU 1HTETPYBaHHS, SIKI MOTIM 3HAXOAATHCS 3 TPAHUYHUX YMOB. Takuii miaxif
3HAYHO PO3ILIMPIOE KOJIO 33J]1ay, Kl 3py4YHO PO3B’sI3yBaTU MOAM(PIKOBAHUM METOJOM
PSMUX.
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1.T.H., npodeccop Ynbupsikos B.K.,
K.T.H., 1o1ieHT, CtankeBuu A.M.,

K.T.H., qoueHT Komeoi O.I1., k.T.H., nouent JIeBkoBckuii /1.B.,
Kpacneesa A.O., ITommuBay J[.B.,Yybapes A.T'.,

[Topun O.A., SAnconc M.O., Cosuu 10.B.

KueBckuii HalIMOHAIBHBIM YHUBEPCUTET CTPOUTEIHCTBA U APXUTEKTYPhI

MOJIU®UIIMPOBAHHBIN METO/1 IPSIMBIX, AJITOPUTM ET'O
HNPUMEHEHUSA, BOSMOKHOCTHU U IEPCIIEKTHUBBI.

B pabote npuBeneHbl OCHOBHBIE UAEH U BO3MOXKHOCTU MOAUGUIIMPOBAHHOTO
METO/a MPSAMBIX, Il PEIICHUs 3aJad TEOPUH YNPYrOCTU U TEPMOYIPYTOCTH.
Onucanbl npoleaypa CHUKEHUS Pa3MEPHOCTH € MOMOIIBIO TPOEKIIMOHHOTO METO/1a
Bby6HoBa-IlerpoBa. [IpennokeHO yHUBEpPCAIBbHBIM TOAXOJ] IJis ydeTa TPaHUYHBIX
yCJI0BUM, 0000IIEHHO MOAXO0/ Ha 00JacTh ciIokHOU Gopmbl. [IpuBeneHs OCHOBHBIC
METPUYECKUE TEH30PHI, ONPEICJICHHAs METPUKA €BKJIMA0BA MPOCTpaHCTBA. [JokazaHo
BO3MO>KHOCTH U MEPCIIEKTUBBI MTPEIJIOAKEHHOTO METO1A.

JlaHHBI MeTOJ BKJIIOUYAeT B ceOs JIBa MocieqoBaTeNbHbIX dTana. Ha mepBom
JTamne, ¢ MOMOIIBI0 MPOEKIIMOHHOTO METOA, BBHIMOJHSIETCS CHUXEHHUE PAa3MEPHOCTU
UCXOAHBIX U] depeHIaTbHBIX YPAaBHEHUHN, HaYaIbHBIX U TPAHUYHBIX YCIOBUM. J{7is
ATOTO HCMOJIB3YETCsl CHUCTEMa JIOKalbHO-0a3ucHBIX (QyHKumii. Ha BTOpOM 3Tarme
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penyuupoBaHHble AU QPEpeHLIUanbHbIE  YpPaBHEHMsI  3allUCBIBAIOTCS B BUJE
OOBIKHOBEHHBIX JU(depeHInanbHbIX ypaBHeHHH B (hopme Komm, KoTopbie 3aBUCAT
OT OJJHOM ITPOCTPAHCTBEHHOW KOOPAUHATHI.

PenyuupoBana cucreMa ypaBHEHMM M TPaHUYHBIX YCIOBHUM pelIaeTcs
yucieHHbIM MeToaoM ['wpa. Crarbs sBisieTcss O030pHOM M BKJIIOYAeT B ceOs
OCHOBHbIE OCOOEHHOCTH, BO3HHMKAIOIIUE MPU MNPUMEHEHHH MOAUPUIMPOBAHHOIO
METOJa TPSAMBIX JJIs pPa3JIMYHbIX 33Ja4 TEOPUHM YIOPYTrOCTH, JAUHAMHUKA U
TEPMOYIIPYTOCTH.

KitoueBble cinoBa: MOAM(PUIMPOBAHHBIA METOJ MNPSMBIX, TEOPUS YHPYTrOCTH,
TEPMOYIIPYTrOCTh, 0a3UCHBIE (PYHKIMU, TPOEKIIMOHHBIA METO]I, TPaHUYHBIE YCIOBHUS,
meron ['upa.
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MODIFIED METHOD OF LINE, ALGORITHM OF ITS APPLICATION,
POSSIBILITIES AND PERSPECTIVES.

In this paper, the main ideas and possibilities of the modified method of lines
for solving the problems of the theory of elasticity and thermoelasticity are presented.
A procedure for reducing the dimensionality with the projection method of Bubnov-
Petrov is described. The universal approach for taking boundary conditions into
account is proposed, the approach in the region of complex geometric form is
generalized. The basic metric tensors are given, the metric of the Euclidean space is
defined. The possibilities and prospects of the proposed method are proved.

This method involves two successive stages. In the first stage, with the help of
a projection method, the dimensionality of the initial differential equations, initial and
boundary conditions is reduced. To do this a system of locally-basic functions is
used. At the second stage the reduced differential equations are written in the form of
ordinary differential equations in the Cauchy's form which depend on one spatial
coordinate.

The reduced system of equations and boundary conditions is solved
numerically by the Gear's method. The article is a survey and includes the main
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features that arise when applying the modified method of lines for various problems
of the theory of elasticity, dynamics and thermoelasticity.

Keywords: modified direct method, elasticity theory, thermoelasticity, basic
functions, projection method, boundary conditions, Gear method.
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